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PREFACE. 



In offering to students and teachers a new edition of 
the Elements of Euclid, it will be proper to give some ac- 
count of the plan on which it has been arranged, and of the 
adyantages which it hopes to present. 

Geometry may be considered to form the real founda- 
tion of mathematical instruction. It is true that some 
acquaintance with Arithmetic and Algebra usually precedes 
the study of Geometry; but in the former subjects a begin- 
ner spends much of his time in gaining a practical facility 
in the application of rules to examples, while in the latter 
subject he is wholly occupied in exercising his reasoning 
faculties. 

In England the text-book of Geometry consists of the 
Elements of Euclid ; for nearly every official programme of 
instruction or examination explicitly includes some portion 
of this work. ]N^umerous attempts have been made to find 
an appropriate substitute for the Elements of Euclid ; but 
such attempts, fortunately, have hitherto been mkde in 
vain. The advantages attending a common standard of 
reference in such an important subject, can hardly be over- 
estimated ; and.it is extremely improbable, if Euclid were 
once abandoned, that any agreement would exist as te the 
author who should replace him. It cannot be denied that 
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vm PREFACE, 

defects and difficulties occur in the Elements of Euclid, and 
that these become more obvious as we examine the work 
more closely; but probably during such examination the 
conyiction will grow deeper that these defects and diffi- 
. cuUies are due in a great measure to the nature of the 
subject itself and to the place which it occupies in a course 
of education; and it may be readily believed that an equally 
minute criticism of any other work on Geometry would 
reveal more and graver blemishes. 

Of all the editions of Euclid that of Robert Simson has 
been the most extensively used in England, and the pre- 
sent edition substantially reproduces Simson's; but his 
translation has been carefully compared with the original, 
and some alterations have been made, which it is hoped 
will be found to be improvements. These alterations, how- 
ever, are of no great importance ; most of them have been 
introduced with the view of rendering the language more 
uniform, by constantly using the same words when the 
same meaning is to be expressed. 

As the Elements of Euclid are usually placed in the 
hands of young students, it is important to exhibit the work 
in such a form as will assist them in overcoming the diffi- 
culties which they experience on their first introduction to 
processes of continuous argument. No method appears to 
be so useful as that of breaking up the demonstrations into 
their constituent parts; this was strongly recommended 
by Professor De Morgan more than thirty years ago as a 
suitable exercise for students, and the plan has been adopt- 
ed more or less closely in some modem editions. An ex- 
cellent example of this method of exhibiting the Elements 
of Euclid will be found in an edition in quarto, published 
at the Hague, in the French language, in 1762. Two per- 
sons are named in the title-page as concerned in the work, 
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PREFACE. IX 

Koenig and Blassiere. This edition has served as the 
model for that which is now offered to the student: some 
slight modifications have necessarily been made, owing to 
the difference in the size of the pages. 

It will be perceived then, that in the present edition 
each distinct assertion in the argnment begins a new line; 
and at the ends of the lines are placed the necessary refer- 
ences to the preceding principles on which the assertions 
depend Moreover, the longer propositions are distributed 
into subordinate parts, which are distinguished by breaks 
at. the beginning of the lines. 

This edition contains all the propositions which are 
usually read in the Universities. After the text will be 
found a selection of notes ; these are intended to indicate 
and explain the principal difficulties which have been 
noticed in the Elements of Euclid, and to supply tiie most 
important inferences which can bo drawn from the propo- 
sitions. The notes relate to Geometry exclusively; they 
do not introduce developments involving Arithmetic and 
Algebra, because these latter subjects are always studied 
in special works, and because Geometry alone presents suf- 
ficient matter to occupy the attention of early students. 
After some hesitation on the point, all remarks relating to 
Logic have also been excluded. Although the study of 
Logic appears to be reviving in this country, and may 
eventually obtain a more assured position than it now 
holds in a course of liberal education, yet at present few 
persons take up Logic before Geometry; and it seems 
therefore prematm'e to devote space to a subject which will 
be altogether unsuitable to the majority of those who use a 
work like the present. 

After the notes will be found an Appendix, consisting of 
{NTopositions supplemental to those in the Elements of 
Euclid; it is hoped that a judicious choice has been made 
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from the abundant materials wfaicli exist for such an Ap- 
pendix The propositions selected are worthy of notice on 
Tarious grounds ; some for their simplicity, some for their 
ralue as geometrical facts, and some as being problems 
which may naturally suggest themselves, but of which the 
solutions are not very obvious. 

The work finishes with a collection of exercises. Geo- 
metrical deductions afford a most valuable discipline for a 
student of mathematics, especially in the earlier period of 
his course; the numerous departments of analysis which 
subsequently demand his attention wiU leave him but little 
time then for pure Geometry. It seems however that the 
habits of mind which the study of pure Geometry tends to 
form, furnish an advantageous corrective for some of the 
evils resulting from an exclusive devotion to Analysis, and 
it is therefore desirable to engage the attention of begin- 
ners with geometrical exercises. 

Many persons whose duties have rendered them familiar 
with the examination of large numbers of students in 
elementary mathematics have noticed with regret the 
frequent failures in geometrical deductions. Several col- 
lections of exercises already exist, but the general com- 
plaint is that they are too difficult. Those in the present 
volume may be divided into two parts ; the first part con- 
tains 440 exercises, which it is hoped will not be found 
beyond the power of early students ; the seoond part consists 
of the remainder, which may be reserved for practice at a 
later stage. These exercises have been principally selected 
from College and University examination papers, and have 
been tested by long experience with pupils. It will be seen 
that they are distributed into sections according to the 
propositions in the Elements of Euclid on which they chiefly 
depend. As far as possible they are arranged in order of 
difficulty, but it must sometimes happen, as is the case 
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PREFACE, XI 

in the Elements of Enclid, that one example prepares 
the way for a set of others which are much easier than 
itself. It should be observed that the exercises relate to 
pure Geometry; all examples which would find a more 
suitable place in works on Trigonometry or Algebraical 
Geometry have been carefully rejected. 

It only remains to advert to the mechanical execution 
of the volume^ to which great attention has been devoted. 
The figures will be found to be unusually large and dis- 
tinct, and they have been repeated when necessary, so that 
they always occur in immediate connexion with the corre- 
sponding text. The type and paper have been chosen so 
as to render the volume as clear and attractive as possible. 
The design of the editor and of the publishers has been to 
produce a practically useful edition of the Elements of 
Euclid, at a moderate cost ; and they trust that the design 
has been fairly realised. 

Any suggestions or corrections relating to the work 
will be most thankfully received. 

I. TODHUNTBR. 



St John's CoLLEaE, 
October 1862. 
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INTRODUCTORY REMARKS. 



The subject of Plane Geometry is here presented to the 
student arranged in six books, and each book is subdivided 
into propositions. The propositions are of two kinds, pro- 
blems and theorems. In a problem something is required 
to be done; in a theorem some new principle is asserted to 
be true. 

A proposition consists of various parts. We have first 
the general enunciation of the problem or theorem; as for 
example, To describe an equilateral triangle on a given 
finite straight line, or Ant/ two angles of a triangle are 
together less than ttoo right angles. After the general 
enunciation follows the discussion of the proposition. First, 
the enunciation is repeated and applied to the particular 
figure which is to be considered ; as for example. Let AB 
he the given straight line : it is required to describe an 
equikUeral triangle onAB. The construction then usually 
follows, which states the necessary straight lines and circles 
which must be drawn in order to constitute the solution of 
the problem, or to furnish assistance in the demonstration 
of the theorem. Lastly, we have the demonstration itself, 
which shews that the problem has been solved, or that the 
theorem is true. 

Sometimes, however, no construction is required ; and 
sometimes the construction and demonstration are com- 
bined. 
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- — xvi INTRODUCTORY REMARKS. 

The demonstration is a process of reasoning in which 
we draw inferences from results already obtained. These 
results consist partly of truths established in former propo- 
sitions, or admitted as obvious in commencing the subject, 
and partly of truths which follow from the construction 
that has been made, or which are given in the supposition 
of the proposition itself. The word hypothesis is used in 
the same sense as supposition. 

To assist the student in following the steps of the 
reasoning, references are given to the results already ob- 
tained which are required in the demonstration. Thus I. 5 
indicates that we appeal to the result established in the 
fifth proposition of the First Book; Constr, is sometimes 
used as an abbreviation of Construction, and Hyp, as an 
abbreviation of Hypothesis. 

It is usual to place the letters Q.E.t*. at the end of the 
discussion of a problem, and the letters Q.E.D. at the end of 
the discussion of a theorem, q.e.f. is an abbreviation for 
quod erat faciendum, that is, which teas to be done; and 
Q.E.D. is an abbreviation for quod erat demonstrandum, 
that is, which was to be proved. 
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EUCLID'S ELEMENTS. 

BOOK L 

DEFINITIONS. 

1. A PODTT is that which has no parts, or which has no 
magnitude. 

2. A line is length without breadth. 

3. The extremities of a line are points. 

4. A straight line is that which lies evenly between 
its extreme points. 

5. A superficies is that which has only length and 
breadth. 

6. The extremities of a superficies are lines. 

7. A plane superficies is that in which an^ two points 
being taken, the straight line between them lies wholly in 
that superficies. 

8. A plane angle is the inclination of two lines to one 
another in a plane, which meet together, but are not in the 
same direction. 

1 
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2 EUCLID'S ELEMENTS. 

9. A plane rectilineal angle is the inclination of two 
straight lines to one another, which meet together, but are 
not in the same straight line. 

Note, When several angles are at one point B^ any 
one of them is expressed by three letters, of which the 
letter which is at the yertez of the angle, that is, at the 
point at which the straight lines that contain the angle 
meet one another, is put between the other two letters, 
and one of these two letters is somewhere on one of 
those straight lines, and the other letter on the other 
straight line. Thus, the angle which is contained by the 





steaight hues AB, CB is named the angle ABC, or CBA ; 
the angle which is contained by the straight lines AB, DB 
IS named the angle ABD, or DBA ; and the angle which 
is contained by the straight lines DB, CB is named the 
angle DBC, or CBD ; but if there be only one angle at a 
point, it may be expressed by a letter placed at that point; 
as the angle at E, 

10. When a straight line standing 
on another straight line, makes the adja- 
cent angles equaJ to one another, each of 
the angles is called a right angle ; and 
the straight line which stands on the 
other is called a perpendicular to it 



11. An obtuse angle is that which 
is greater than a right angle. 



12. An acute angle is that which 
is less than a right angle. 
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DEFINITIONS. 8 

13. A term or boundary is the extremity of any thing. 

14. A figure is that which is enclosed by one or more 
boundaries. 

15. A circle is a plane figure 
contained by one line, whi<£ is 
called the (prcumference, and is 
suchy that all straight Unes drawn 
from a certain point mthin the 
figure to the circumference are 
equal to one another : 

16. And this point is called the centre of the circle. 

17. A diameter of a circle is a straight Une drawn 
through the centre, and terminated both ways by the cir- 
cumference. 

[A radius of a circle is a straight line drawn from the 
centre to the circumference.] 

18. A semicircle is the fig^e contained by a diameter 
and the part of the circumference cut off by the diameter. 

19. A segment of a circle is the figure contained by a 
straight line and the circumference which it cuts off. 

20. Rectilineal figures are those which are contained 
by straight lines : 

21. Trilateral figures, or triangles, by three straight 
lines: 

22. Quadrilateral figures by four straight lines: 

23. Multilateral figures, or polygons, by more than 
four straight lines. 

24. Of three-sided figures. 

An equilateral triangle is that which 
has three equal sides : 



1—2 
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4 EUCLIUS ELEMENTS, 

25. An isosceles triangle is that 
which has two sides equal : 



26. A scalene triangle is that 
which has three unequal sides : 



27. A right-angled triangle is that 
which has a right angle : 

[The side opposite to the right 
angle in a right-angled triangle is fre- 
quently called the hypotenuse.] 

28. An obtuse-angled triangle is 
that which has an obtuse angle : 

29. An acute-angled triangle is 
that which has three acute angles. 




Of four-sided figures, 

30. A square is that which has 
all its sides equal, and all its angles 
right angles : 



31. An oblong is that which has 
all its angles right angles, but not dl 
its sides equal : 



32. A rhombus is that which has 
all its sides equal, but its angles are 
not right angles ; 
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33. A rhomboid is that whidi has 
its opposite sides equal. to one another, 
but all its sides are not equal, nor its 
angles right angles : 

34. All other four-sided figures besides these are 
called trapeziums. 

35. Parallel straight lines are such 

as are in the same plane, and which 

being produced ever so far both ways — 

do not meet 

[Note, The terms oblong and rJuymboid are not often 
used. Practiodl^r the following definitions are used. Any 
four-sided figure is called a quadrilateral. A line joining 
two opposite angles of a quadrilateral is called a diagonal. 
A quadrilateral which has its opposite sides parallel is 
called a parallelogram. The words tqtiare and rhofnbtis 
are used in the sense defined by Euclid; and the word 
rectangle is used instead of the word oblong. 

Some writers propose to restrict the word trapezium 
to a quadrilateral which has two of its sides parallel ; and 
it would certainly be convenient if this restriction were 
universally adopted.] 



POSTULATES. 
Let it be granted, 

r 

1. That a straight line may be drawn from any one 
point to any other point : 

2. That a terminated straight line may be produced to 
any length in a straight line : 

3. And that a circle may be described from any centre, 
at any distance from that centre. 
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AXIOMS. 

1. Things which are equal to the same thing are equal 
to one another. 

2. If equals be added to equals the wholes are equal. 

3. If equals be taken from equals the remamders are 
equal. 

4. If equals be added to unequals the wholes are 
unequal. 

5. If equals be taken from unequals the remainders 
are unequal. 

6. Things which are double of the same thing are 
equal to one another. 

7. Things which are halves of the same thing are 
equal to one another. 

8. Magnitudes which coincide with one another^ that 
is, which exa|^y fill the same space, are equal to one 
another. "^ 

9. The whole is greater than its part. 

10. Two straight Ifiies cannot enclose a space. 

11. All right angles are equal to one another. 

12. If a straight line meet two straight lines, so as to 
make the two interior angles on the same side of it taken 
together less than two right angles, these straight lines, 
being continually produced, shall at length meet on that 
side on which are the angles which are less than two right 
angles. 
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PEOPOSITION 1. PROBLEM, 

To describe an equilateral triangle on a given finite 
straight line. 

Let AB be the given straight line: it is required to 
describe an equilateral triangle on AB. 




From the centre A, at the distance AB, describe the 
circle BCD. [Postulate 3. 

From the centre B, at the distance BA, describe the 
circle ACE, [Postulate 3. 

From the point G, at which the circles cut one another, draw 
the straight lines CA and CB to the points A and B, [Pott, 1. 
ABC shall be an equilateral triangle. 

Because the point A is the centre of the circle BCDy 
ACis equal to AB, ^ [Definition 15. 

And because the point B is the centre of the circle ACE, 
BC is equal to BA, [D^ni^ion 15. 

But it has been shewn that CA is equal to AB; 
therefore CA and CB are each of them equal to AB. 
But things which are equal to the same thing are equal to 
one another. [Axiom 1. 

Therefore CA is equal to CB. 
Therefore CA, AB, 5(7 are equal to one another. 

Wherefore the triangle ABC is equilateral, [Def, 24. 
and it is described on the given straight line AB, q.e.f. 

Digitized by LjOOQIC 
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PROPOSITION 2. PROBLEM, 
From a given point to draw a straight line equal to a 
given straight line. 

Let A be the given point, and BC the given straiglit 
line : it is required to draw from the point A a straight 
line equal to SC. 

From the point A to ^draw 
the straight line AB ; [Pott. 1. 
and on it describe the equi- 
lateral triangle DAB, [1. 1. 
and produce the straight lines 
DA, DB to E and F, [Post. 2. 
From the centre B, at the dis- 
tance BC, describe the circle 
CGir, meeting 2>i^at G. [Post 3. 
From the centre D, at the dis- 
tance DO, describe the circle 
GKL, meeting DEslI L. [Post. 3. 
AL shall be equal to BC. 

Because the point B is the centre of the circle CGH, 
J9(7isequalto^(r. [D^niHonlS. 

And because the point 2> is the centre of the circle GE'L, 
DL is equal to DG ; [Definition 15. 

and DA, DB parts of them are equal ; [Definition 24. 

therefore the remainder AL is equal to the remainder 
BG. [Axiom 3. 

But it has been shewn that BC is equal to BG ; 
therefore AL and BC are each of them equal to BG. 
But things which are equal to the same thing are equal to 
one another. [Axiom 1. 

Therefore AL is equal to BC. 

Wherefore from the given point A a straight line AT, 
has been drawn eqiud to the given straight line BC. q.e.f. 

PROPOSITION 3. PROBLEM. 
From the greater of two given straight lines to cut off 
a part equcd to the less. 

Let AB and C be the two given straight lines, of which 
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AB is the greater : it is reqtiired to cat off from AB, the 
greater, a part equal to C the less. 

From the point A draw 
the straight line AD equal 
to (7; [I. 2. 

and from the centre A, at 
the distance AD, descrihe 
the circle DBF meeting AB 
at E. [PostulaU 3. 

u^j^ shall be equal to 0. 

Because the point ^ is the centre of the circle DBF, 
AB is equal to AD. [D^nUion 15. 

But C is equal to AD. [ConBtruetian. 

Therefore AB and C are each of them equal to AD. 
Therefore AB is equal to C. [Axiom 1. 

Wherefore from AB the greater qftwo given straight 
lines a part AB has been cut off equal to C the less. q.b.f. 




PROPOSITION 4. THEOREM. ^X/^ 

If two triangles have two sides of the one eqtud to two 
sides of the other, each to each, arid have also the angles 
contained by those sides equal to one another, they sluUl 
also have their bases or third sides equal; and the two 
triangles shall be equal, and their other angles shall be 
equal, each to each, namely those to which the equal sides 
are opposite. 

Let ABC, DBFhe two trian^es which have the two sides 
AB, A Cequal to the two sides DB, DF, each to each, namely, 
AB to DB, and AG to 
DF, and the angle BAG 
equal to the angle BDFi 
the base BG^asSX be equal 
to the base EF, and the 
triangle ABO to the tri- 
angle DBF, and the other 
angles shall be equal, each 
to each, to which the equal 
sides are opposite, namely^ the angle ABC to the angle 
DBF, and the angle ACB to the angle DFE, 
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For if the triangle ABC be applied to the triangle DEF^ 
80 that the point A may be on the point D, and the 
straight line AB on the 
straight line DJS, the 
point B will coincide with 
the point E^ because AB 
is equal to DE. [Byp, 
And, AB coinciding with 
DE, AC wXii2Xi on DF, 
because the angle BAG 
is equal to the angle EDF, [Hypothesis, 

Therefore also the point C will coincide with tlie point F, 
because -4(7is equal to Z>jP. [Hypothesis, 

But the point B was shewn to coincide with the point E, 
therefore the base BC will coincide with the base EF\ 
because, B coincidinff with E and C with jP, if the base BG 
does not coincide with the base EF, two straight lines will 
enclose a space ; which is impossible. [Andom. 10. 

Therefore the base BC coincides with the base EF, and is 
equal to it. [Axiom 8. 

Therefore the whole triangle ABC coincides with the whole 
triangle DEF, and is equal to it. [Axiom 8. 

And the other angles of the one coincide with the other 
angles of the other, and are equal to them, namely, the 
angle ABC to the angle I>EF and the angle ACB to the 
angle DFE. 

Wherefore, ifiioo triangles &c. q.e.d. 

to one another; and if the equal sides be produced the 
angles on the other side of the base shall be equal to one 
another. 

Let ABC be an isosceles triangle, having the side AB 
equal to the side AC, and let the straight lines AB, AC 
be produced to 2> and E : the angle ABC shall be equal to 
the angle ACB, and the angle CBD to the angle BCE. 

In BD take any point F, 
and from^J?thegreatercutoff^69^ equal to^jf^the less, [1.3. 
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andjoiiijP(7, 6?5. 

Because^i^is equal to -4 6^, [Constr, 
and AB Ui AG, [Hypothesis, 

the two sides FA,AC2irQ equal to the 
two sides GAy AB, each to each ; and 
they contain the angle FAG common 
to the two triangles AFC, AGB ; 
therefore the base FG is equal to the 
base GB, and the triangle AFG to 
the triangle AGB, and the remaining 
angles of the one to the remaining 
angles of the other, each to each, to 
which the equal sides are opposite, 
namely the angle AGF to the angle ABG, and the angle 
AFC to the angle A GB. [I. 4. 

And because the whole AF is equal to the whole AG, 
of which the parts AB, AC are equal,- ' [Hypothesis. 

the remainder ^^is equal to the remainder GG. [Axiom 3. 
And FG was shewn to be equal to GB ; 
therefore the two eides BF, FC are equal to the two sides 
GG, GB, each to each ; 

and the angle ^^(7 was shewn to be equal to the angle GGB ; 
therefore the triangles BFG, GGB are eaual, and their 
other angles are equal, each to each, to which the equal 
sides are opposite, namely the angle FBG to the angle 
GGB, and the angle BGF to the angle CBG. [I. 4. 

And since it has been shewn that the whole angle ^^G^ 
is equal to the whole angle AGF, 

and that the parts of these, the angles CBG, BGF are also 
equal ; 

therefore the remaining angle ABC is equal to the remain- 
ing angle AGB, which are the angles at the base of the 
triangle ABC, [Axiom 3. 

And it has also been shewn that the angle FBG is 
equal to the angle GGB, which are the angles on the other 
side of the base. 

Wherefore, the angles &c. q.e.d. 
Corollary. Hence every equilateral triangle is also 
equiangular. 
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>^^ PROPOSITION 6. THEOREM. 
If two angles of a triangle he equal to one anothe^^ tlie 
fides also which subtend^ or are oppo- 
site tOy the equal angles, shall be equal 
to one another. 

Let ABC be a triangle, having the 

Migle ABC equal to the angle ACB : the 

side AC shall be equal to the side AB. 

For if .4 C be not equtd to AB, one 

of them must be greater than the other. 

Let AB be the greater, and from it ' 

cut off DB equal to AC the less, II. 3. 

and join DC. 

Then, because in the triangles DBC, ACB, 
DB is equal U> AC, IConstntction. 

and BC is common to both, 

the two sides DB, BC are equal to the two sides AC, CB, 
each to each ; 

and the angle DBC is equal to the angle ACB ; [Hypothms. 
therefore the base DC is equal to the base AB, and the 
triangle DBC is equal to the triangle ACB, [I. 4. 

the less to the greater ; which is absurd. {Axiom 9. 

'l^refore AB is not unequal to AC, that is, it is equal to it 
Wherefore, if ttco angles &c. q.b.d. 
Corollary. Hence every equiangular triangle is also 
equilateral. 

PROPOSITION 7. THEOREM. 
On the same base, and on the same side cf it, there can- 
not be two triangles having their 
sides which are terminated at one 
extremity of the base equal to one 
another, and liketoise those which 
/are terminated at the other ex- 
tremity. 

If it be JftfUOy on the same 

base AB, an^^Bhe same side of ^ 

it, let there ^triangles ACB, A B 

ADB, hav f Ifeles CA, DA, 

which are li, at the extremity A of the base, equal 
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( to one aaother, and likewise their sides CB^ BB, which are 
teniiinated at B. 

Join CJ>. In tiie case in which the Tertex of each tri- 
angle is without the other triangle ; 
because AC is equal to ADy [ffypothenM, 

the angle ACD is equal to the angle ADC. [I. 5. 

But the angle ACD is greater than the angle BCD, [Ax, 9. 
therefore the angle ADC is also greater than the angle 
^CD; 

much more then is the angle BDC greater than the angle 
JiCD. 

Again, because BC is equal to BD, [Hypotkmi. 

the angle BDC is equal to the angle BCD. [I. 5. 

But it has been shewn to be greater; which is impossibla . 

But if one of the vertices as 
2>, be within the other triangle 
ACB, produce AC, AD to E, F. 
Then because AC is equal to 
AD, in the triangle ACD, [Byp. 
the angles BCD, FDC, on the 
other side of the base CD, are 
equal to one another. [I. 5. 

But the angle BCD is greater ^ B 

than the angle BCD, [AxUm 9. 

therefore the angle FDC is also greater than the angle 
BCD; 

much more then is the angle BDC greater than the angle 
BCD. 

Again, because BCib equal to BD, [Bypothesis, 

the angle BDC is equal to the angle BCD. [I. 5. 

But it has been shewn to be greater ; which is impossible. 
The case in which the vertex of one triangle is on a side 
of the other needs no demonstration. 

Wherefore, ofi the same base &c. q.e.d. " yi^ , j 

PROPOSITION 8. THEOREM. ^J, i;^/^ 

4 >i If tuDO triangles have two sides qf the one equal to two 

sides qf the other, each to ea>ch} and have likewise -■— -- 



,y Google 




14 EUCLIUS ELEMENTS. 

f 
b€ue» equeU^ ''the angle which is contained by the two sides 
qf the one shaU he equal to the angle which is contained by 
the ttco sides, equal to them, of the other. 

Let ABC, DEF be two triangles, having the two sides 
AB, ^(7 equal to the two sides DE, DF, each to each, 
namely AB to DE, and AG io DF, and also the base BG 
equal to the base EF\ the angle jB-4(7 shall be equal to the 
angle EDF. 





For if the triangle ABC he applied to the triangle DEFy 
so that the point B may be on the point E, and the straight 
line BC on the straight line EF, the point C will also coin- 
cide with the point F, because BC is equal to EF, [Byp, 
Therefore, BC coinciding with EF, BA and AC will coin- 
cide with ED and DF. 

For if the base BC coincides with the base EF, but the 
sides BA, CA do not coincide with the sides ED, FD, but 
haye a different situation as EG, FG ; then on the same 
base and on the same side of it there will be two triangles 
having their sides which are terminated at one extremity 
of the base equal to one another, and likewise their sides 
which are terminated at the other extremity. 
But this is impossible. [I. 7. 

Therefore since the base BC coincides with the base EF, 
the sides BA, AC must coincide with the sides ED, DF. 
Therefore also the angle BAC coincides with the angle 
EDF, and is equal to it. [Axiom 8. 

Wherefore, ifttoo triangles &c. q.e.i>. 

PROPOSITION 9. PROBLEM. 

To bisect a given rectilineal angle, that is to divide it 
into two eqiud angles. 
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Let BACh^ the giyen rectilineal 
aogle : it is required to bisect it 

Take any point D in AB^ and 
from AC cut off AE equal to 
-42>; [1.8. 

join DEy and on DE, on tlie side 
remote from -4, describe the equi- 
lateral triangle DEF. [1. 1. 

Join AF, The straight line AF shall bisect the angle BA O, 
Because ^2> is equal to AE, [OonBtruetion. 

and AF\s common to the two triangles DAF, EAF, 
the two sides DA, AFaxe equal to the two sides EA, AF, 
each to each ; 

and the base BF is equal to the base EF ; [Definition 24. 
therefore the angle DAF is equal to the angle EAF, [I. 8. 
Wherefore t/ie given rectilineal angle BAG is bisected 
ty ths straight line AF, q.e.f. 

PROPOSITION 10. PROBLEM, 
To bisect a given finite straight line, that is to divide it 
into two eqtuU parts. 

Let AB be the giyen straight 
line : it is required to diyide it into 
two equal parts. 

Describe on it an equilateral 
triangle ABC, [L 1. 

and bisect the angle ACB by the 
straight line CD, meeting AB at 
D, [1. 9. 

AB shall be cut into two equal parts at the point D, 

Because AC\& equal to CB, [Definition 24. 

and CD is common to the two triangles ACD, BCD, 
the two sides AC, CD are equal to the two sides BC, CD, 
each to each ; 

and the angle ACD is equal to the angle BCD ; [Constr, 
therefore the base ^2> is equal to the base DB, [I. 4. 

Wherefore the given straight line AB is divided into 
two equal parts at the point D, q.e.p. 
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PROPOSITION 11. PROBLEM. 
To draw a straight line ai right angles to a given 
straight line, from a given jp» 

point in the same. 

Let AB be the given 
straight line, and C the given 
point in it : it is required to 
draw from the pomt C a 
straight line at right angles 
to^^. 

Take any point i> in ^C, and make CE equal to CD. [I. 8. 
On £>E describe the equilateral triangle DFEy [1. 1. 

and join CF. 

The straight line CF drawn from the given point C shall 
be at right angles to the given straight fine A^. 

Because DC is equal to CE, [Construction. 

and CF is common to the two triangles DCF, ECF; 
the two sides DC, CF are equal to the two sides EC, CF^ 
each to each ; 

and the base DF is equal to the base EF; [Ltfinition 24. 
therefore the angle DCF is equal to the angle ECF; [I. 8. 
and they are adjacent angles. 

£ut when a straight line, standing on another straight 
line, makes the adjacent angles equid to one another, each 
of tne angles is called a right angle ; * [Definitvm 10. 
therefore each of the angles DCF, ECF is a right angle. 

Wherefore/roan the given point C in the given straight 
line AB, CFhas been drawn at right angles to AB. qjs.f. 

Corollary. By the help of this problem it may be shewn 
that two straight lines cannot ^ 

have a common segment. "" 

If it be possible, let the 
two straight fines ABC,ABD 
have the segment AB com- 
mon to both of them. 

From the point B draw r 

BE at right angles to AB. 

Then, because ABC is a straight line, 
the angle CBE is equal to the angle EBA. 



[Hypothem. 
iDefinitum 10. 
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Also, because ABD is a straight line, [Rypothesis. 

the angle DBE is equal to the angle EBA, 
Therefore the angle DBE is equal to the angle CBE, [Ax, 1. 
the less to the greater ; which is impossible. [Axiom 9. 

Wherefore ttao straight lines cannot have a common 
segment. J .4 , - 

PROPOSITION 12. P^llo^LEMr-^^- 
To draw a straight line perpendicular to a given 
straight line of an unlimited lengthy from a given point 
without it. 

Let AB be the given straight line, which may be pro- 
duced to any length both ways, and let C be the given point 
without it : it is required to draw from the point G a 
straight line perpendicular io AB, 

Take any point D on 
the other side of AB, and 
from the centre (7, at the 
distance CD, describe the 
circle EGF, meeting AB at 
F and G, [Postulate 3. 

Bisect FG at H, [I. 10. 

and join CH. 

The straight line CH drawn from the given point G 
shall be perpendicular to the given straight line AB, 

Join CF, GG, 

Because FH is equal to HG, [Construction, 

and HGis common to the two triangles FHG, GHG; 
the two sides FIT, HG are equal to Sie two sides GH^ HC, 
each to each ; 

and the base GF' is equal to the base GG ; [Dtfinitim 15. 
therefore the angle. C^fli^ is equal to the angle GH(3^ ; [1. 8. 
and they are adjacent angles. 

But when a straight line, standing on another straight line^ 
makes the adjacent angles equal to one another, each of the 
angles is called a ri^ht angle, and the straight line which 
stands on the other is called a perpendicular to it. [Def. 10. 

Wherefore a perpendicular GH ha^ been drawn to 
the given straight line AB from the given point G with- 
out it, Q.E.P, 

2 
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PROPOSITION 13. THISOBEM, 

The angles which one straight line makes with another 
straight line on one side of it, either are ttDO right angles, 
or are together eqtial to two right angles. 

Let the straight line AB make with the straight line 
CD, on one side of it^ the angles CBA, ABD : these either 
are two right angles, or are together equal to two right 
angles. 

A E 



For if the angle CBA is equal to the angle ABD, each 
of them is a right angle. [D^nitum 10. 

But if not, from the point B draw BE at right angles to 
CD; , [I. 11. 

therefore the angles CBE, EBD are two right angles.[Z>^.10. 
Now the angle CBEis equal to the two angles CBA, ABE; 
to each of these equals add the angle EBD ; 
therefore the angles CBE, EBD are equal to the three 
angles CBA^ ABE, EBD, [Axiom 2. 

Again, the angle DBA is equal to the two angles DBE, 
EBA; 

to each of these equals add the angle ABC; 
therefore the angles DBA, ABC are equal to the three 
angles DBE, EBA, ABC, [_Axiom 2. 

But the angles CBE. EBD haye been shewn to be equal 
to tiie same three angles. 

Therefore the angles CBE, EBD are equal to the angles 

DBA, ABC. [Axiom 1. 

But CBE, EBD are two right angles ; 

therefore DBA, ABC are together equal to two right 

angles. 

Wherefore, the angles &c. q.e.p. 
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PROPOSITION 14. THEOREM. 

If. at a point in a straight line, two other straight lines, 
on the opposite sides of it, make the adjacent angles toge- 
ther equal to two right angles, these two straight lines 
shall be in one and the same straight line. 

At the point B in the straight line ^ J?, let the two 
atraight lines BC, B£>, on the opposite sides of AB, make 
the adjacent angles ABC, ABD together eqnal to two 
right angles : BD shall be in the same straight line with €B, 

For if BD be not in a 

the same straight line with 
CB, let BE be in the same 
straight line with it. 
Then because the straight 
line AB makes with the 
straight line CBE, on one 
side of it, the angles ^^(7, 
ABE, these angles are to- 
gether equal to two right angles. [I. 13. 
But the angles ABC, ABD are also together equal to two 
right angles. [Hypothesis. 
Therefore the angles ABC, ABE are equal to the angles 
ABC, ABD. 

From each of these equals take away the common an^Ie 
ABC, and the remaining angle ABE is equal to the remain- 
ing angle ABD, [Axiom 3. 
the less to the greater ; which is impossible. 
Therefore BE is not in the same straight line with CB. 

And in the same manner it may be shewn that no other 
<^n be in the same straight line with it but BD ; 
therefore BD is in the same straight line with CB. 

Wherefore, if at a point &c. q.b.d. 



PROPOSITION 15. THEOREM. 

If two straight lines cut one another, the vertical, or 
opposite, angles shall he equal. 

2—2 
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Let the two straight lines AB, CD cut one another at 
the points ;. the angle AEG shall be equal to the angle 
DEBy and the angle CEB 
to the angle AED, 

Because the straight line 
^^ makes with the straight 
line CD the angles CEA, 
^j&Z), these angles are toge- 
ther equal to two right angles. [I. 13. 
Again, because the straight line DE makes with the straight 
line ^5 the angles ^^2>, 2) J57^,, these also are together 
equal to two right angles. [1. 13. 
But the angles CEA, AED have been shewn to be toge- 
ther equal to two right angles. 

Therefore the angles CEA, AED are equal to the angles 
AED, DEB, ® 

From each of these equals take away the common angle 
AED, and the remaining angle CEA is equal to the re- 
maining angle DEB, [Axiom 3. 

In the same manner it may be shewn that the angle 
CEB is equal to the angle AED. 

Wherefore, if two straight lines &c. q.e.d. 

Corollary 1. From this it is manifest that, if two straight 
lines cut one another, the angles which they make at the 
point where they cut, are together equal to four right angles. 

Corollary 2. And consequently, that all the angles made 
by any number of straight lines meeting at one point, are 
together equal to four right angles. 

I PROPOSITION 16. THEOREM, 

If one side of a triangle he produced, the exterior angle 
shall he greater than either of the interior opposite angles. 

Let ABC be a triangle, and let one side BC be pro- 
duced to Z> : the exterior angle ^ CD shall be greater than 
either of the interior opposite angles CBA, BAC. 

Bisect AC2X E, [I. xo. 

join BE and produce it to F, making EF equal to EB, [I. 3. 
and join FC. 

Because AE is equal to EC, and BE to EF ; [Comtr, 
the two sides AE, EB are equal to the two sides CE, EF. 
each to each ; 
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and the angle AEB is equal to the angle CEFy 
because they are opposite ver- 
tical angles ; [I. 15. 
therefore the triangle AEB 
is equal to the triangle CEFy 
and the remaining angles to 
the remaining angles, each to 
each, to which the equal sides 
are opposite ; [I. 4. 
therefore the angle BAE is 
equal to the angle EOF, 
But the angle EGD is greater 
than the angle ECF, [Axiom 9. 
Therefore the angle ACD is greater than the angle BAE, 

In the same manner if BGhe hisected, and the side AC 
be produced to G, it may be shewn that the angle BCG, 
that is the angle ACD, is greater than the angle ABC. [1. 15. 

Wherefore, if one side &c. q.e.d. 

PROPOSITION 17. THEOREM, 
Any two angles of a triangle are together less than two 
right angles. 

Let ABC be a triangle : any two of its angles are 
together less than two right angles. 

Produce ^C to 2). 

Then because ACD is the exte- 
rior angle of the triangle ABC, it 
is greater than the interior oppo- 
site angle ABC. [I. 16. 
To each of these add the angled (7^ 
Therefore the angles ACD, ACB 
are greater than the angles ABC, ACB, 
But the angles ACD^ ACB are together equal to two right 
angles. [1. 13. 
Therefore the angles ABC, ACB are together less than 
two right angles. 

In the same manner it may be shewn that the angles 
BAC, ACB, as also tlie angles CAB, ABC, are together 
less tlian two right angles. 

Wherefore, any two angles &c. q.e.d. 
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J^ >^ PROPOSITION 18. THEOREM, 

J^^'^ThA greater side qf every triangle has the greater 
angle opposite to it. 

Let ABC be a triangle, of which the side ACi» greater 
than the side AB : the angle ABC is also greater than the 
angle ACB. 

Because AC i% greater than 
ABf make AD equal to ^^^ [1. 8. 
and join BD, 

Then, because ADB is the ex- 
terior angle of the triangle BDC, 
it is greater than the interior op- 
4 posite angle DCB. [1. 16. 

But the angle ADB is equal to the angle ABD^ [I. 5. 
because the side AD is equal to the side AB. {Cmxtr. 

Therefore the angle ABD is also greater than the angle 
ACB. 

Much more then is the angle ABC greater than the angle 
ACB. [Aodomr^. 

...^ Wherefore, fA^ ^r^o^^m'^^d &c. q.b.d. 

■;?(^ ^'"^ PROPOSITION 19. THEOREM. 

The greater angle cf every triangle is subtended by the 
greater side, or has the greater side opposite to it. 

Let ABC be a triangle, of which the angle ABC is 
greater than the angle ACB : the side AC is also greater 
than the side AB. 

For if not, ^(7 must be either 
equal to ^^ or less than AB. 
But AC Is not equal to AB, 
for then the angle ABC would 
be equal to the angle A CB; [1. 5. 
but it is not ; [Hypothesis. 

therefore -4 C is not equal to AB. 
Neither is -4C7 less than AB, 

for then the angle ABC would be less than the angle 
ACB; [1.18. 

but it is not ; [Hypothesis. 
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therefore ACia not less than AB, 

And it has been shewn that AG\& not equal toAB, 

Therefore AC is greater than AB. 

Wherefore, the greater angle &c. q.e.d. 

PROPOSITION 20. THEOREM. — ^/^ ' ^ 

Any two sides of a triangle are together greater than 
the third side. 

Let ABC be a triande : any two sides of it are together 
greater than the third side ; 
namely, BA, AC greater than 
BC'y and AB, ^(7 greater than 
AC I and BC, CA greater than 
AB. 

Produce BA to D, 
makmg AD equal to ^C7, [I. 3. 

and join DC, 

Then, because AD is equal \xi AC, [Construetum. 

the angle ADC is equal to the angle ACD. [I. 5. 

But the angle BCD is greater than the angle ACD. [Ax. 9. 
Therefore the angle BCD is greater than the angle BDC. 
And because the angle BCD of the triangle BCD is 
greater than its angle BDC, and that the greater angle is 
subtended by the greater side ; [1. 19. 

therefore the side BD is greater than the side BC. 
But BD IB equal to BA and AC. 
Therefore BA, AC are greater than BC. 

In the same manner it may be shewn that AB, BC are 
greater than AC, and BC, CA greater than AB. 

Wherefore, any two sides &c. q.e.d. 

PROPOSITION 21. THEOREM. 

If from the ends of the side of a triangle there he drawn 
two straight lines to a point within the triangle, these 
shall be less tnan the other two sides qf the tHangle, hut 
shall eoKUfidvk a greater angle. 



U 
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Let ABG be a triangle, and from the points B^ C, 
the ends of the side BG^ 
let the two straight' lines 

BD, CD be drawn to the 
point D within the triangle : 
Bib, DC shall be less 
than the other two sides 
BA^ AC oi the triangle, 
but shall contain an angle 
BDC greater than the 
angle BAC 

Produce BD to meet AC^tE, 

, Because two sides of a triangle are greater than tho 

third side, the two sides BAy AE of the triangle ABE are 

greater than the side BE, , [I. 20. 

To each of these add EC, 

Therefore BAy ^(7 are greater than BE, EC, 

Again ; the two sides CE, ED of the triangle CED are 

greater than the third side CD. [I. 20. 

To each of these add 2)5. 

Therefore CE, EB are greater than CD, DB, 

But it has been shewn that BA, AC sre greater than 

BE, EC; 

much more then are BA, -4 (7 greater than BD, DC, 

Again, because the exterior angle of any triangle is 
greater than the interior opposite angle, the exterior 
angle BDC of the triangle CDE is greater than the angle 
CED, [I. 16. 

For the same reason, the exterior angle CEB of the tri- 
angle ABE is greater than the angle BAE, 
But it has been shewn that the angle BDC is greater than 
the angle (7^5; 

much more then is the angle BDC greater than the angle 
BAC. 

Wherefore, if from the ends &c. q.e.d. 



,y Google 



BOOK L 22. 25 



PEOPOSITION 22. PROBLEM, 

To maJce a triangle of which ths sides shall be equal to 
three given straight lines, hut any ttoo whatever qf' these 
must be greater than the third. 

Let A, B, C be the three given straight lines, of which 
any two whatever are greater than the third; namely, 
A and B greater than C; A and G greater than B; and 
B and (7 greater than A : it is required to make a triangle 
of which the sides shall be equal to A, B, C, each to each. 

Take a straight line 
DE terminated at the 
X)oint 2>, but unlimited 
towards E, and make 
DF equal to A, FG 
equal to B, and GH 
equal to C, [I. 3. 

From the centre JP, 
at the distance FD, 
describe the circle 
DKL, [Post. 3. 

From the centre G, at the distance GH, describe the circle 
HLKy cutting tiie foimer circle at K. 
Join KF, KG, The triangle KFG shall have its sides 
equal to the three straight lines A, B, C. 

Because the point F is the centre of the circle DKL, 
FD is equal to FK [Definitum 15. ^ 

But FD is equal to A. IConstruction. 

Therefore i^JTis equal to A. [Axiom 1. 

Again, because the point G is the centre of the circle HLK, 
GH\b equal to GK. [Definition 15. 

But GH is equal to G. [Construction. 

Therefore GKi& equal to (7. [Axiom 1. 

And FG is equal to B. [Oonstructi<m. 

Therefore the three straight lines KF, FG, GK are equal 
to the three A, B, G. 

Wherefore the triangle KFG h,as its three sides 
KF, FG, GKeqvM to the three given straight lines 
A, B, G. q.e.f! 
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PEOPosinojr a. problem. 

jdi « pigen point in a given straight line, to make a 
TedUineal angle eqtuil to a given rectilineal angle. 

Let AB be the given straight line, and A the given 
point in it, and DGE the given rectilineal angle : it is 
required to make at the given point A, in the given straight 
line ABj an angle equd to the given rectilineal angle 
DCE. 

In CD, CE take any 
points Dj Ef and join DE, 
Make the triangle AFG the 
sides of which snail be e^oal 
to the three stndght lines 

CD, DE, EC; so that ^jF* 
shall be equal to CD, AG to 

CE, and >6? to DE. [I. 22. 
The angle FAG shall be 
equal to the angle DCE. 

Because FA, AG are equal to DC, CE, each to each, 
and the base FG equal to the base DE ; [Construetum, 

therefore the angle FAG is equal to the angle DCE. [I. 8. 

"Wherefore at the given point A in the given straight 
line AB, the angle FAG hoe been made equal to the given 
rectilineal angle DCE. q.b.p. 



PEOPOSITION 24. THEOREM. 

If two triangles have two sides qf the one equal to two 
sides qfthe other, each to each, but the angle contained by 
the two sides qf one qf them greater than the angle con- 
tained by the two sides equal to th.em, of the other, the base 
of that which has the greater angle shall be grealer than 
the base qf the other. 

Let ABC, DEF be two triangles, which have the two 
sides AB, AC, equal to the two sides DE, DF, each to 
each, namely, AB to DE, and AC to DF, but the angle 
iS^ (7 greater than the angle EDF: the base BC shall be 
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greater than the base 

Of fl» tm Bides 
DE, DF, let DE \» 

the side which is not 
greater than the other. 
At the point Z> in 
the straignt line DE, 
make the angle E£>G 
equal to the angle 
BAG, [1. 23. 

and make DG equal to AG or DF, [I. 8. 

md join EG, GF. 

Because AB is equal to DE, [ffypothens, 

and AG to DG ; [Construction. 

the two sides BA, ACsLre equal to the two sides ED, DG, 
each to each ; 

and the angle BAG is equal to the angle EDG ; [Conttr, 
therefore the base BG is equal to the base EG. [I. 4. 

And because DG is equal to DF, IConatruction, 

the angle DGF is equal to the angle DFG. [I. 5. 

But the angle DGF is greater than the angle EGF. [Ax. 9. 
Therefore the angle DFG is greater than the angle EGF. 
Much more then is the angle EFG greater than the angle 
EGF. [Axiom 9. 

And because the angle EFG of the triangle EFG is 
greater than its angle EGF, and that the greater angle is 
subtended by the greater side, [I. 19. 

therefore the side EG is greater than the side EF. 
But EG was shewn to be equal to BG ; 
therefore BGh greater than EF. . 

Wherefore, if two triangles &c. q.e.1). 



PEOPOSITION 25. THEOREM. 

If two triangles have two sides of the one eqtuil to two 
sides qf the other, each to each, but the base of the one 
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greater than tJie base of the oth£r, the angle contained by 
the sides of that which h^s ih£ greater base, shall be 
greater than the angle contained by the sides equal to 
them, of the other. 

Let ABC, DEF be two triangles, which have the two 
sides AB, AG equal to the two sides BE, DF, each to 
each, namely, AB to DE, and ^C to DF, but the base 
BC greater than the base EF\ the angle BAG shall 
be greater than the angle 
EDF, 

For if not, the angle 
BA G must be either equal 
to the angle EDF or less 
than the angle EDF. 
But the angle BAGh not 
equal to the angle EDF, 
for then the base BG 
would be equal to the base EF; [I. 4. 

but it is not ; [Rypothesis. 

therefore the angle BAG ib not equal to the angle EDF, 
Neither is the angle BAG less than the angle EDF, ' 
for then the base ^C would be less than the base EF ; [1. 24. 
but it is not ; [Hypothesis, 

therefore the angle BAG is not less than the angle EDF. 
And it has been shewn that the angle BAG is not equal 
to the angle EDF. 
Therefore the angle BAGh greater than the angle EDF. 

"Wherefore, */ two triangles &c. q.e.d. 

^ . , ^0 PROPOSITION 26. THEOREM. 

* * If two triangles have two angles cf the one equal to two 
angles of the other, each to each, and one side equal to 
one side, namely, either th>e sides adjacent to the equal 
( angles, or sides which are opposite to equal angles in each, 
then shall the other sides be equal, each to each, and also 
the third angle cf tlie one equal to the third angle of the 
other. 

Let ABG, DEF bo two triangles, which have the 
angles ABG, BGA equal to the angles DEF, EFD, each 
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to each, namely, ABC to DBF, and BCA to EFD ; and 
let them have also one side equal to one side ; and first let 
those sides be equal which are adjacent to the equal angles 
in the two triangles, namely, BC to EFi the other sides 
shall be equal, each to each, namely, AB to DEy and 
^C to DF, and the third 
angle BAG equal to the A D 

third angle EDF, 

For if AB be not 
equal to DE, one of them 
must be greater than the 
other. Let AB he the 
greater, and make BG 
equal to DE, [I. 3. 

and join GO. 

Then because GB is equal to DE, [Oonstructim, 

and BG to EF ; [Hypothem. 

the two sides GB, BC are equal to the two sides DE, EF, 
each to each ; i 

and the angle GBG is equal to the angle DEF ; [Hypothesis. 

therefore the triangle GBG is equal to the triangle DEF, 
and the other angles to the other angles, each to each, to 
which the equal sides are opposite ; [I. 4. 

therefore the angle GCB is equal to the angle DFE, 

But the angle DFE is equal to the angle AGB. [Hypothem. 

Therefore the angle GGB is equal to the angle -4(75, [Ax. 1. 

the less to the greater ; which is impossible. 

Therefore AB\% not unequal to DE, 

that is, it is equal to it ; 

and BC is equal to EF ; [Hypothesis, 

therefore the two sides AB, BC are equal to the two sides 
DE, EF, each to each ; 

and the angle ABC is equal to the angle DEF\ [Hypothesis. 

therefore the base AC is equal to the base DF, and the 
third angle BAG to the third angle EDF. [I. 4. 
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Next, let sides which are opposite to equal angles in 
each triangle be e^ual to one another, namely. A£ io 
I>E : likewise in this case the other sides shall be equal, 
each to each, namely, BG to EF^ and -4(7 to DF, and 
also tiie third angle j§^ (7 equal to the third angle EDF. 

For if BG be not 
equal to EF^ one of them 
must be greater than 
the other. 

Let BG be the greater, 
and make BH equal to 
EF, [I. 3. 

and join ^ZT. 

Then because BH is equal to EF^ [Constructum. 

and AB to BE ; [ffypothesiif, 

the two sides AB; Bffore equal to the two sides BE, EF, 
each to each ; 

and the angle ^j^jET is equal to the smgleBEF ;[ffypothest8, 
therefore the triangle ABH is equal to the triangle BEF, 
and the other angles to the other angles, each to each, to 
Which the equal sides are opppsite ; [I. 4. 

therefore the angle BHA is equal to the angle EFD, 
But the angle EFD is equal to the angle BGA. [Hypothesis. 
Therefore the angle BHA is equal to the angle BGA ; [^a;.l. 
that is, the exterior angle BHA of the triangle AHG is 
equal to its interior opposite angle BGA ; 
which is impossible. [I. 16. 

Therefore BG is not unequal to EF, 
that is, it is equal to it ; 

and AB is equal to BE ; [Hypothesis. 

therefore the two sides AB, BG are equal to the two sides 
BE, EF, each to each ; 

and the angle ABG is equal to the angle BEF\ [Hypothesis. 
therefore the base AG ib equal to the base DF, and the 
third apgle BAG to the third angle EBF. [L 4. 

Wherefore, if two triangles &c. qjld. 
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PEOPOSITION 27. THEOREM. ^ "' ^ "^ 

If a itraigJU line falling on ivx> other straight lines, 
maJee the alternate angles equal to one another, the two 
straight lines shall be parallel to one another. 

Let the straight line EF^ which falls on the two straight 
lines AB, CD, make the alternate angles AEF, EfD 
equal to one another : AB shall be parallel to CD, 

For if not» AB and CD, being produced, will meet 
either towards B, D or towards A, C, Let them be pro- 
duced and meet towards B, D at the point O^ 




Therefore GBFis a triangle, and its exterior angle AEF 
is greater than the interior opposite angle EFG ; [1. 16. 
But the angle AEF is also equal to the angle EFG ; [ffyp, 
which is impossible. 

Therefore AB and CD being produced, do not meet to- 
wards B, D, 

In the same manner, it may be shewn that they do not 
meet towards A, C. 

But those straight lines which being produced ever so far 
both ways do not meet, are parallel. [D^nition Z5. 

Therefore AB is parallel to CD. 

Wherefore, if a straight line &c. q.e.d. 

PROPOSITION 28. THEOREM. 

If a straight line falling on ttoo other straight lines, 
make the exterior angle equal to the interior and opposite 
angle on the same side of the line, or make the interior 
angles on t?ie same side together equal to two right angles^ 
the two straight lines shall be parallel to one another. 
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Let the straight line EF, which falls on the two 
stra]£^ht lines aS, CD, make the exterior angle EGB 
equal to the interior and opposite angle GHD on the same 
side, or make the interior angles on the same side BGH, 
GHD together equal to two right angles : AB shall be 
parallel to CD, 

Because the angle EGB is £ 
equal to the angle GHD, [Hyp, \ 

and the ande EGBia also equal y^ 

to the angle A GH, [1. 15. 
therefore the angle AGH is 

equal to the angle GHD\ [Ax.l, ^ ^Jr^ — 

and they are alternate angles ; \ 

therefore AB is parallel to F 

CD, [I. 27. 

Again ; because the angles BGH, GHD are together 
equal to two right angles, [Hypoihttis, 

and the angles AGH, BGH ore also together equal to two 
right angles, p. 13. 

therefore the angles AGH. BGH are equal to the angles 
BGH, GHD. 

Takeaway the common angle BGH\ therefore the remaining 
angle ^^^ is equal to the renuuning angle GHD-, [iiciom 3, 
and they are alternate angles ; 

therefore AB is parallel to CD. [I. 27. 

Wherefore, if a straight line &c. q.e.d. 



' ^\^ PROPOSITION 29. THEOREM, 

If a straight line fall on two parallel straight lines^ 
it makes the alternate angles equal to one another, and 
the exterior angle equal to the interior and opposite angle 
on the same side ; and also the two interior angles on 
the same side together eqiuzl to two right angles. 

Let the straight line EF fall on the two parallel 
straight lines AB, CD : the alternate angles AGH, GHD 
shall be equal to one another, and the exterior angle 
EGB shall be equal to the interior and opposite angle 
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on the same side, GHD, and the two interior angles on 
the same side, BGH, GHD, shall be together equal to two 
right angles. 

For if the angle AGH be 
not equal to the angle GHD, 
one of them must 1^ greater 
than the other; let the angle 
AGH be the greater. 
Then the angle AGITia greater 
than the angle GHJD ; 
to each of tiiem add the angle 
BGH; 

therefore the angles AGH, BGH are greater than the 
angles BGH, GHD. 

But the angles AGH, BGH are together equal to two 
right angles ; [1. 13. 

therefore the angles BGH, GHD are together less than 
two riglit angles. 

But if a straight line meet two straight lines, so as to 
make the two interior angles on the same side of it, taken 
together, less than two right angles, these straight lines 
being continually produced, shall at length meet on that 
side on which are the angles which are less than two 
right angles. [Axum 12. 

Therefore the straight lines AB, CD, if continually pro- 
duced, will meet. 

But they never meet, since they are parallel by'hypothesis. 
Therefore the angle AGH is not unequal to the angle 
GHD ; that is, it is equal to it. 

But the angle AGH is equal to the angle BGB. p. 15. 
Therefore the angle BGB is equal to the angle GHD, [Ax. 1. 

Add to each of tiiese the angle BGH 
Therefore the angles BGB, BGH are equal to the angles 
BGH, GHD, [AxUm 2. 

But the angles BGB, BGH are together equal to two 
right angles. [I. 18. 

Therefore the angles BGH, GHD are together equal to 
two right angles. [Axiom 1. 

Wherefore, if a straight line &c. q.b.d. 

3 
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PROPOSITION 80. THEOREM, 

Straight lines which are parallel to the same straight 
line are parallel to each otJier, 

Let ABy CD be each of them parallel to EF-, AB 
shall be parallel to CD, 

Let the straight line GHK 
cat AB, EF, CD. 

Then, because GHK cuts 
the parallel straight linos AB, 



EF, the angle AGH is equal 
to the angle GHF. [I. 29. 




Again, because GK cuts 
the parallel straight lines EF, 
CD, the angle GHF is equal 
to the angle GKD. [I. 29. 
And it was shewn that the 
angle AGK is equal to the angle GHF 
Therefore the angle A GK is equal to the angle GKD ; [Ax. 1, 
and they are alternate angles ; 

therefore AB is parallel to CD, [I. 27. 

Wherefore, straight lines &c. q.b.d. 

'^ -^ .V ' ' PROPOSITION 81. PROBLEM. 

To draw a straight line throtigh a given point parallel 
to a> given straight line. 

Let A be the given point, and BC the given straight 
line : it is required to draw a straight line through the 
point A parallel to the straight line BC. 

In BC take any point 
D, and join AD ; at the 
point A in the straight 
line AD, make the angle 
DAE equal to the angle «- 

ADC', [L23. 

and produce the straight line EA to F. 
EF shall be parallel to BC. 
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the straight line ADy which meets the two 
straight Ihiea^C, EF^ makes the altermite angles EAD^ 
ADC equal to one another, \C<yMiTWiiion, 

EF is parallel to BG. [I. 27. 

Wherefore the straight UneEAFis drawn through the 
given point A, parallel to the given straight line BC, q.e.f. 

PKOPOSITION S2. THEOREM, 

J^ik 9id0- qf oay triangle be produced, the exterior 
angle is equal to the two interior and of^site angles ; 
and the three interior angles qf every triangle are toge^ 
ther equal to two right angles. 

Let ABC be a triangle, and let one of its sides BO 
be produced to D : the exterior angle A CD shall be equal 
to the two interior and opposite angles CAB, ABC ; and 
the three interior angles of the triangle, namely, ABC, 
BCAf CAB shall be equal to two right angles. 

Through the point (7draw 
a& parallel to ^ A [1.31. 

Then, because A Bis par- 
allel to O^, and ^6' falls on ^ 

them, the alternate angles ^ ^f"^* jj 

BAG, ACE are equal. [I^ 29. 

Again, because AB is parallel to CE, and BD falls on 

them, the exterior angle ECD is equal to the interior and 

opposite angle ABC. [I. 29. 

But the angle ACE was shewn to be equal to the angle 

BAC; 

therefore the whole exterior angle ACD is equal to the 

two interior and opposite angles CAB, ABC, [Axiom 2. 

To each of these equals add the angle ACB ; 
therefore the angles ACD, ACB are equal to the three 
angles CBA, BAC, ACB. [Axiom 2. 

But the angles ACD, ACB are together equal to two right 
angles ; [I. i% 

therefore also the angles CBA, BAC, ACB are together 
equal to two right angles. [Axiom 1. 

Wherefore, if a side qfany triangle &c. q B.n. 

3—2 
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Corollary 1. All tfie interior angles of any recti- 
lineal figure, together with four right angles, are eqtial to 
twice as many right angles as the figure 7ias side^. 

For any rectilineal figure ABODE can be divided into 
as many triangles as the figure has sides, by drawing 
straight lines from a point F within the figure to each of 
its angles. 

And by the preceding proposition, 
all the angles of these triangles are 
equal to twice as many right angles 
as there are triangles, that is, as the 
figure has sides. 

And the same angles are equal to the 
interior angles of the figure, together 
with the angles at the point F, which 
is the common vertex of the triangles, 
that is, together with four right angles. [I. 15. Corollary 2. 
Therefore all the interior angles of the figure, together with 
four right angles, are equal to tVvice as many right angles 
as the figure has sides. 

Corollary 2. All the exterior angles of any recti- 
lineal figure are together equal tofmr right angles. 

Because ev&cj interior angle 
ABC, with its adjacent exterior 
angle ABD, is equal to two 
right angles ; [1. 13. 

therefore all the interior angles 
of the figure, together vnth all 
its exterior angles, are equal to 
twice as many right angles as 
the figure has sides. 
But, by the foregoing Corollary i Jl the interior angles of the 
figure, together with four right angles, are equal to twice 
as many right angles as the figure has^ides. 
Therefore all the interior angles of the figure, together with 
all its exterior angles, are equal to all the interior angles of 
the figure, together with four right angles. 
Therefore all the exterior angles are equal to four right 
angles. 
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PROPOSITION 33. THEOREM, 

The straight lines which join the extremitieB of ttoo 
equal and parallel straight lines towards the same parts, 
are also themselves equal and parallel. 

^ Let AB and CB be equal and parallel straight lines, 
and let them be joined towards the same parts by the 
straight lines AC and BB : AC and BB shall be equal 
and parallel. 

Join BC. 

Then because ^^ is par< 
allel to C!Z>, [Hypothesis, 

and BC meets them, 
the alternate angles ABC, 
BCD are equal. [I. 29. 

And because ^^ is equal to CD, [Hypothesis, 

and BC is common to the two triangles ABC, DCB\ 
the two sides AB, BC are equal to the two sides DC, CB, 
each to each ; 

and the. angle ABC was shewn to be equal to the angle 
BCD, 

therefore the base AC \& equal to the base BD, and the 
triangle ABC to the triangle BCD, and the other angles 
to the other angles, each to each, to which the equal sides 
are opposite ; [I. 4. 

therefore the angle ACB is equal to the angle CBD, 

And because the straight line BC meets the two straight 
lines AC, BD, and makes the alternate angles ACB, CBD 
equal to one another, ACv& parallel to BD^ [I^ 27. 

And it was shewn to be equal to it. 

Wherefore, the straight lines &c. q.e.d. 

PROPOSITION 34. THEOREM, 

The opposite sides and angles of a parallelogram are 
eqiud to one another, and the diameter bisects the par- 
cdlelogram, that is, divides it into two equal parts. 

Note. A parallelogram is a four-sided figure of which the 
opposite sides are parallel ; and a diameter is the straight line 
joining two of its opposite angles. 
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Let AGDB bo a parallelogram, of wliicli BC is a 
diameter ; the opposite sides and angles of the figure shall 
bo equal to one anotlier, and the diameter BC shall bi- 
sect it. 

Because AB is parallel 
to CD, and BC meets them, 
the alternate angles ABCy 
BCD are equal to one an- 
other. [I. 29. 
And because AC i^ parallel 
to BD, and BC meets them, 

the alternate angles ACBy CBD are equal to one 
" another. [I. 29. 

Therefore the two triangles ABC, BCD have two angles 
ABC, BCA in the one, equal to two angles DCB, CBD in 
the other, each to each, and one side BC is common to the 
two triangles, which is adjacent to their equal angles ; 
therefore their other sides are equal, each to each, and 
the third angle of the one to the third angle of the other, 
namely, the side AB equal to the sit!e CD, and the side 
AC equal to the side BD, and the angle BAC equal to the 
angle CDB. [1. 26. 

And because the angle ABC is equal to the angle BCD^ 
and the angle CBD to the angle ACB, 
the whole angle ABD is equal to the whole angle A CD. [Ax. 2. 
And the angle jB-4 (7 has been shewn to be equal to the 
angle CDB. 

Therefore the opposite sides and angles of a parallelogram 
are equal to one another. 

Also the diameter bisects the parallelogram. 
For AB being equal to C!Z>, and BC common, 
the two sides AB^ BC are equal to the two sides DC, CB 
each to each ; 

and the angle ABC has been shewn to be equal to the 
angle BCD ; 

therefore thetriangle^-SCis equal to the triangle 5C7>, [1. 4. 
and the diameter BC divides the parallelogram ACDB 
into two equal parts. 

Wherefore, the opposite sides &c. q.e.d. 
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PROPOSITION" 35. THEOREM. 

Parallelograms on the same hose, and between the same 
parallels, are eqtcal to one another. 

Let the parallelograms ABCI>, EBCF be on the same 
base BC, and between the sameparallels A F, BG : the paral- 
lelogram ABCD shall be equal to the parallelogram EbGF, 

If the sides AD, DF of 
the parallelogranfs ABCD, 
DBCF, opposite to the base 
BC, be terminated at the same 
point A it is plain that each of 
the parallelograms is double of 
the triangle BDC-, [I. 34. . 

and they are therefore equal to one another. [Axiom 6. 

But if the sides AD, EF, opposite to the base BG 
of the parallelo- 
grams ABGD, 
EBGF be not 
terminated at 
the same point, 
then, because 
^^az> is a par- 
allelogram AD is equal to BG ; 
for the same reason EF is equal to BG ; 
therefore AD is equal to EF-, [Atmom 1. 

therefore the whole, or the remainder, AE is equal to the 
whole, or the remainder, DF. [Axioms 2, 3. 

And AB is equal to DG ; [I. 34. 

therefore the two sides EA, AB are equal to the two sides 
i^2>,2>(7 each to each; 

and the exterior angle FDG is equal to the ulterior and 
opposite angle EAB ; [I. 29. 

therefore the triangle EAB is equal to the triangle 
FDG. [[. 4. 

Take the triangle FDG from the trapezium ABGF, 
and from the same trapezium take the triangle EAB, 
and the remainders are equal ; [Aadom 3. 

that is, the parallelogram ABGD is equal to the parallelo- 
gram EBGF. 

Vfheretoro, parallelograms on the same base &c q.b.d. 
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PROPOSITION 36. THEOREM. 

Parallelograms on equal bases, and between the same 
parallels, are equal to one another. 

Let ABCDy EFGH be parallelograms on equal bases 
BCy FG, and between the same parallels AH, BGi the 
parallelogram ABCD shall be eqmd to the parallelogram 
EFGH. 

Join BE, CH a D E H 

Then, because ^(7 
is equal to FG, [Hyp, 
BJi^FGtoEH,[l.Zi, 

BG is equal to 

EH\ [Axioml. B C r 

and they are parallels, [Hypothesis. 

and joined towards the same parts by the straight lines 
BE, CH. 

But straight lines which join the extremities of equal and 
parallel straight lines towards the same parts are them- 
selves equal and parallel. [I. 33. 
Therefore BE, CHore both equal and parallel 
Therefore EBCHis a parallelogram. {Definition. 
And it is equal to ABCD, because they are on the same 
base BO, and between the same parallels BC, AH, [I. 35. 

*For the same reason the parallelogram EFGH is equal 
to the same EBCH, 

Therefor© tb© parallelogram ABCD is equal to the par- 
allelogram EFGH, [Axiom 1. 

Wherefore, pardlMograms &c. q.e.d. 

PROPOSITION 37. THEOREM, 
Triangles on the same base, and between the same par^ 
allels, are equal. 

Let the triangles ABO, 
DBO be on the same base 
BO, and between the same 
parallels AD, BO: the tri- 
angle ABO shall be equal 
to the triangle DBO, 

Produce AD both ways 
to the points E, F-, [Post, 2. 
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throagh B draw BE parallel to CA, and through C draw 
' OJ* parallel to jBi>. [1.31. 

Then each of the figures EBCA^ DBCF is a parallelo- 
gram ; {Definition, 
' and EBCA is equal to DBCF, because they are on the same 
base BCi and between the same parallels BG, EF, [I. 35. 
And the triangle ABCis half of the parallelogram EBCA, 
because the diameter ^^^^ bisects the parallelogram ; [I. 34. 
and the triangle DBC is half of the parallelogram DBCF, 
because the diameter DC bisects the parallelogram. [I. 34. 
But the halres of equal things are equaL [Axiom 7. 
Therefore the triangle ABC is equal to the triangle DBC. 
Wherefore, triangles &c. Q Ji.D. 

PKOPOSITION 38. THEOREM. 

Triangles on equal bases, and between the same par- 
allels, are eqtial to one another. 

Let the triangles ABC, DEF be on equal bases BC, 
EFj and between the same parallels -S-?', AD : the triangle 
ABC shall be equal to the triangle DEF. 

Produce -4/) both 

ways to the points 9 & 3D H 

G,ff; 

through B draw BG 

parallel to CA, and 

through J^draw FH 

parallelto^2>.[I.gl. 

Then each of the 
figures GBCA, DEFH is a parallelogram. {P^'nitvm, 
And they are equal to one another because ^hey artf on 
equal bases BC, EF, and between the same parallels 
BF, GH. [I. 36. 

And the triangle ABC is half of the parallelogram GBCA, 
because the diameter -4-5 bisects the parallelogram ; [1. 84. 
and the triangle DEF is half of the parallelogram DEFH, 
because the diameter DF bisects the parallelogram. 
But the halves of equal things are equal. [Axiom 7. 

Therefore the triangle ABC is equal to the triangle DEF. 

Wherefore, triangles &c. q.e.d. 
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PROPOSITION 89. THEOREM. 

Equal triangles on the same base, and on the same 
side of ity are between the same parallels. 

Let the equal triangles ABC, DEC bo on the same 
base EG, and on the same side of it : thej shall be b^ 
tween the same parallels. 

Join AD, 
AD shall be parallel to EC, 

For if it is not, through A draw 
AE parallel to EC, meeting ED 
at E. [I. 31. 

and join EC, 

Then the triangle AEC is equal to the triangle EEC, 
because they are on the same base EC, and between the 
same parallels EC, AE. [I. 37. 

But the triangle AEC is equal to the triangle DEC. {Hyp. 
Therefore also the triangle DEC is equal to the triangle 
EEC, [Axiom 1. 

the greater to the less ; which is impossible. 
Therefore AE is not parallel to EC, 

In the same manner it can be shewn, that no other 
straight line through A but AD is parallel to EC; 
therefore AD is parallel to EC 

"Wherefore, equal triangles &c, q.e.d. 

PROPOSITION 40. THEOREM. 

Eqtuxl triangles, on eqtud bases, in tJie same straiglU line, 
and on the same side of it, arebetween th£ same parallels. 

Let the equal triangles ABC, DEF be on equal bases 
EC, EF, in the same straight line BF, and on the same 
side of it : they shall be between the same parallels. 

Join AD, A D 

^2> shall be parallel to BF. 

For if it is not, through A 
draw AG parallel to BF, 
meeting ED at G [1. 31. 
and join GF. 
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Tlien the triangle ABC is equal to the triangle GEF^ 
because they are on equal bases BCy EF^ and between 
the same parallels. [I. 38. 

But tlie triangle ABC is equal to the triangle DEF, [Byp. 
Therefore also the triangle DEF is equal to the triangle 
GEF, [Axiom !• 

the greater to the less ; which is impossible. 
Therefore AG is not parallel to BF, 

In the same manner it can be shewn that no other 
straight line through A but AD is parallel to BF ; 
therefore AD is parallel to BF, 

' Wherefore, equal triangles &c. q,e.d. 

PROPOSITION 41. THEOREM. 

If a parallelogram and a triangle he on the same base 
and between the same parallels , the parallelogram s/uUl be 
doiible of the triangle. 

Let the parallelogram ABCD and the triangle EBC be 
on the same base EC, and between the same parallels 
BC, AE: the parallelogram ABCD shall be double of tho 
triangle EBC. 

Join AC, 

Then the triangle ABC 
is equal to the triangle EBC, 
because they are on the same 
base BC, and between the same 
parallels ^(7,^^. [1.37. 

But the parallelogram ABCD 
is double of the triangle ABC, 

because the diameter -4(7 bisects the parallelogram. [J. 84. 
Therefore the parallelogram ABCD is also double of the 
triangle EBC. 

Wherefore, if a parallelogram &c. q.b j). 
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PROPOSITION 42. PROBLEM:. 

To describe a parallelogram that shall he equal to a 
given triangle, and have one of its angles equal to a given 
rectilineal angle. 

Let ABC be the given triangle, and 2> the given recti- 
lineal angle : it is required to describe a parallelogram that 
shall be equal to the given triangle ABV, and have one of 
its angles equal to Z>. 

Bisect ^(7 at ^: [1.10. 
join AE, and at the point 
Ef in the straight line EC, 
make theangle CEF equal 
toi>; [1.23. 

through A draw AEG 
parallel to EC, and through 
C draw CG parallel to 
EF. [I. 31. 

Therefore FECG is a parallelogram. [Definition. 

And, because BE is equal to EC, [Constructioti. 

the triangle ABE is equal to the triangle AEC, because 
they are on equal bases BE, EC, and between the same 
parallels BC, AG. [I, 38. 

Therefore the triangle ABC ia double of the tnasigleAEC. 

But the parallelogram FECG is also double of the triangle 
A EC, because they are on the same base EC, and between 
the same parallels EC, AG. [I. 41. 

Therefore the x)arallelogram FECG is equal to the triangle 
ABC ; [Axiom 6. 

and it has one of its angles CEF equal to the given angle 
D. [Construction. 

Wherefore a parallelogram FECG lias been described 
equal to the given triangle ABC, and having one of its 
angles CEF equal to the given angle D. Q.E.F. 
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PROPOSITION 43. THEOREM. 

The complements of the pardUdograms which are about 
the diameter qf any parallelogram^ are equal to one 
another. 

Let ABCD be a parallelogram, of which the diameter 
is AC; and jKfl", GF parallelograms about AG, that is, 
through which AC passes ; and BK, KD the other paral- 
lelograms which make up the whole figure ABCD, and 
which are therefore called the complements : the comple- 
ment BK shall be equal to the complement KD. 

Because ABCD is a 
parallelogram, and AC its 
diameter, the triangle ABC 
is equal to the triangle 
ADC. [1. 34. 

Again, because AEKH is 
a parallelogram, and AK 
its diameter, the triangle 
AEK is equal to the triangle 
AHK. [I. 34. 

For the same reason the triangle KGC is equal to the 
triangle KFG. 

Therefore, because the triangle AEK is et^ual to the tri- 
angle AHK, and the triangle KGC to the triangle KFC ; 
the triangle -4 ^JT together with the triangle KGC is equal 
to the triangle -4 JSX' togetherwith the triangle KFC. \Ax.2. 
But tlie whole triangle ABC was shewn to be equal to the 
whole triangle ADC. 

Therefore the remainder, the complement BK, is equal to 
the remainder, the complement KD. [Aocwm 3. 

Wherefore, the complements &c. q.e.d. 



PROPOSITION 44. PROBLEM. 

To a given straight line to apply a parallelogram^ 
which shall be equal to a given triangle, and have one 
qf its angles equal to a given rectilineal angle. 
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Let AB be the giyen straight line, and C the given 
triangle, and D the given rectilineal angle : it is required 
to apply to the straight line AB 9k parallelogram equal to 
the triangle O, and having an angle equal to D, 




Make the parallelogram BEFG equal to the triangle 
C, and having the angle EBO equal to the angle 2>, so 
that BE may be in the same straight line with AB \ [1. 42, 
produce FG to i/ ; 

through A draw AH parallel to BG or EFy [I. 81. 

and join HB, 

Then, because the straight line HF falls on the parallels 
AH, EF, the angles AHF, HFE are together equal to 
two right angles. [I. 29. 

Therefore the angles BHF, HFE are together less than 
two right angles. 

But straight lines which with another straight line make the 
interior angles on the same side together less than two right 
angles will meet on that side, if produced far enough. \Ax, 12. 
Therefore HB and FE will meet if produced ; 
let them meet at K. 

Through K draw KL parallel lo EA or FH ; [I. 81. 

and produce HA, GB to the points Z, M. 

Then HLKF is a parallelogram, of which the diameter 
is HK\ and AG, ME are parallelograms about HK\ and 
LB, BFaro the complements. 

Therefore LB is equal to BF. [I. 43. 

But BF is equal to the triangle C, [Constntction, 

Therefore LB is equal to the triangle (7. [Axiom 1. 

p 
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And because the angle (x^j^isequal to the angle A BM, [1.15. 
and likewise to the angle D ; \C<ynitruetion. 

the angle ABM is equal to the angle 2>. [Axiom 1. 

"Wherefore to the given straight line AB the parallelo^ 
fftUm LB is applied, equal to the triangle C, and having 
the angle ABM equal to the angle D, q.e.p. 

PBOPOSITION 45. PROBLEM. 

To describe a parallelogram equal to a given rectilineal 
figure, and having an angle equal to a given rectilineal 
angle. 

Let ABCD be the given rectilineal fignre, and E the 
given rectilineal angle: it is required to describe a par* 
fdlelogram equal to ABCD, and having an angle equal to B% 





K li M 



Join DB, and describe the parallelogram FH equal to 
the triangle ADB, and having the angle FKH equal to the 
angle JST; [1.42. 

and to the straight line QH apply the parallelogram GM 
equal to the triangle DBG^ and having the angle GHM 
equal to the angle E. [I. 44. 

The figure FKML shall be the parallelogram required. 

Because the angle E is equal to each of the angles FKH, 
GHM, [Construction. 

the angle FKH is equal to the angle GHM. [Axiom 1. 

Add to each of these equals the angle KHG ; 
therefore the angles FKH, KHG are equal to the angles 
KHG, GHM. [Axiom 2. 

BntFKH, KHG aretogetherequaltotworightangles;[1.29. 
^erefore KHGjGHMaxe together equal to two right angles, 
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D F 





C 

And because at the point H in the straight line GHy the 
two straight lines KH, HM, on the opposite sides of it, 
make the adjacent angles together equal to two right angles, 
KH is in the same straight line with HM, [£. 14. 

And because the straight line HG meets the parallels 
KMy FG, the alternate angles MHG, NGFare equal [1. 29. 
Add to each of these equals the angle HGL ; 
therefore the angles MHG, HGL, are equal to the angles 
HGF, HGL, [Axiom 2. 

But MHG, HGLore together equal to two right angles; [1. 29. 
therefore HGF, HGL are together equal to two right angles. 
Therefore FG is in the same straight line with GL, [1. 14. 

And because iTi^is parallel to HG, and HG to ML,[Cons{r. 
KF is parallel to ML ; [I. 30. 

and KM, FL are parallels ; \C(ymiructi(m, 

therefore KFLM is a parallelogram. \PtjvMAi<m, 

And because the triangle ABD is equal to the parallelo- 
gram HF, [Construction, 
and the triangle £>BC to the parallelogram GM ; [Constr, 
the whole rectilineal figure ABCD is equal to the whole 
paittUelogram KFLM, [Axiom 2. 

Wherefore, the parallelogram KFLM has been de- 
scribed equal to the given rectilineal Jigure ABCD, and 
having the angle FKM equal to the given angle E. q.e.p. 
Corollary. From this it is manifest, how to a given 
straight line, to apply a parallelogram, which shall have an 
angle equal to a given rectilineal angle, and shall be equal 
to a given rectilineal figure ; namely, by applying to the 
given straight line a parallelogram equal to the first tn» 
angle ABD, and having an angle equal to the given angle ; 
and so on. [I, 44. 

Digitized by LaOOQ IC 



BOOK L 46. 



49 




PROPOSITION 46. PROBLEM. 
To describe a square on a given straight line. 

Let ABhQ the given straight line : it is required to 
describe a square on AB. 

From the point A draw AC 
at right angles to AB\ [1. 11. 
and make AD equal to AB ; [1. 3. 
through D draw BE parallel to 
AB ; and through B draw BE 
parallel to AD, [I. 31. 

ADEB shall be a square. 

For ADEB is by construction 
a parallelogram ; 
therefore ^^ is equal to DE^ 
and AD to BE. [I. 34. 

But AB is equal to AD, [Construction, 

Therefore the four straight lines BA, AD, DE, EB are 
equal to one another, and the parallelogram ADEB is 
equilateral. [Axiom 1. 

Likewise all its angles are right angles. 
For since the straight line AD meets the parallels AB, 
DEj the angles BAD, ADE are together equal to two 
right angles ; [I. 29. 

but BAD is a right angle ; [Construction, 

therefore also ADE is a right angle. [Axiom 8. 

But the opposite angles of parallelograms are equal [I. 34. 
Therefore each of the opposite angles ABE, BED is a 
right angle. [Aonom 1. 

Therefore the figure ADEB is rectangular ; 
and it has been shewn to be equilateral. 
Therefore it is a square. [Definition 30. 

And it is described on the given straight line AB, q.b.f, 

CoBOLLABT. From the demonstration it is manifest that 
eyery parallelogram which has one right angle has all its 
angles right angles. 

4 
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PROPOSITION 47. THEOREM. 

In any right-angled triangle, tJie sqttare which is de- 
scribed on the side subtending the right angle is equal to 
the squares described cm the sides which contain the right 
angle. 

Let ABC be a right-angled triangle, haying the right 
angle BAG\ the square described on the side 5(7 shall be 
equal to the squares described on the sides BA^ AC, 

On BC describe 
the square BDEC, 
and on BA, -4(7 de- 
scribe the squares 
QB,HC\ [1.46. 
through A draw AL 
parallel to BD or 
GE\ [1.31. 

and join AD, FC 

Then, because the 
angle BAG is a right 
angle, [Hypotlims, 
aad that the angle 
BAG is also a right 
angle, [D(finition 30. 

the two straight lines AC, AG, on the opposite sides of 
AB, make with it at the point A the adjacent angles equal 
to two right angles ; 

therefore CA is in the same straight line with AG, [1. 14. 
For the same reason, AB and AH2xq in the same straight 
line. 

Now the angle DBG is equal to the angle FBA, for each 
of them is a right angle. [Avim, 11. 

Add to each the angle ABC 

Therefore the whole angle DBA is equal to the whole angle 
FBG, [Axiom 2. 

And because the two sides AB, BD are equal to the two 
sides FB, BC, each to each ; [Definitim 30. 

and the angle DBA is equal to the angle FBG ; 
therefore the triangle ABD is equal to the triangle 
^^O, [I. 4. 
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Kow the parallelogram BL is double of the triangle 
ABD, because they are on the same base BD, and between 
the same parallels BD, AL, [I. 41. 

And the square GB is double of the triangle FBC^ because 
they are on the same base FBy and between tiio same 
paiallels FB, GO. ■ [I. 4i. 

Bat the doubles of equals are equal to one another. [Ax. 6. 
Therefore the parallelogram BL is equal to the square GB, 

In the same manner, by joining AE, BK^ it can be 
shewn, that the parallelogram UL is equal to the square CH, 
Therefore the whole square BDEC is equal to the two 
squares GB, HO. [Axiom 2. 

And the squai*e BDECia described on BO^ and the squares 
GB, HC on BA, AC. 

Therefore the square described on the side BC is equal to 
the squares described on the sides BA, AC. 

Wherefore, in any right-angled triangle &c. q.b.d. 

PEOPOSITION 48. THEOREM. 

Jf the square described on one of the sides of a tri- 
angle he eqical to the squares described on the other two 
sides cf it, the angle contained by these two sides is a 
right angle. 

Let the square described on BC, one of the sides of 
the triangle ABC, be equal to the squares described on 
the other sides BA, AC: the angle BAC shall be a right 
angle. 

From the point A draw AD 2A 
right angles to AC; [1. 11. 

and make AD equal to BA ; [I. 3. 
and join DC, 

Then because DA is equal to 
BA, the square on DA is equal to 
the square on BA. 
To each of these add the square 
on AC, 

Therefore the squares on DA, AC are equal to the squares 
on B A, AC. lAxwm'^' 

4—2 
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But because the angle DAC is a right angle, [Ctmstructum, 
the square on DCis equal to the squares on DA, A C. [I. 47. 
And, by hypothesis, the square on BC is equal to the squares 
on BA, AC. 

Therefore the squareonDCis equal to the square on BC.[AxA, 
Therefore also the side DC is equal to the side BC, 

And because the side DA is equal 
to the side AB ; [Constr. 

and the side AC is common to the 
two triangles DAC, BAC ; 
the two sides DA, AC are equal to 
the two sides BA, AC, each to each ; 
and the base DC has been shewn to 
be equal to the base BC; 
therefore the angle DACia equal to the angle BAC, [I. -8. 
But DAC is a right angle ; [ConstructiotK 

therefore also BACis a right angle. [Axiom 1. 

Wherefore, if t/ie square &c. q.e.d. 




BOOK 11. 

DEFINITIONS. 

^ L EvBET right-angled parallelogram, or rectangle, is 
said to be contained by any two of the straight lines which 
contain one of the right angles. 

2. In every parallelogram, any of the parallelograms 
about a diameter, together with the two complements, is 
called a Gnomon. 
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Thus the parallelogram HG^ 
togetlier with the complements 
^ J*, FC^ is the gnomon, which is 
more briefly expressed by the let- 
ters AGK^ or EHC^ which are at 
the opposite angles of the parallelo- 
grams which make the gnomon. 




PROPOSITION 1. THEOREM, 

If there he two straight Hnesy one of which is divided 
into any number of parts, the rectangle cyntained by the 
two straight lines is equal to t/ie rectangles contained by 
the undieided line, and the several parts cfihe divided line. 

Let A and BC be two straight lines ; and let BC be 
divided into any number of parts at the points DyE: the 
rectangle contained by the straight lines A, BGy shall be 
equal to the rectangle contained by Ay BDj together with 
that contained by Ay DEy and that contained by Ay EC, 

From the point B draw BF 
at right angles to BC ; [1. 11, 
and make BG equal to A ; [I. 3. 
through G draw GH parallel 
to BC\ and through 2>, Ey C 
draw DKy EL, CHy parallel 
to BG. [I. 31. 

Then the rectangle BH 
is equal to the rectangles 

BKy DLy EH, 

But BH is contained by Ay BC, for it is contained by 
GBy BGy and GB is equal to A, [Conatructitm, 

And BK is contained by Ay BD, for it is contained by 
GBy BDy and GB is equal to A ; 

and DL is contained by Ay DEy because DK is equal^to 
BGy which is equal to A ; [I, 84. 

and in like manner JE^Tis contained by Ay EC, 
Therefor© the rectangle contained by Ay BC is equal to the 
rectangles contained by ^,^2>, andby ^,Z>JE,and by ^,J^<7, 
Wherefore, if there be two straight lines &c. q.e.d. 
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PROPOSITION 2. THEOREM, 

If a straight line he divided into any two parts, the 
rectangles contained by tJie wJtole and ea>ch of the parts, 
are together equal to the square on the whole line. 

Let the straight line ^^ be divided into any two parts 
at the point C: the rectangle contained by AB, BG, toge- 
ther with the rectangle AB, AC, shall be equal to the 
square on AB, 

[Note. To avoid repeating the word 
contained too frequently, the rectangle 
contained by two straight lines AB, AC 
is sometimes simply called the rectangle 
AB, AC] 

On AB describe the square 
ADEB ; [1. 46. 

and through draw CF parallel 
to AB or BE. [1.31. 

Then AE is equal to the rectangles AF, CE. 
But AE is the square on AB, 

Md AF is the rectangle contained by BA, AC, for it is 
contained by J) A, AG, of which BA is equal to BA ; 

and CE is contained by AB, BG, for BE is equal to AB. 

Therefore the rectangle AB, AC, together with the rect- 
angle AB, BG, is equal to the square on AB. 

Wherefore, if a straight line &c. q.e.d. 



PROPOSITION 3. THEOREM. 

If a straight line he divided into any two parts, the 
rectangle contained hy tlie whole and one of the parts, is 
equal to the rectangle contained hy the two parts, together 
with the square on the aforesaid part. 

Let the straight line AB h^ divided into any two parts 
at the point C\ the rectangle AB, BG shall be equal to 
the rectangle AC, GB, together with the square on BC. 
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On J5(7 describe the square GDEB\ 
produce ED to F, and through A 
draw^i^paralleltoCi>or^^. [1. 31. 

Then the rectangle AEi^ equal 
to the rectangles AD, CE. 
But AE is the rectangle contained 
by ABy BCy for it is contained 
hyAB, BEy of which BE is equal 
to BC; 

and AD is contained by AC, CBy for CD is equal to OB ; 
and CE is the square on BC, 

Therefore the rectangle .45, BC is equal to the rectangle 
AC, CBy together with the square on BC, 

Wherefore, if a straight line &c. qjj.d. 

PROPOSITION 4. THEOREM, 
Xf a straight line he divided into any two parfSy the 
square on the whole line is equal to the squares on the two 
partSy together with twice the rectangle contained by the 
two parts. 

Let the straight line AB be divided into any two parts 
at the point C: the square on AB shall be equal to the 
squares on AC, CBy together with twice the rectangle con- 
tained by ACy CB, 

On AB describe the square 
ADEB ; [I. 46. 

join BD; through C draw CCF 
parallel to AD or BEy and through G 
dr&w HKT^BTolielto AB or DE. [1.31. 
Then, because CF is parallel 
to ADy and BD falls on them, 
the exterior angle CGB is equal 
to the interior and opposite an- 
gle ADB ; [I. 29. 
but the angle ADB is equal to the angle ABD, [I. 5. 
because BA is equal to ADy being sides of a square ; 
therefore the angle CGB is equal to the angle CBG ;[AxA, 
and therefore the side CG is equal to the side CB, [I. 6. 
But CB is also equal to GK, and CG to BK; [I. Zi, 
therefore the figure CGKB is equilateral. 
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It is likewise rectangular. For since CG is parallel to 
BK, and CB meets them, the angles KBC, GCB are toge- 
ther equal to two right angles. [I. 29. 
But KBC is a right angle. [I. Definition 30. 
Therefore GCB is a right angle. [Axiom 3. 
And therefore also the angles CGK, GKB opposite to 
these are right angles... [I. 34. and AxU/m 1. 

Therefore GGKB is rectangular; . c g 

and it has been shewn to be equi- ^ ' ^ 

lateral ; therefore it is a square, and 

it is on the side GB, H 

For the same reason HF is also a 

sauare, and it is on the side HG^ 

which is equal to -4(7. [I. 34. 

Therefore HF^ GK^xq the squares * 

ovlAG.GB, 

And because the complement AG \& equal to the com- 
plement GE ; [I. 43. 
and that ^^ is the rectangle contained by AG^ GB, for 
GG is equal to GB\ 

therefore GE is also equal to the rectangle AG, GB. [Ax. 1. 
Therefore A G, ij^^ re equal to twice the rectangle A G, GB, 
And HF, GK are the squares on AG, GB. 
Therefore the four figures HF, GK, AG, GE^re equal to 
the squares on AG, GB, together with twice the rectangle 
AG, GB* 

But^/; GK, AG^GE make up the whole figure ADEB, 
which is the square on AB, 

Therefore the square on AB is equal to the squares on 
AG, GB, together with twice the rectangle AG, GB. 

Wherefore, if a straight line &c. q.e.d. 

Corollary. From the demonstration it is manifest, 
that parallellograms about the diameter of a square are 
likewise squares. 

PROPOSITION 5. THEOREM. 

If a straight line he divided into two eqitdl parts and 
also into two unequal paints, the rectangle contained by the 
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unequcU j>arts, togetJier with the square on the line hettceen 
the points of section, is equal to the square on half the line. 

Let the straight line ^J9 be divided into two equal 
parts at the point C, and into two unequal parts at the 
point 2> : the rectangle AD^DB, together with the square 
on CD, shall be equS to the square on CB, 

On CB describe the . r w R 

square a&J^5; [1.46. ^ ~ ^^-^ 

join BE ; through D draw I U "K M 

JDHG prallel to CE or BF-, 
through ^ draw ^ZJf paral- 
lel to CB or EF ; and through ^___^ 
A draw AK parallel to CL EOF 
or BM. [I. 31. 

Then the complement CH is equal to the complement 
HF, [I. 43. 

to each of these add DM\ therefore the whole CM is equal 
to the whole DF, [Axiom 2. 

But Citf is equal to AL, [I. 36. 

because ACi^ equal to CB, [Hypothesis, 

Therefore also AL is equal to DF, [Axiom 1. 

To each of these add CH\ therefore tl ^^^Ltole^Z? is equal 
to DF and CH, [Axiom 2. 

But AH is the rectangle contained by AD, DB, for DH is 
equal to DB ; [II. 4, Corollary, 

and Z)/* together with CH\& the gnomon CMG ; 
therefore the gnomon Cilf6r isequal to the rectangle -4 i>,2)-S. 
To each of these add LG, which is equal to the square on 
CD, [II. 4, Corollary, and I. 84. 

Therefore the gnomon CMG, together with LG, is equal to 
the rectangle AD,DB, together with the square on CD, [-4 jr. 2. 
But the gnomon CMG and LG make up the whole figure 
CEFB, which is the square on CB, 
Therefore the rectangle AD, DB, together with the square 
on CD, is equul to the square on CB, 

Wherefore, if a straight line &c. q.b.d. 

From this proposition it is manifest that the difference of 
the squares on two unequal straight lines AC, CD, is equal 
to the rectangle contained by their sum and difference. 
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PKOPOSinON «. THEOREM. 

jy' a straight line he bieeeted^ and produced to any 
pointy the rectangle contained by the tchole line thtu pro- 
duced, and the part of it produced, together tcith the 
square on half the line bisected, is eqiuMl to t/ie square on 
the straight line tchich is made up of the half ^^d the 
part produced. 

Let the straight line AB be bisected at the point C, 
and produced to the point 2> : the rectangle AI>, DB, 
together with the square on CB, shall be equal to the 
square on CD. j^ 

On CD describe the "~ 



M 



square CEFD ; [1. 46. | jj^ ^ 

join DE; through B draw K 
BHG parallel to CE or 
DF; through ff draw 

KLM parallel to AD or 

EF; and through A draw E ^G^ 

AK parallel to CL or DM. [I^ 31. 

Then, because AC is equal to CB, [ffypothesis. 

the rectangle AL is equal to the rectangle CII; [i. 36. 
but CH is equal to HF; [I, 43 

therefore also AL is equal to HF, [Axiom 1. 

To each of these add CM ; 

therefore the whole ^3f is equal to the gnomon CMG, [Ax, 2. 
But AM is the rectangle contained by AD, DB, 
for DM\a equal to DB, [II. 4, Corollary, 

Therefore the rectangle AD, DB is equal to the gnomon 
CMG. [Axiom 1. 

To each of these add LG, which is equal to the square on 
CB. [II. 4, Corollary, and I. 34. 

Therefore the rectangle AD, DB, together with the square 
on CB, is equal to the gnomon CMG and the figure LG, 
But the gnomon CMG and LG make up the whole figure 
CEFD, which is the square on CD, 

Therefore the rectangle AD, DB, together with the square 
on CB, is equal to the square on CD, 

Wherefore, if a straight line &c. q.b.i). 
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PROPOSITION 7. THEOREM, 

If a Btraight line he divided into any two parts, the 
fqtmres on the whole line, and on one of the parts, are 
equal to twice the rectangle contained by the whole and 
that part, together with the square on the other part. 

Let the straight line AB he divided into' any two 
parts at the point C: the squares on AB, BC shall be 
equal to twice the rectangle AB, BC, together with the 
sijuareon AG. 

On AB describe the square 
ADEB, and construct the figure 
as in the preceding propositions. 

Then AG is equal to GE ; [1. 48. H 

to each of these add CK\ 
therefore the whole AK is equal to 
the whole CE ; 

therefore AK. CE are double of 
AK 



K 



r — B 



Bat AK, CE are the gnomon AKF, together with the 
square CK\ 

therefore the gnomon AKF, together with the square CK, 
is double of AK 

But twice the rectangle AB, BC is double of AK, 
for BK is equal to BC, [II. 4, Corollary. 

Therefore the gnomon AKF, together witl^ the square CK, 
is equal to twice the rectangle AB, BC, 
To each of these equals add HF, which is equal to the 
square on AC, £11. 4, Corollary, and I. 34. 

Therefore the gnomon AKF, together with the squares 
CK, HF, is equal to twice the rectangle AB, BC, together 
with the square on AC, 

But the gnomon AKF together with the squares CK, HF, 
make up the whole figure ADEB and CK, which are the 
squares on AB and BC, 

Therefore the squares on AB, BC, are equal to twice the 
rectangle AB, BC, together with the square on AC, 
Wherefore, if a straight line &c, q.e.d. 
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' PROPOSITION 8. THEOREM. 

If a straight line he divided into any two partSyfour 
times the rectangle contained by the trhole line and one of 
the parts, together with the square on the other part, is 
equal to the square on the straight line which is made up 
qf the whole and that part. 

Let the straight line AB be divided into any two parts 
at the point C: four times the rectangle AB, BO, together 
with the square on AC, shall be equal to the square on the 
straight line made up of -4^ and BC together. 

Produce AB to />, so 

that BD may be equal ^ ^ ^ ^ 

to CB; [Posf. 2. and I. 3. 

on AD describe the square 

AEFD; 

and construct two figures 

such as in the preceding 

propositions. 

Then, because CB is equal £ j r 

to BD, [Construction. 

and that CB is equal to GKy and BD to KN, [I. 34. 

therefore GKis equal to KN. [Axiom 1. 

For the same reason PR is equal to RO. 
And because CB is equal to BD, and GK to K'N, the rect- 
angle CIl is equal to the rectangle BN, and the rectangle 
GB to the rectangle RN. [I. 86. 

But CJTis equal to RN, because they are the complements 
of .the parallelogram CO ; [I. 43. 

therefore also BN is equal to GR. [Axiom 1. 

Therefore the four rectangles BN, CK, GR, RN are equal 
to one another, and so the four are quadruple of one of 
them CK. 

Again, because CB is equal to BD, . [Constructuyik 

and that BD is equal to BIl, [IL 4, Corollary, 

that is to CG, [I. 34. 

and that CB is equal to GET, [I. 84. 
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that is to GP ; [II. i, Corollary. 

therefore CO is equal to GP. [Aodom 1. 

And because CG is equal to GP^ and PR to RO^ the 
rectangle ^6r is equal to the rectangle MP^ and the rect- 
angle PL to the rectangle RF, [I. 86. 

But MP is equal to PL, because they are the complements 
of the parallelogram ML ; [I. 43. 

therefore also AGv& equal to RF, [AxUm 1. 

Therefore the four rectangles A G^ MP, PL, RF are equal 
to one another^ and so the four are quadruple of one of 
them AG, 

And it was shewn that the four CK, BN, GR and RN 
are quadruple of CK\ therefore the eight rectangles 
which make up the gnomon AOH are quadruple ofAK. 

And because ^AT is the rectangle contained by AB, BC, 
for BK is equal to BC ; 

therefore four times the rectangle AB, BC is quadruple 
of^iT. 

But the gnomon AOH was shewn to be quadruple 
ofAK. 

Therefore four times the rectangle AB, BC is equal to the 
gnomon A OH, [Axiom 1 . 

To each of these add XH, which is equal to the square on 
AC, [II. 4, Corollary, and I. 34. 

Therefore four times the rectangle AB, BC, together with 
the square on AC, ia eqiial to t£e gnomon AOH and the 
square XH, 

But the gnomon AOH and the square XH make up the 
figure AEFD, which is the square on AD, 

Therefore four times the rectangle AB, BC, together with 
the square on A C, is equal to the square on AD, that is to 
the square oh the line made of AB and BC together. 

Wherefore, if a straight line &c. q.£.d. 
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PROPOSITION 9. THEOREM. 

Xfa straight line he divided into two equal, and also 
into two uneqtial parts, the squares on the two unequ/d 
parts are together double of the square on half the line 
and of the square cm the line "between the points of section. 

Let the straight line AB h^ divided into two equal 
parts at the point C, and into two unequal parts at the 
point B : the squares on AD, DB shall be together double 
of the squares on AG, CD. 

From the point C draw 
CE at right angles to AB, [1. 11. 
and make it equal to AC or 
CB, [I. 3. 

and join EA, EB ; through 
D draw DF parallel to CE, and 
through F draw FQ parallel 
to BA ; [I. 31. 

andjoinu4iF'. 

Then, because ^C is equal to CE, [Construction, 

the angle EACia equal to the angle A EC, [I. 5. 

And because the angle ACE is a right angle, [Construction. 

the two other angles AEC, EACBxe together equal to one 
right angle ; [I. 32. 

and they are equal to one another ; 

therefore each of them is half a right angle. 

For the same reason each of the angles CEB, EBC is half 

a right angle. 

Therefore the whole angle AEB is a right angle. 

And because the angle GEF is half a right an^le, and 
the angle EGF a right angle, for it is equal to the interior 
and opposite angle ECB ; [I. 29. 

therefore the remaining angle EFG is half a right angle. 

Therefore the angle GEF is equal to the angle EFG, and 
the side EG is equal to the side GF, [I. 6. 

Again, because the angle at B is half a right angle, and the 
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angle FDB a right angle, for it is equal to the interior and 
opposite angle ECB ; [I. 29. 

therefore the remaining angle BFD is half a right angle. 
Therefore the angle at B is equal to the angle BFJD, 
and the side DF is equal to the side DB, [I. 6. 

And because ACi% equal to CE^ [CciMtfwtion. 

the square on ^C is equal to the square on CE ; 
tiierefore the squares on AG^ CE are double of the square 
on AC. 

But the square on AE is equal to the squares on AC, CE, 
because the angle ACE is a right angle ; [I. 47. 

therefore the square on AE is double of the square on AC, 
Again, because EG is equal to GF, [Coratntction^ 

the square on EG is equal to the square on GF; 
therefore the squares on EG, GFsltq double of the square' 
on GF. 

But the square on ^^is equal to the squares on EG, GF, 
because the angle EGF is a right angle ; [I. 47. 

therefore the square on EF is double of the square on GF. 
And GF is equal to CD ; [I. 34. 

therefore the square on EF]a double of the square on CD. 
But it has been shewn that the square on AE is also 
double of the square on AC. 

Therefore the squares on AE, EF are double of the 
squares on AC, CD. 

But the square onAF is equal to the squares on AE, 
EF, because the angle AEF is a right angle. [I. 47. 

Therefore the square on AF is double of the squares on 
AC, CD. 

But the squares on AD, DF are equal to the square on 
AF, because the angle ADF is a right angle. [I. 47. 

Therefore the squares on AD, DF are double of the 
squares on AC, CD. 

And DFi^ equal to DB ; 

therefore the squares on AD, DB arc double of the 
squares on AC, CD. 

Wherefore, if a straight line &a Q.E.D. 
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PROPOSITION 10. THEOREM, 

If a straight line be bisected, and pi'oduced to any 
pointy the sqttare on the whole line thus produced^ and 
the squxire on the part of it produced^ are together double 
of t/ie square on half the line bisected and of the square 
on the line made up qfthe haJJ and the part produced. 

Let the straight line AB he bisected at C, and pro- 
duced to 2> : the squares on AD, DB shall be toge&er 
double of the squares on AC, CD, 

From the point (7draw CEdX right angles to AB, [1. 11. 
and make it equal to AG 
or CB; [1.3. 

andjoin^-S; EB ; through 
E draw EF parallel to 
ABy and through D draw 
i>i^ parallel to CJS?. [1.31. 

Then because the straight ^ 

line j&Fmeets the parallels ^ 

EC, FD, the angles CEF^ EFD are together equal to two 
right angles; [1.29. 

and therefore the angles BEF, EFD are together less 
than two right angles. 

Therefore the straight lines EB, FD will meet, if produced, 
towards B, D, \Axi(ym 12. 

Let them meet at G, and join AO, 

Then because -4 (7 is ecjual to CE, [Construction, 

the angle CEA is equal to the angle EAC; [I. 5. 

and the angle A CE is a right angle ; [Construction, 

therefore each of the angles CEA, EAC is half a right 
angle. [I. 32. 

For the same reason each of the angles CEB, EBC is half 
a right angle. 
Therefore the angle AEB is a right angle. 

And because the angle EBC is half a right angle, 
the angle DBG is also half a right angle, for they are verti- 
cally opposite; [I. 15. 
but the angle BDG is a right angle, because it is equal to 
the alternate angle DCE ; [I. 29, 
therefore the remaining angle DGBishsiU aright angle, [1.32. 
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and is therefore equal to the angle BBG\ 

therefore also the side BD is equal to the side DG, [I. 6. 

Again, because the angle EGF is half a right angle, 

and the angle at JP a right angle, for it is equal to the 

opposite angle BCD \ [I. 34. 

thereforetheremainingangleJ!i?6i^ is half aright angle, [1. 82. 

and is therefore equal to the angle EGF\ 

therefore also the side GF\a equal to the side FE, r[I. 6. 

And because EC is equal to CA^ the square on EC is 
equal to the square on CA ; 

therefore the squares (xi EC^ CA are double of the square 
on CA. 

But the square on ^^is equal tothesquares ouEC^ CA.[l, 47. 
Therefore the square on ^^ is double of the square on AC 
Again, because GF is equal to FE^ the square on GF is 
equal to the square on FE ; 

therefore the squares on GF, FE«te double of the square 
on FE. 

Butthesquare on^6r is equal to the squares on GF,FE.[IA7, 
Therefore the square on EG is double of the square on FE. 
And if^isequaltoC/); [1.84. 

therefore the square on EG is double of the square on CD, 
But it has been shewn that the square on AE is double 
of the square on AC. 

Therefore the squares on AE, EG are double of the 
squares on AC, CD. 

But the square on ^G^ is equal to the squares on AE, 
EG. [1.47. 

Therefore the square on .^69^ is double of the squares on 
AC, CD. 

But the squares on AD, DG are equal to the square on 
AG. [I. 47. 

Therefore the squares on AD, DG are double of the 
squares on AC, CD. 
And DG is equal to DB ; 

therefore the squares on AD, DB are double of the squares 
on AC, CD. 

Wherefore, if a straight line &c. q.e.d. 
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PROPOSITION 11. PROBLEM. 
To divide a given straight line into two parts, so that 
the rectangle contained by the whole and one qf the parts 
may be eqtuU to the square on the other part 

Let AB be the given straight Ime : it is required to 
divide it into two parts, so that the rectangle contained by 
the whole and one of the parts may be eqiud to the sc^uare 
on the other part. 

On AB describe the square 
ABDC\ [1. 46. 

bisect JC7 at J^; [J. 10. 

join BE ; produce CA to Fy and 
make ^i^ equal to j^^; [1.8. 
and on AF describe the square 
AFGH. [1. 46. 

AB shall be divided at ^ so 
that the rectangle AB, BH is 
equal to the square on AH, 

Produce (S^-ff to ^. 
Then^ because the straight lino 
AC lA bisected at E, and pro- 
duced to Fj the rectangle CF, FA, together ^th the 
square on AE, is equal to the square on EF, [II. 6. 

But Et' is equal to EB, [Construction. 

Therefore the rectangle CF, FA, together with the square 
on AEy is equal to the square on EB. 
But the square on EB is equal to the squares on AE, AB^ 
because the angle EAB is a right angle. [I. 47. 

Therefore the rectangle CF, FA, together with the square 
on AE, is equal to the squares on AE, AB. 
Take away the square on AE, which is common to both ; 
therefore the remainder, the rectangle CFyFAyS&eqjasl to 
the square on AB. iAxiqm 8. 

But the figure FK.i% the rectangle contained by CF, FA, 
for FG is equal to FA ; 
and AD is tiie square on ^ J? ; 
therefore FK is equal to AD. 

Take away the common part AK^ and the remainder FH 
is equal to the remainder HD. [Aociom 3. 
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But HD is the rectangle oontaiQed by AB^ BH^ for AB is 
equal to BD ; 

and FH is the sqtiare on Alt\ 

therefore the rectangle AByBHiA equal to the square on AH, 

Wherefore the straight line AB is divided otHjSO that 

the rectangle ABf BH is eqtiol to the square on AH, q.b.f. 

PEOPOSmON 12. THEOREM. 

In ohttue-angled triangles, ^ a perpendididar he dravm 
from either of the acute angles to the opposite side pro- 
diicedy the square on the side subtending the obtuse angle is 
greater than the squares on the sides containing the <^tuse 
angle, by twice the rectangle contained by the side on 
which, when produced, the perpendicular falls, and the 
straight line interested without the triangle, between the 
perpendicidar and the obtuse angle. 

Let ABC be an obtuse-angled triangle, having the 
obtuse angle ACB, and from the point A let AD be (&awn 
perptodicmlar to BG produced : the square on AB shall be 
greater than the squares on AC, CB, by twice the rectangle 
BC, CD. 

Because the straight h'ne 
BD is divided into two parts 
, at the point (7, the square on 
BD is equal to the squares on 
BC, CD, and twice the rectangle 
BC, CD. [II. 4. 

To each of these equals add the 
square on DA. 

' Therefore the squares on BD, DA are equal to the squares on 
BC, CD, DA, and twice the rectangle BC, CD. [Ao^Mn 2. 
But the square on BA is equal to the squares on BD, DA, 
because the angle at i> is a right angle ; [1. 47. 

andthesquareon CA is equal tothesquareson CDJ>A, [1. 47. 
Therefore the square on BA is equal to the squares on 
BC, CA, and twice the rectangle BC, CD ; 
that is, the square on BA is greater than the squares on 
BC, CA by twice the rectangle BC, CD, 

Wherefore, in cbttue-angled triangles &c. Q.1LD. 

5—2 
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PROPOSITION 13. THEOREM, 

In every triangle, the square on the side stibtending 
an acute angle, is less than the squares on the slides eonr 
taining that angle, by twice the rectangle contained by 
either of these sides, and the straight line interested 
between the perpendicular let fall on it from the opposite 
angle, and the acute angle. 

Let ABC be any triangle, and the angle at ^ an acute 
angle ; and on BC one of the sides containing it, let fall 
the perpendicular AD from the opposite angle : the square 
on AG, opposite to the angle B, shall be less than the 
squares on CB, BA, by twice the rectangle CB, BD. 

First, let AD fall within the 
triangle ABC. 

Then^ because the straight line 
CB IS divided into two parts 
at the point D, the squares on 
CB, BD are equal to twice the 
rectangle contamed by CB, BD 
and the square on CD, [II. 7. 

To each of these equals add the 
square on DA, 

Therefore the squares on CB, BD, DA are equal to twice 
the rectangle CB, BD and the squares on CD, DA, [Ax. 2. 
But the square on AB is equal to the squares on BD, DA, 
because the angle BDA is a right angle ; [I. 47. 

and the square on ^Cis equal to the squares on CD^DA, [1.47. 
Therefore the squares on CB, BA are equal to the square 
QidAC and twice the rectangle CB, BD ; 
that is, the square on ^40 alone is less than the squares on 
CBy BA by twice the rectangle CB, BD, 

A 
Secondly, let ^2> Ml without 
the triangle ABC 
Then because the angle at 2> is 
a right angle, [Comtrmtiim, 

the angle ACB \& greater than 
a right angle ; [I. 16. 
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and Hierefore the square on AB is equal to the squares 
on AC, CBy and twice the rectangle BG, CD. [II. 12. 

To each of these equals add the square on BG. 
Therefore the squares on AB, BG are equal to the square 
on AG.vsA twice the square on BG^ and twice the rect- 
angle BG, GD. Uajtom 2. 
But because BD is divided into two parts at G, the rect- 
angle DB, BG is equal to the rectangle BG, GD and the 
square on BG-, [II. 3. 

and the doubles of these are equal, 
that is, twice the rectangle DB,. BG is equal to twice the 
rectangle BG, GD and twice the square on BG, 
Therefore the squares on AB, JBG are equal to the square 
on AC, and twice the rectangle DB, BG ; 
that is, the square on AGvlone is less than the squares on 
AB, BG by twice the rectangle DB, BG^ 
Lastly, let the side -4 (7 be perpendicular 

to^a 

Then BG is the straight line between the 
pei^ndicular and the acute angle at B ; 

and it is manifest, that the squares on 

AB, BG are equal to the square on AG, 

and twice the square on BG [I. 47 and Ax^ 2. 

Wherefore, in every triangle &c. Q.B.n. 

PROPOSITION 14. FJ^OBLEM, 

To deBcrihe a square that shall ^ eqiMl to a given recti' 
linealfigure. 

Let A be the giYon rectilineal figure: it is required to 
describe a square thai shall be equal to A, 

Describe the recfc» 
angular parallelogram 
^OZ)j&equaltotherec- 
tilineal figure A, [1.45. 
Then if the sides of it, 
BE, ED are equal to 
one another, it is a 
square, and what was 
required is now done. 
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But if thOT are not equal, produce one of them BE to Fy 
make EP equal 
to ED, [I. 8. 
and bisect BF 
at G^ ; [L 10. 

from the centre 
O, at the distance 
GB, or GF, de- 
scribe the semi- 
circle -B-ff"-^, and 
produce D-^tolT, 
The square described on EH shall be equal to the given 
rectilineal figure A, 

Join GH, Then, because the straight line BF is diyided 
into two equal parts at the point G, and into two unequal 
parts at the point E, the rectangle BE, EFy together with 
the square on GE, is equal to the square on GF, [II. 5. 
But G^jP is equal to GH. 

Therefore the rectangle BE, EF, together with the square 
on GE, is equal to the square on GS. 
But the square on 6^^is equal to the squareson GE, EH;\TA7, 
therefore the rectangle BE, EF, together with the square 
on GE, is equal to the squares on GE, EH, 
Take away the square on GE, which is common to both ; 
therefore the rectangle BE, EF is equal to the square on 
Eff, [Axiom 8. 

But the rectangle contained by BE, EF is the parallelo- 
gram ^2>, 

because i^Fis equal to J^A [CcmtrucHon, 

Therefore BD is equal to the square on EH, 
But BD is equal to the rectilin^ figure 4- [Construction, 
Therefore the square on EH is equal to the rectilineal 
figured. 

Wherefore a square hcu been made equal to the given 
rectilineal figure A, namely, the square described on 

MH. Q.B.P. 
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BOOK III. 

DEFINITIONS. 

1. Equal circles are those of which the diameters are 
equal, or from the centres of which the straight lines to 
the circumferences are equaL 

This is not a definition, but a theorem, the truth of 
which is evident; for, if the circles be applied to one 
another, so that their centres coincide, the circles must 
likewise coincide, since the straight lines from the centres 
are equal 

2. A straight line \» 
said to touch a circle, 
when it meets the circle, 
and being produced does 
not cut it. 

3. Circles are said 
to touch one another, 
whidi meet but do not 
cut one another. 

4. Straight lines are said to 
be equally distant from the centre 
of a circle, when the perpendicu- 
lars drawn to tiiem from tbe pentre 
are equal. 

5. And the straight line on 
which the greater perpendicular 
fsS\&y is said to be faribher from the 
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6. A seg^ment of a oirde is the 
figure contained by a straight line 
and the drcumferenoe it cuts off. 

7. The angle of a segment is that 
which is contained by the straight 
line and the circumference. 

8. An angle in a segment is 
the anele contained by two straight 
lines £*awn from any point in the 
circumference of the segment to 
the extremities of the straight line 
which is the base of the segment 

9. And an angle is said to in- 
sist or stand on the circumference 
intercepted between the straight 
lines which contain tiie angle. 

10. A sector of a circle is the 
figure contained by two straight 
lines drawn from the centre, and 
the circumference between them. 



11. Similar segpients of 
circles are those in which 
the angles are equal, or which 
contain equal angles. 






^^ 



[Note, In the following propositions, whenever the expression 
"straight lines from the centre," or "drawn from the centre," 
occnrs, it is to be understood that the lines are drawn to the cir- 
cumference. 

Any portion of the dreumference is called an arc."] 



PROPOSITION 1. PROBLEM. 

To find the centre qf a given circle. 

Let ABC be the given circle : it is required to find its 
centre. 
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Draw within it any straight 
Hne AB^ and bisect AB 
at B ; [1. 10. 

from the point D draw DC 
at right angles to AB ; [I. 11. 
produce CD to meet the cir- 
cumference at B, and bisect 
CEatF. [1.10. 

The point F shall be the centre 
of the cirde ABG, 

For if JF' be not the centra 
if possible, let G^'be the centre ; and join GA, GD^ GB. 
Then, because DA is equal to DB, [ConatrucUm, 

and DG is common to the two triangles ADG, BDG ; 
the two sides AD,DG are equal to the two sides BD, DG, 
each to each ; 

and the base GA is equal to the base GB, because they are 
drawn from the centre G ; [I. DtfinUwn 16. 

therefore the angle ADG is equal to the angle BDG. [I. 8. 
But when a straight line, standing on another straight line, 
makes the adjacent angles equal to one another, each of 
the angles is called a right angle ; [I. D^mtum 10. 

therefore the angle BDG is a right angle. 
But the angle BDF is also a right angla [ConstmcHon, 

Therefore the angle BDGia equal to the angle BDF, [Ax. 11. 
the less to the greater ; which is impossible. 
Therefore G is not the cen^e of the circle ABC. 

In the same manner it niay be shewn that no other point 
out of the line CF is the centre ; 

and since CF is bisected at F, any other point in OF 
divides it into unequal parts, and cannot be the centre. 
Therefore no point but i^is the centre ; 
that is, F is the centre of the circle ABC: 
which was to be/ound, 

CoEOLLABT. From this it is manifest, that if in a circle 
a straight line bisect another at ri^ht angles, the centre of 
the circle is in the straight line which bisects the other. 
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PROPOSITION 2. THEOREM. 

If any two points be taken in the circumference qf a 
circle, the straight line which Joins them shall fall within 
the circle. 

Let ABC be a circle, and A and B any two points in 
the circumference : the straight line drawn from A to B 
shall fall within the circle. 

For if it do not, let it fall, if 
possible, without, as AEB. 
Find /> the centre of the circle 
ABC; [III. 1. 

and join DA, DB ; in the arc 
AB take any point F, join DF, 
and produce it to meet the 
straignt line AB at E. 
Then, because DA is equal 
to DB, [I. Definition 15. 

the angle DAB is equal to the angle DBA. [I. 5. 

And because AE, a side of the triangle DAEy is pro- 
duced to B, the exterior angle DEB is greater than tiie 
interior opposite angle DAE. [1. 16. 

But the angleD^^was shewn to beequal to the angle DBE; 
therefore the angle DEB is greater than the angle DBE. 
But the greater angle is subtended by the greater side ; pi. 19. 
therefore DB is greater than DE. 

But DB is equal to DF; [I. Definition 15. 

therefore DFi% greater than DE, the less than the greater ; 
which is impossible. 

Therefore the straight line drawn fh)n) A to B does not 
fidl without the circle. 

In the same manner it m^ be shewn that it does not 
fall on the circumference. 
Therefore it falls within the circle. 

"Wherefore, %f any two points &c. q.b.d. 

PROPOSITION 8. THEOREM. 

If a straight line (if awn throtiqh the centre qf a circle. 
Insect a straight line in it which does not pass through the 
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centre, it shall cut it at right angles; and if it cut it at 
right angles it shall bisect it. 

Let ABC be a drde ; and let CD, a straight line drawn 
throngh the centre, bisect any straight line AB, which does 
not pass throngh the eentre, at the point F: CD shall cut 
AB at right angles. 

Take B the centre of the 
circle ; andjoin^^, BB, [III.l. 

Then, because ^^is equal 
to FB, [ffypothesis. 

and FB is common to the two 
triangles AFB, BFB ; 
the two sides AF, FB are 
equal to the two sides BF,FE, 
each to each ; 

and the base BA is equal to the base BB\ [I. Btf, 15. 
therefore the angle AFB is equal to the angle BFB, [I. 8. 
But when a straight Ime, standing on another straight Ime, 
makes the adjacent angles equal to one another, each of 
the angles is called a right angle ; [I. DtfiiMm 10. 

therefore each of the angles AFB, BFB is a right angle. 
Therefore the straight line CD, drawn through the centre, 
bisecting another AB which does not pass through the 
centre, also cuts it at right angles. 

But let CD cut AB at right angles : CD shall also 
bisect AB\ that is, ^i^ shall be equal to FB, 

The same construction beine made, because EA, BB, 
drawn from the centre, are equal to one another, [I. Ikf, 15. 
the angle BAF is equal to the angle BBF, [I. 5. 

And the right angle AFB is equal to the right angle BFB, 
Therefore in the two triangles BAF, BBF, there are two 
angles in the one equal to two angles in the other, each to 
each; 

and the side EF, which is opposite to one of the equal 
angles in each, is common to bpth ; 
therefore their other sides are equal; [I. 26. 

therefore AF is equal to FB. 

Wherefore, if a straight line &C. q.£.i>. 
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PROPOSITION 4. THEOREM. 

If in a circle ttco straight li7ie$ cut one another, which 
do not pass thrmigh the centre^ they do not bisect one 
another. 

Let ABCD be a circle, and AC, BD two straight lines 
in it, whidi cut one another at the point E, and do not both 
pass through the centre: AC, BD shall not bisect one 
another. 

If one of the straight lines 
pass through the centre it is plain 
that it cannot be bisected by 
the other which does not pass 
through the centre. 
But if neither of them pass 
through the centre^ if possible, 
let AE be equal to EC, and BE 
equal to ED. 

Take F the centre of the circle [III. 1. 

and join ^jP. 

Then, because FE, a straight line drawn through the 
centre, bisects another straight line .^IC which does not pass 
through the centre ; IHypothesis. 

FE cuts AC at right angles ; [III. 3. 

therefore the angle FEA is a right angle. 
Again, because the straight line FE bisects the straight 
line BD, which does not pass through the centre, [Hyp. 
FE cuts BD at right angles j [III. 8. 

therefore the angle FEB is a right angle. 
But the angle FEA was shewn to be a right angle ; 
therefore the angle FEA is equal to the angle FEB, [Ax. 11. 
the less to the greater ; which is impossible. 
Therefore AC, BD do not bisect each other. 
Wherefore, if in a circle ^. q.b.d, 

PBOPOsrrioN 5. theorem. 

If tvso circles cut one anotlier, they shall not have the 
same centre. 

Let the two circles ABC, CDG cut one another at the 
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points B, C: tbey shall not have the same centre. 

For, if it be possible, let E 
be their centre ; join EC, and 
draw any straight line JEJFG 
meeting the drcmuferences at 
FmdG. 

Then, because i^ is the cen- 
tre of the circle ABC, EC is 
equal to EF. [I. Definitim 15. 
Again, because E is the centi'e 
of the circle CDG, EC is equal 
to EG. [I. B^nition 15. 

But EC was shewn to be equal to EF ; 
therefore EF is equal to EG^ [Axiom 1. 

the less to the greater ; which is impossiHe. 
Therefore E is not the centre of the circles ABC, CDG. 
Wherefore, if two cirdee &a Q.B.D. 

PROPOSITION 6> THEOREM. 

If two circles touch one unother internally^ they shall 
not have the sa/me centre^. 

Let the two circles ABC, CDE touch one another inter- 
nally at the point C: they shall not hare the same centre. 

For, if it be possible, let 
F be their centre ; join FC, 
and draw any straight line 
FEB, meeting the circum- 
ferences at E and B. 

Then, because F is the 
centre of the circle ABC, 
FC is equal to FB. [I. Def. 15. 
Again, because F is the 
centre of the circle CDE, 
jPCisequaltojP^. 

But FC was shewn to be equal to FB ; 
therefore FE is equal to FB, 
the less to the greater ; which is impossible. 
Therefore jPis not the centre of the circles ABC, CDE. 

Wherefore, if two circles &c. q.b.i). 




[I. Definition 15. 
[Axiom 1. 
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PROPOSITION 7. THEOREM. 

ff any point he taken in the diameter of a circle which 
is not the centre, of all the straight lines which can be 
drawn from this point to the circumference, the greatest 
is that in which the centre is, and t/ie other part of the 
diameter is the least; and, of any others, that which is 
nearer to the straight line which peases through the centre, 
is always greater than one mjore remote; and from, the 
same point there can be drawn to the circumference two 
straight lines, and only two, which are equcU to one ano- 
ther, one on each side qfthe shortest line. 

Let ABCD be a circle and AI> its diameter, in which 
let any point F be tlEtken which is not the centre ; let E be 
the centre : of all the straight Imes FB, FC, FG, &c. that 
can be drawn from F to the circumference, FA, which 
passes through E, shall be the greatest, and F£>, the other 
part of the diameter AD, shall be the least ; and of the 
others FB shall be greater than FO, and jP(7than FG. 

Join BE, CE, GE. 

Then, because any two sides 
of a triangle are greater than the 
third side, [I. 20. 

therefore BE, EF are greater 
than BF. 

Bnt BE \s equal to AE;[LDef. 15. 

therefore AE, EF are greater 

than-B-P, 

that is, AF is greater than BF. 

Again, because BE is equal to CE, [I. DtfinUim 15. 

and EFi& common to the two triangles BEF, CEF\ 

the two sides BE, EF are equal to the two sides CE, EF, 
each to each ; 

but the angle BEF is greater than the angle CEF ; 

therefore the base FB is greater than the base FC. [I. 24. 

In the same manher it may be shewn that FC is greater 
than FG. 

Again, because GF, FE are greater than EG, [1. 20. 

Digitized by LjOOQIC 




BOOK IIL 7,8. 79 

and that EG is equal to ED ; [I. D^wUian 15. 

therefore GF, FE are greater than ED, 
Take away the common part FEy and the remainder QFS& 
greater than the remainder FB. 

Therefore FA is the greatest, and FD the least of all 
the straight lines from jP to the circumference ; and FB is 
greater than FC, and FC than FG. 

Also, there can be drawn two equal straight lines from 
the point jP to the circumference, one on each side of tiie 
shortest line FD, 

For, at the point E^ in the straight line EF^ make the 
angle FEH equal to the angle FEG^ [I. 23. 

and join JF!^. 

Then, because EG is equal to EHy [I. D^nithn 15. 
and EF is common to the two triangles GEFy HEF; 

the two sides EG, EF are equal to the two sides EH, EF, 
each to each ; 

and the angle GEF is equal to the angle HEF ; [Constr, 
therefore the base FG is equal to the base FH. [I. 4. 

But, besides FJET, no other straight line can be drawn 
from F to the circumference, equal to FG, 

For, if it be possible, let FIT he equal to FG, 
Then, becausd FK is equal to FG, [HypothesU. 

and J^-ff is also equal to FGy 

therefore FH is equal to FK ; [AxUm 1. 

that is, a line nearer to that which passes through the 
centre is equal to a line which is more remote ; 
which is impossible by what has been already shewn. 

Wherefore, tfany point -te taken &c. q.b.d. 

PEOPOSITION 8. THEOREM, 
^f any point he taken without a circle, and straight 
lines be draum/romit to ths circuniferencey one qf which 
pauses through the centre ; qf those which fall on the con- 
cave circuniferencey the greatest is that which passes 
through the eentrey and qf the resty that which is nearer 
to the one passing through the. centre is always greater 
than one more remote; hut of those which fall on the 
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convex circunfference, the least is that bettoeen the point 
without the circle and the diameter; and qf the rest, that 
which is nearer to the least is always less than one more 
remote; and from the same point there can he drawn to 
the circumference two straight lines, and only two, which 
are equal to one another, one on each side qfthe shortest line. 

Let ABC be a circle, and D any point without it, and 
from Z> let tiie straight lines DA, DE, DF, DC be drawn 
to the circumference, of which Z>-4 passes through the centre : 
of those which fall on the concave circumference AEFC, the 
greatest shall be DA which passes through the centre, and 
the nearer to it shall be n*eater than the more remote, 
namely, DE greater than DF, and DF greater liian DC\ 
but of those which fall on the conyex circumference GKLH, 
the least shall be DG between the point D and the di^ 
meter AG, and the nearer to it shall be less than the more 
remote, namely, DiTless than DL, and DL less than DH. 

Take M, the centre of the 
circle ABC, [III. 1. 

and jom ME, MF, MC, MH, ^ 

ML,MK. 

Then, because any two sides 
of a triangle are greater than 
the third side, [I. 20. 

therefore EM, MD are greater 
than^2>. 

But jOTis equal to ^-af ; [1.2>c/. 15. 
therefore AM, MD are greater 
than ED, 

that is, AD is greater than ED. 
Again, because EM is equal 
ioFM, 

and MDi\i common to the two 
triangles EMD, FMD ; 

the two sides EM, MD are equal to the two sides FM, MD, 
each to each ; 

but the angle EMD is greater than the angle FMD ; 
therefore the base ED is greater than the base FD. [1. 24. 
In the same manner it may be shewn that FD is 
greater than CD, 
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Therefore DA is the greatest, and DE greater than DF^ 
and DF greater than DC. 

Again^ because MKy KD are greater than MD^ [I. 20. 
and MK is equal to MGy [I. B^nUion 15. 

the remamder KD is greater than the remainder GD^ 
that is, GD is less than KD. 

And because MLD is a triangle, and from the points 
M, Df the extremities of its side mD, the straight lines 
MKy DKsiTe drawn to the point JT within the triangle, 
therefore MK, KD are less than ML, LD ; [I. 21. 

and MKia equal to ML ; [I. D^fimdcm 15. 

therefore the remainder KD is less than the remainder LD. 

In the same manner it n^ay be shewn that LD is less 
than HD. 

Therefore DG is the leasts and DiTless than DL, and DL 
less than DH. 

Also, there can be drawn two equal straight lines from 
the point D to the drcumferenoe, one on each side of the 
least lina 

For, at the point M, in the straight line MD^ make the 
angle DMB equal to the angle DMK, [I. 28. 

and join DB. 

Then, because MK is equal to MB,, 
and MD is common to the two triangles KMD, BMD ; 
the two sides KM, MD are equal to the two sides BM, MD, 
each to each ; 

and the angle DMK is equal to the angle DMB \ [Oon^tr. 
therefore the base DK is equal to the base DB* [I. 4. 

But, besides DB, no other straight line can b^ drawn 
from Z> to the circumference, equal tp DK. 

For, if it be possible, let DN be equal to D^. 
Then, because DiVis equal to DK^ 
', and DB is also equal to DK, 

I therefore DB is equal to DN; lAmcm 1. 

I that is, a line nearer to the least is equal to one which is 
more remote; 
[which is impossible by what has been already shewn« 

Wherefore, if any paint be taken &c- q.e.i>. 
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PROPOSITION 9. THEOREM. 

If a point be taken within a circle, from which there 
fall more than two equal straight lines to the circuny- 
ferenccy that point is the centre of the circle, 

Ijet the point D be taken within the circle ABO^ from 
which to the circumference there fall more than two equal 
straight lines, namely DA, DB, DC: the point 2> shall be 
the centre of the circle. 

For, if not^ let E be the centre ; 
join DJ^and produce it. both ways to 
meet the circumference at F and G ; 
then FG is a diameter of the circla 

TheUj because in FG, a diameter 
of the circle ABC, the point Z> is 
taken, which is not the centre, DG 
is tho greatest straight line from D 
to the circumference, and DC is greater than DB, and 
DB greater than DA ; [III. 7. 

but they are likewise equal, by hypothesis ; 
which is impossible. 
Therefore E is not the centre of the circle ABC, 

In the same manner it may be shewn that any other 
point than D is not the centre ; 
therefore D is the centre of the circle ABC, 

Wherefore, if a point be taken &C, Q.B.D. 

PROPOSITION 10. THEOREM. 

One circwnference qf a circle cannot cut another at 
more than two points.. 

If it be possible, \e% the circumference ABC cut the 
circumference DEF at more, 
than two points, namely, ai) the 
points B, G, F. 

Take K, the centre of the 
circle .4uBC; [HI. 1. 

and join KB, KG, KF, 
' Then, because K is the 
centre of the circle ABC, 
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therefore KBj KG, KFare all equal to each other. [1.2)^.15. 
And because within the circle DBF, the point K is taken, 
from which to the circumference DEF fall more than two 
equal straight lines KB, KG, KF, therefore K is the 
centre of the circle DBF. [III. 9. 

But K is also the centre of the circle ABO. [Cofutruetion. 
Therefore the same point is the centre of two cirdes 
which cut one another; 

which is impossible. [III. 5. 

Wherefore, one circumference &c. q.b.d. 

PROPOSITION 11. THEOREM. 
If two circles tottch one another intemaUy, the straight 
line which joins their centres, being produced, shall pass 
thrcmgh the point qf contact. 

Let the two circles ABC, ADE touch one another inter- 
nally at the point ^; and let F be tiie centre of the circle 
ABC, and ($ the centre of the circle ADE : the straight 
line which joins the centres F, G, being produced, ^a,ll 
pass through the point A. 

For, if not, let it pass otherwise, 
if possible, as FGDH, and join 
AF,AG. 

Then, because AG, GF are 
greater than AF, [I. 20. 

and AF is equal to RF, [I. Bef, 15. 
therefore AG, GFy are greater 
thanjffF. 
Take away the common part GF\ 

therefore the remainder AG'S& greater than the remainder 
HG. 

But AG is equal to BG. [I. B^nUion 15. 

Therefore BG is greater than HG, theless than the greater ; 
which is impossibla 

Therefore the straight line which joins the points F, G, 
being produced, cannot pass otherwise than through the 
point ^, 
that is, it must pass through A. 

Wherefore, if two circles &c. Q.B.D. 
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PROPOSITION 12. THEOREM. 

If two circles touch one another externally, the straight 
line which joins their centres shall pass through the point 
qf contact. 

Let the two circles ABC, ADE toucli one another ex- 
ternally at the point A ; and let JP be the centre of the 
circle ABC, and G the centre of the circle ADE: the 
straight line which joins the points F, 6r, shall pass through 
the point A. 

For, if not, let it 
pass otherwise, if pos- 
sible, as FCDQ, and 
jom FA, AG. 

Then, because JF'is 
the centre of the cir- 
cle ABC, FA is equal 
to FG; [I, Def, 15. 
and because G is the 

centre of the circle ADE, GA is equal to GD; 
therefore FA, AG &re equal to FG, DG. [Axum 2. 

Therefore the whole FG is greater than FA, AG. 
But FG is also less than FA, AG ; [I. 20. 

which is impossible. 

Therefore the straight Ime which joins the points F, G, 
cannot pass otherwise than through the point A, 
that is, it must pass through A. 

Wherefore, ifttco circles &c q.e.d. 

PROPOSITION 13. THEOREM. 

One circle cannot touch another at more points than 
one, whether it touches it on the inside or autnde. 

For, if it be possible, let the circle EBF touch the 
circle ABC at more points than one; and first on the 
inside, at the points B, D. Join BD, and draw G^^ bisect- 
ing BD at right angles. [1. 10, 11. 

Then, because the two points ^, 2> are in the circunn 
ference of each of the circles, the straight Ime BD falls 
within each of them ; [III. 2. 
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and therefore the centre of each circle is in the straight 
line GH which bisects BD at right angles ; [III. l, Cwol. 
therefore G^jS' passes through the point of contact. [III. 11. 
But GH does not pass through the point of contact, be- 
cause the points^, D are out of the line GR\ 
which is absurd. 

Therefore one cn-cle cannot touch another on the inside at 
more points than one. 

Nor can one circle touch an- 
other on the outside at more 
points than one. 

For, if it be possible, let the 
circle A CK touch the circle ABG 
at the points A, 0. Join AC. 

Then, because the two points 
A^ C are in the drcumferenceof 
the circle ACK^ the straight tine 
A C which joins them, Mis within 
the circle ACK; [III. 2. 

but the circle ACK is without the circle ABC\ [Hypothem. 
therefore the straight line AC is without the drde ABC, 
But because the two points A, G are in the circumference 
of the <Arc\Q ABC^ the straight tine ^C falls within the 
circle -4^C; [III. 2. 

which is absurd. 

Therefore one circle cannot touch another on the outside 
at more points than one. 

And it has been shewn that one circle cannot touch 
another on the inside at more points than one. 

"Wherefore, one circle &c. q.e.]>. 
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PROPOSITION 14. THEOREM, 

Equal straight lines in a circle are eqiudly distant from 
the centre: and those which are eqtuiUy distant from the 
centre are eqtutl to one another. 

Let the straight lines AB, CD in the circle ABDCy be 
equal to one another : they shall be equally distant from 
the centre. 

Take E, the centre of the 
ardeABDC; [IIL 1. 

and from E draw EFj EG per- 
pendiculars to AB, CD; [I. 12. 
and join EA^ EC. 

Then, because the straight 
line EFj passing through the 
centre, cuts the straight Ime AB, 
which does not pass through the 

centre, at right angles, it also bisects it ; [III. 8. 

therefore AF is equal to FB, and AB is double of AF. 
For the like reason CD is double of CG. 
But AB is equal to CD ; [Hypothesis. 

therefore AF is equal to CG. [Axum 7. 

And because AE is equal to CE, [I. Dtfinitim 15. 

the square on AE is equal to the square on CE. 
But the squares on AF, FE are equal to the square on AE, 
because the angle AFE is a right angle ; [I. 47. 

and for the like reason the squares on CG, GE are equal to 
the square on CE; 

therefore the squares on AF, FE are equal to the squares 
on CG, GE. [Aviom 1. 

But the square on AF is equal to the square on CG, 
because AF is equal to CG ; 

therefore the remaining square on FE is equal to the re- 
maining square on GE; [Axiom 3. 
and therefore the straight line EF is equal to the straight 
line EG. 
But straight lines in a drcie are said to be equally distant 
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from the centre, when the perpendiculars drawn to theni 
from the centre are equal ; [IIL D^nUion 4. 

therefore AB, CD are equally distant from the centre. 

Next, let the straight lines AB^ CD be equally distant 
from the centre, that is, let EF be equal to EQ : AB shall 
be equal to CD, 

For, the same conskniction being made, it may be 
shewn, as before, that AB is double oiAF, and CD double 
of CGy and that the squares on EFy FA are equal to the 
squares on EG^ GC; 

but the square on EF is equal to the square on EG, 
because EF is equal to EG ; IHypdth^m. 

therefore the remaining square on FA is equal to the re- 
maining square on GC, [Axiom 8. 

and therefore the straight line AF is equal to the straight 
ImeCG. 

But AB waa shewn to be double of AF, and CD double 
of CG. 



Therefore AB is equal to CD, 

Wherefore, eqtial straight Unes &c. q.e;d. 



[Axiom. 6. 



PROPOSITION 15. THEOREM. 
The diameter is the greatest straight line in a circle; 
and, qf all others, that which is nearer to the centre is 
always greater than one more remote; and the, greater 
is nearer to the centre than the less. 

Let ABCD be a circle, of which ^^ is a diameter, and 
E the centre ; and let BC oe near^ to the centre than FG : 
AD shall be greater than 
any straight line BC which 
isnot a diameter, and BC shall 
be greater than FG. 

From the centre E draw 
EH, EK perpendiculars to 
BC, fG, £L 12. 

and join EB, EC, EF. 

Then, because AE is equal 
UiBE,faidEDtoEC,[l.D€f.U. 
therefore AD is equal to BE, EC ; [AxUm 2. 
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but BE, EC are greater than BG ; [I. 20. 

therefore also AD is greater than BC. 

And^ because BG is nearer to 
the centre than FG, [Hypothesis. 
EH is less than EK. [III. Def. 5. 
Now it may be shewn, as in the 
preceding proposition, that BG 
is double oiBHy 2isAFG double 
of i^^, and that the squares on 
EH, HB areequai to the squares 
on EK, KF, 

But the square on EHia less than the square on EK, 
because EH is less than EK"', 

therefore the square on HB is greater than the square 
on KF; 

and therefore the straight line BH is greater than the 
straight line FK; 
and therefore BGis greater than FG, 

Next, let BG be greater than FG: BG shall be nearer 
to the centre than FG, that is, tlie same construction 
being made, EH shall be less than EJ^. 

For, because BG is greater than FG, BH is greater 
ttmiFJSr. 

But the squares on BH, HE are equal to the squares on 
FE:, KE; 

and the square on BH is greater than the square on FJS^, 
because BH is greater than FE^; 

therefore the square on HE is less than the square on KE ; 
and therefore the straight line EH is less than the straight 
Ime^iT. 

Wherefore, the diameter &c. q.kd. 

^PROPOSITION 16. THEOREM. 

The straight line drawn at right angles to the diameter 
qf a circle from the extremity of it, falls toithout the 
circle; and no straight line can be drawn fr<ym the 
extremity, between that straight line and the drcumfer* 
ence, sq (m not to cut the circle. 
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Let ABC be a drcle, of which D is the centre and 
AB a diameter: the straight line drawn at right anfi^les to 
AB^ from its extremity A, shall fall without t£e drde. 

For, if not, let it fall, if pos- 
sible, within the circle, as ^C7, 
and draw DC to the point C7, 
where it meets the circumference. 

Then, because DA is equal to 
DGy [I. D^nUwn 16. 

the angle DAC is equal to the 
angle DCA, [I. 5. 

But the angle DAC is a right angle ; [Bypothesii. 

therefore the angle DCA is a right angle ; 
and therefore the angles DAC, DCA are equal to two 
right angles; which is impossible. [1. 17. 

Therefore the straight line drawn from A at right angles to 
AB does not fall within the drcle. 

And in the same manner it may be shewn that it does 
not feJl on the circumference. 

Therefore it must fall without the circle, as AB. 

Also between the straight line AE and the drcnmfer- 
ence, no straight line can be drawn from the point A, which 
does not cut the cfrcle. 

For, if possible, let AF be between p j, 

them; and from the centre D draw 
DG perpendicular to AF; [I. 12. 
let DG meet the circumference at ff. 

Then, because the angle DGA is a 
right angle, [Construction, 

the angle DA& is less than a right 
angle; [I. 17. 

therefore DA is greater than 2>(y. [1.19. 
But Z)^ is equal to D-ff'; [1. D^finitum 15. 

therefore DH is mater than DG, the less than the greater ; 
which is impossible. 

Therefore no straight line can be drawn from the point 
A between AB and the circumference, so as not to cut the 
drcle. 
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Wherefore, ths straight line &c. q.b.d. 

CoROLLABY. From this it is manifest, that the straight 
line ^hich is drawn at right angles to the diameter of a 
circle from the extremity of it, touches the circle; [III.i>^.2. 
and that it touches the circle at one point only, 
because if it did meet the circle at two points it would fall 
within it. [III. 2. 

Also it is evident, that there can be but one straight line 
which touches tiie circle at the same x>oint. 

PROPOSITION 17. PROBLEM. 

To draw a straight line from a given point, either 
fcithoiU or in the circumference^ which shall touch a given 
circle. 

First, let the given point A be without the given circle 
BCD: it is required to draw from A a straight line, which 
shall touch the given circla 

Take E, the centre of the 
circle, [III. 1. 

and join AE cutting the circum- 
ference of the given circle at D ; 
and from the centre Ey at the 
distance EA, describe the circle 
AEG; from the point 2> draw 
DFskt right angles to JSL4 , [1. 11. 
and join EF cutting the circum- 
feronce of the given circle aft JS ; 
join AB. AB shall touch tiie circle BUD. 

For, because E is the centre of the circle AFG, EA is 
equal to EF. [I. Definition 15. 

And because E is the centre of the circle BCD, EB is 

equal to ED. [I. Ihfinition 15. 

Therefore the two sides AE, EB are equal to the two sides 

FE, ED, each to each ; 

and the angle at ^ is common to the two triangles AEB, 

FED; 

therefore the triangle AEB is equal to the triangle FED, 

and the other angles to the other angles, each to each, to 

which the equal sides are opposite; [I. 4. 
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therefore iihe angle ABE is equal to the angle FDE, 
But the angle FDE is a right angle ; [C(yMtruetion. 

therefore the angle ABE is a right angle. [Axioni 1. 

And EB is drawn from the centre; but the straight line 
drawn at right angles to a diameter of a circle, from the 
extremity of it, touches the circle; [III. 16^ Corolloi/ry, 

therefore AB touches the circle. 
And AB is drawn from the given point A, q.e.f. 

But if the given point be in the circumference of the 
circle, as the point 2>, draw DE to the centre E^ and DF at 
right angles to 2>^; then 2>^ touches the circle. [IIL 16^ Cor. 

PROPOSITION 18. THEOREM. 

If a straight line touch a circle the straight line drawn 
frmn the centre to the point qf contact shall he perpen- 
dicular to the line totiching the cirde. 

Let the straight line DE touch the circle ABC at the 
point C; take F, the centre of the circle ABC, and draw 
the straight line FC: FC shall be perpendicular to DE, 

For if not, let FG be drawn from the point F perpen- 
dicular to DE, meeting the cir- 
cumference at B, 

Then, because FGCia a right 
angle, YHypothesis, 

FCG is an acute angle; [1. 17. 
and the greater angle of every 
triangle is subtended by the 
greater side; [I. 19, 

therefore FC is greater than FG. 

But FC is equal to FB ; [I. Definition 15. 

therefore FB is greater than FG, the less than the greater ; 
which is impossible. 
Therefore FG is not perpendicular to DE. 

In the same manner it may be shewn that no other 
straight line from F is perpendicular to DE, but FC-, 
therefore FCS& perpendicular to DE, 

Wherefore, if a straight line &c. Q.i5.Di 
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PROPOSITION 19. THEOREM, 
If a straight line touch a circle, andjrom the point qf 
contact a straight line be drawn at right angles to the 
touching line, the centre of the circle shaUte in that line. 

Let the stra^ht line DE touch the circle ABC at C, 
and from G let CA be drawn at right angles to DE: the 
centre of the circle shall be in CA, 

For, if not, if possible, let F be 
the centre, and join GF, 
Then, because DE touches the circle 
ABG, and FG is drawn from the 
centre to the point of contact, FG 
is perpendicular to DE ; [III. 18. 
thereforethe angleJP(7^is a right angle« 
But the angle AGE is also a right 
angle ; [Construction. 

therefore the angle FGE is equal to the angle AGE, [Ax. 11. 
the less to the greater; whi<m is impossible. 
Therefore i^is not the centre of the circle ABC, 

In the same manner it may be shewn that no other point 
out of GA is the centre ; therefore the centre is in GA. 

Wherefore, if a straight line &c. Qii:.]). 

PROPOSITION 20. THEOREM, 
The angle at the centre of a circle is double qf the angle 
at the circwmf&rtfiice on the same base, that is, on the same 
arc. 

Let ABGhe a circle, and BEG an angle at the centre, 
and BAG an angle at the circumference, which have the 
same arc, BG, for their base: the angle BEG shall be 
double of the angle BAG, 

Join AE, and produce it to F. 

First let the centre of the circle 
be within the angle BAG, 

Then, because EA is eflual to 
EB, the angle EAB is equal to the 
angle EBA ; [I. 6. 

therefore the angles EAB, EBA 
are double of the angle EAB, 
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But the angle BEF\& equal to the angles EAB, EBA ; [1. 32. 
therefore the angle BEF is double of the angle EAB, 

For the same reason the angle FEC is double of the 
angle EAC. 

Therefore the whole angle BEG is double of the whole 
angle BAC, 

Next, let the centre of the cirde 
be without the angle BAG, 

Then it maybe shewn, as inthe first 
case, that the angle FEC is double of 
the angle FAG, and that the angle 
FEB, a part of the first, is double of 
the angle FAB, a part of the other; 
therefore the remaining angle BEG is 
double of the remaining angle BAG. 

Wherefore, the angle at the centre &c. q.e.i>. 




PROPOSITION 21. THEOREM. 

The angles in the same segment qf a circle are equal to 
one another. 

Let ABGD be a circle, and BAD, BED angles in the 
same segment BAED: the angles BAD, BED shall be 
equal to one another. 

Take F the centre of the circle 
ABGD. [III. 1. 

First let the segment BAED be 
greater than a semicircle. 

Join BF, DF. 

Then, because the angle ^jFZ> is 
at the centre, and the angle BAD is 
at the circumference, and that they 
haye the same arc for their base, 
namely, j8(7Z>; 

therefore the angle BFD isdoubleof theangle BADtlIl,20. 
For the same reason the angle BFD is double of the angle 
BED. 
Therefore theangle ^AD is equal to the angle BED. [Ax. 7. 
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Next, let the segment BAED be not greater than a 
semicircle. 

Draw ^ JF' to the centre, and pro- 
duce it to meet the circumference at 
(7, and join CE, 

Then the segment BAEC is 
greater than a semicircle, and there- 
fore the angles BAGy BEG in it, are 
equal, by the first case. 
For the same reason, because the 
segment CAED is greater than a 
semicircle, the angles GAD^ GED are equal. 

Therefore the whole angle BAD is equal to the whole 
angle BED. [Axiom 2. 

Wherefore, the angles in the same segment &c. q.£.d. 



PROPOSITION 22. THEOREM. 

The opposite angles qf any qiutdrilateral figure in- 
scribed tn a circle are together equal to two right angles. 

Let ABGD be a quadrilateral figure inscribed in the 
circle ABGD : any two of its opposite angles shall be toge- 
ther equal to two right angles. 

:5 om AG, BD. 

Then, because the three angles 
of every triangle are togewer 
equal to two right angles, [I. 32. 
the three angles of the triangle 
CAB, namely, CAB, ACB, ABC 
are together equal to two right 
angles. 

But the angle CAB is equal to the angle CDB, because 
they are in Qie same segment CDAB\ [III. 21. 

and the angle AGB is equal to the angle ADB^ because 
they are in the same segment ADCB ; 
therefore the two angles CAB, AGB are together iequal 
to the whole angle ADC [Anim % 

To each of these equals add the angle ABC\ 




,y Google 



BOOK IIL 22,23. 95 

therefore the three angles CAB, ACB, ABC. are equal to 
the two angles ABC, ADC. 

But the angles CAB, ACB, ABC are together equal to 
two right angles ; [L 32. 

therefore also the angles ^^(7^ ADC^xe together equal to 
two right angles. 

In the same manner it may be shewn that the angles 
BAD, BCD are together equsd to two right angles. 

Wherefore, tlie opposite angles &c. q.e.d. 



PROPOSITION 23, THEOREM, 

. On the same straight line, and on the same side of it, 
there cannot he two similar segments of circles, not coin- 
ciding with one another. 

If it be possible, on the same straight line AB, and on 
the same siae of it, let there be two similar segments of 
circles ACB, ADB, not coinciding with one another. 

Then, because the circle ACB 
cuts the circle ADB at ttie two 
points A, By ikej cannot cut one 
another at any other point ; [III. 10. 
therefore one of the segments 
must fall within the other; let 
ACB fall within ADB; draw the 
straight line BCD, and join AC, AD. 

Then, because ACB, ADB are, by hypothesis, similar 
segments of circles, and that similar segments of circles 
contain equal angles, [III. Definition II. 

therefore the angle ACB is equal to the angle ADB ; 
that is, the exterior angle of the triangle ACD is equal to 
the interior and opposite angle ; 
which is impossible. [I« 16. 

Wherefore, on the same straight line &c. q.b.d. 
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PROPOSITION 24. THEOREM. 
Similar segments qf circles on eqtieil straight lines are 
equal to one another^ 

Let AEB, CF£> be similar segments of circles on the 
equal straight lines AB, CD : the segment AEB shall be 
equal to the segment CFD, 

For if the segment 
AEB be applied to 
the segment CFD, 
so that the point A 
may be on the point 

C, and the straight line AB on the straight line CD, the 
point B will coincide with the point D, because AB is 
equal to CD, 

Therefore, the straight line J[^ coinciding with the straight 
line CDf the segment AEB must coincide with the seg- 
ment CFi>; pil. 23. 
and is therefore equal to it. 

Wherefore, similar segments &c. Q.E,p, 
PROPOSITION 25. PROBLEM. 

A segm^ent qf a circle being given, to describe the circle 
qf which it is a segment. 

Let ABChe the given segment of a circle : it is r^uired 
to describe the circle of which it i» a segment. 




Bisect u4 C' at 2>; [1.10. 

from the point D draw DB at right angles to .^C^; [1. 11. 
and join ^j?. 

First, let the angles ABD, BAD, be equal toone another. 
Then 2>j5 is equal to 2>^; [1.6. 

but DA is equal to DC; [Construction. 

therefore DB is equal to DC [Axiom 1. 
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Therefore thethree straight lines 2>^, 2)5, DCare all equal; 
and therefore 2> is the centre of the circle. [III. 9! 

Prom the centre 2>, at the distance of any of the three 
2>-4, 2)jB, DC, describe a circle; this will pass through 
the other points, and the circle of which AMgSa a segment 
is described. 

And because the centre 2> is in AC^ the segment ABC 
is a semicircle. 

Next, let the angles ABD, BAD be not equal to one 
another. 

At the point -4, in the straight Ime AB^ make the angle 
BAE equal to the angle ABD ; [I. 23. 

produce BB^ if necessary, to E^ and join EG, 

Then, because the angle BAE is equal to the angle 
ABEy [Construction, 

EA is equal to EB, [I. e. 

And because AB is equal to CZ), [Constructum. 

and 2>J^ is common to the two triangles ABE, OBE ; 
the two sides AB, BE are equal to the two sides OB, BE, 
each to each; 

and the angle ABE is equal to the angle CBE, for each of 
them is a right angle ; [Construction. 

therefore the base EA is equal to the base EC. [1. 4. 

But EA was shewn to be equal to EB ; 
therefore EB is equal to EC. [Axiom 1. 

Therefore the three straight lines EA, EB, ECbxq all equal ; 
and therefore E is the centre of the circle. [III. 9. 

From the centre E, at the distance of any of the three 
EA, EB, EC, describe a circle ; this will pass through the 
other points, and the circle of which ABC is a segment is 
described. 

And it is evident, that if the angle ABB be greater 
than the angle BAB, the centre E falls without the seg- 
ment ABC, which is therefore less than a semicircle ; but 
if the angle ABB be less than the angle BAB, the centre 
E falls within the segment ABC, which is therefore greater 
than a semicircle. 

Wherefore, a segment of a cirde being given j the cirde 
h(u "been described of wMch it is a segment. q.b.f. 

7 
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PROPOSITION 26. THEOREM, 

In equal circles ^ equal angles stand on equal arcs, 
whether they he at the centres or circumferences. 

Let ABC, DEF bo equal circles ; and let BGG, EHF 
be equal angles in them at their centres, and BAG, EDF 
equal angles at their circumferences: the arc BKG shall 
be equal to the arc ELF. 





Join BGy EF. 

Then, because the circles ABG, DEF axe equal, [Ryp. 
the straight lines from their centres are equal ; [III. Def, 1. 
therefore the two sides BGj GG are equal to the two sides 
EH, HFy each to each ; 

and the angle at G is equal to the angle at H \ [Jlypothesis, 
therefore the base BG is equal to the base EF. [I. 4. 

And because the angle at ^ is equal to the angle at D^Hyp. 
thesegment ^^ (7is similar to the segment EDF\ [III.D^.ll. 
and they are on equal straight lines BG, EF. 
But similar segments of circles on equal straight lines are 
equal to one another ; [III. 24. 

therefore the segment BAG is equal to the segment EDF. 

But the whole circle ABG is equal to the whole circle 

PEF\ [Jlypothesis. 

therefore the remaining segment BITG is equal to the re- 
maining segment ELF ; [Axiom 3, 
therefore the arc BKG is equal to the arc ELF. 
Wherefore, in equal circles &c. q.e,d. 
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PEOPOSITION 27. THEOREM, 

In equal circles^ the angles which stand on eqtud arcs 
are eqital to one another, whether they be at the centres or 
circumferences. 

Let ABC, DEF be equal circles, and let the angles 
BGC, EHF at their c^tres, and the angles BAG, EDF 
at their circumferences, stand on equal arcs BC, EFi the 
angle BGC shall be equal to the angle EHF, and the angle 
BAG equal to the angle EDF. 





If the angle BGG be equal to the angle EHF, it is 
manifest that the angle BAG is also equal to the angle 
EDF, [III. 20, Axiom 7. 

But, if not, one of them must be the greater. Let BGG be 
the greater, and at the point G^ in the straight line BG^ 
make the angle 5G^^ equal to the angle EHF, [I. 23. 

Then, because the angle BGKis equal to the angle ^-ff^, 
and that in equal circles equal angles stand on equal arcs, 
when they are at the centres, [III. 26. 

therefore the arc BKis equal to the arc EF, 
But the arc EFis equal to the arc BG; [Bypothesis. 

therefore the arc BK is equal to the arc BG, [Axiom 1, 
the less to the greater ; which is impossible. 
Therefore the angle BGG is not unequal to the angle EHF, 
that is, it is equal to it. 

And the angle at A is half of the angle BGG, and the 
angle at D is half of the angle EHF; [III. 20. 

therefore the angle at A is equal to the angle at D. [Ax. 7. 

Wherefore, in equal circles &c. q.e.d. 
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PROPOSITION 28. THEOREM. 

In equal circles^ eqtud straight lines cut off equal arcs^ 
the greater equal to the greater , and the less equal to the 
less. 

Let ABGj DEF be equal circles, and BG, EF equal 
straight lines in them, which cut off the two greater arcs 
BAG, EDF, and the two less arcs BGGy EHF: the 
greater arc BAG shall be equal to the greater arc EDF, 
and the less arc BGG equal to the less arc EHF. 





Take JT, Z, the centres of the circles, [iii, i. 

and join -SJT, KG, EL, LF. 

Then, because the circles are equal, [ffypothesis, 

the straight lines from their centres are equal ; [III. Bef. 1. 

therefore the two sides BE', KG are equal to the two sides 
EL, LF, each to each ; 

and the base BG is equal to the base EF; [ff^poO^esis. 

therefore the angle BKG is equal to the angle ELF. [I. 8. 

But in equal circles equal angles stand on equal arcs, when 
they are at the centres, [III. 26. 

ther^ore the arc BGG is equal to the arc EffF. 

But the circumference ABGG is equal to the circum- 
ference DEHF', [Hypothesis. 

therefore the remaining axe BAG i& equal to the remaining 
arc EDF. [An^om 3. 

Wherefore, in equal circles &c. Q b.d. 
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PROPOSITION 29. THEOREM. 

In equal circles, equal arcs are subtended by equal 
straight lines. 

Let ABC, DBF be equal circles, and let BGC, EHF 
be equal arcs in them, and join BC, EF: the straight line 
BC shall be equal to the straight line EF. 





Take K, Z, the centres of the circles, [III. 1. 

and Join BK, KG, EL, LF. 

Then, because the arc BGC is equal to the arc 
EHF, [ffypothens. 

the angle BKOia equal to the angle ELF. [III. 27. 

And because the circles ABC, DEFsre equal, [ffypoihesis. 

the straight lines from their centres are equal; [III. Brf. 1. 

therefore the two sides BK, KC&te equal to the two sides 
EL, LF, each to each ; 

and they contain equal angles ; 

therefore the base BC is equal to the base EF. [L i. 

Wherefore, in equal circles &c. q.b.d. 

PROPOSITION 80. PROBLEM. 

To bisect a given arc^ that is, to divide it into two equal 
parts. 
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Let ADB be the given arc : it is required to bisect it 

Join AB\ 
bisect it at C; [1. 10. T^ 

from the point C draw CD at 
right angles \x> AB meeting 
the arc at D. [1. 11. 

The arc ADB shall be bisected 
at the point D. 

Join AD, DB. 

Then, because AC\% equal to CB, [Construction, 

and CD is common to the two triangles ACD, BCD ; 

the two sides AC, CD are equal to the two sides BC, CD, 
each to each ; 

and the angle ACD is equal to the angle BCD, because 
each of them is a right angle; [Construction. 

therefore the base AD is equal to the base BD. [I. 4. 

But equal straight lines cut off equal arcs, the greater 
equal to the greater, and the less equal to the less ; [III. 28. 

and each of the arcs AD, DB is less than a semi-circum- 
ference, because DC, if produced, is a diameter ; [III. 1. Cor, 

therefore the arc -4 2> is equal to the arc DB, 

Wherefore the given arc is bisected at D, q.e.f. 



PKOPOSITION 31. THEOREM, 

In a circle the angle in a semicircle is a right angle; 
hut the angle in a segment greater than a semicircle is less 
than a right angle ; and the angle in a segment less than 
a semicircle is greater than a right angle. 

Let ABCD be a circle, of which BC is a diameter 
and E the centre ; and draw CA, dividing the circle into 
the segments ABC, ADC, and join BA, AD, DC\ the 
angle in the semicircle BAC shall be a right angle; but 
the angle in the segment ABC, which is greater than a 
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semicircle, shall be less than a 
right angle ; and the angle in 
the segment ADC^ which is less 
than a semicircle, shall be greater 
than a right angle. 

Join A E^ and produce BA to F. 

Then, because EA is equal to 
EB, [I. Definition 15. 

the angle EAB is equal to the 
angle iS^5^; .[1.5. 

and, because EA is equal to EG, 

the angle EAC is equal to the angle EGA ; 

therefore the whole angle BAG is equal to the two angles, 
ABGy AGS. [Axiom 2. 

But FAG, the exterior angle of the triangle ABG, is equal 
to the two angles ABG, A GB ; [I. 82. 

therefore the angle jB^(7 is equal to the angle FAG, [Ax. 1. 

and therefore each of them is a right angle. [I. Def, 10. 

Therefore the angle in a semicircle BAG is a right angle. 

And because the two angles ABG, BAG, of the triangle 
ABG, are together less than two right angles, [I. 17. 

and that BAGha^ been shewn to be a right angle, 

therefore the angle ABG is less than a right angle. 

Therefore the angle in a segment ABG, greater than a 
semicircle, is less than a right angle. 

And because ABGD is a quadrilateral figure in a circle, 
any two of its opposite angles are together equal to two 
right angles ; [III. 22. 

therefore the angles -45(7, ADO ore together equal to two 

right angles. 

But the angle ABG has been shewn to be less than a right 

angle; 

therefore the angle A DG is greater than a right angle. 

Therefore the angle in a segment ADG, less than a semi- 
circle, is greater than a right angle. 

Wherefore, the angle &c. q.b.d. 
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Corollary. From the demonstration it is manifest 
that if one angle of a triangle be equal to the other two, it 
is a right angle. 

For the angle adjacent to it is equal to the same two 
angles; [1.32. 

and when the adjacent angles are equal, they are right 
angles. [I. D^nUion 10. 

PROPOSITION 32. THEOREM. 

If a straight line touch a circle^ and from, tliefoint qf 
contact a straight line he drawn cutting the circle, the 
angles which this line makes with the line totiching the 
circle shall be equal to the angles which are in tlie alternate 
segments qfthe circle. 

Let the straight line EF touch the circle ABCD at 
the point B, and from the point B let the straight line BD 
be drawn, cutting the circle : the angles which BD makes 
with the touching line EF, shall be equal to the angles in 
the alternate segments of the circle; that is, the angle 
2>^^ shall be equal to the angle in the segment BAD, 
and the angle DBE shall be equal to the angle in the seg- 
ment BCD. 

From the point-S draw BA 
at right angles to JE'JF; [1. 11. 
and take any point C in the 
arc BD, and join AD, DC, 
CB. 

Then, because the straight 
line EF touches the circle 
ABCD Bi the ^iat B, [Hyp. 

and BA is drawn at ri^ht 
angles to the touching line 
from the point of conts^t B, [Construetitm, 

therefore the centre of the circle is in BA. [III. 19. 

Therefore the angle ADB, being in a semicircle, is a right 
angle. [III. 31. 

Therefore the other two angles BAD, ABD are equal to a 
right angle. [I. 82. 

But ABF is also a right angle. [Comtructvm. 
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Therefore the angle ABF is equal to the angles BAD^ 
ABD. 

From each of these equals take away the common angle 
ABD, 

therefore the remaining angle i>^/^ is equal to the remain- 
ing angle BADy {Axiom 3. 
which is in the alternate segment of the circle. 

And because ^^(7i> is a quadrilateral figure in a circle, 
the opposite angles BAD, BCD are together equal to two 
right angles. [III. 22. 

But the angles DBF, DBE are together equal to two 
right angles. [1. 13. 

Therefore the angles DBF, DBE are together equal to the 
angles BAD, BCD. 

And the angle DBF has been shewn equal to the angle 
BAD', 

therefore the remaining angle DBE is equal to the re- 
maining angle BCD, {Axiom 3. 
which is in the alternate segment of the circle. 
Wherefore, if a straight line &c. q.b.d. 



PBOPOSITION 33. PROBLEM, 

On a given straight line to describe a segment of a 
circle, containing an angle equal to a given rectilineal 
angle. 

Let ^^ be the given straight line, and C the given 
rectilineal angle: it is required to describe, on the given 
straight line AB, a segment of a circle containing an angle 
equal to the angle C 

First, let the angle O 
be a right angle. 
Bisect AB at F, [1. 10. 
and from the centre F, at 
the distance FB, describe 
the semicircle AHB, 

Then the angle AHB 
in a semicircle is equal to the right angle O. [III. 31. 
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But if the angle C be 
not a right angle, at the 
point Ai in the straight line 
AB, make the angle BAD 
equal tQ the angle C\ [1. 23. 
from the point A, draw AE 
at right angles to ^1Z>; [1. 11. 
bisect ^jB at i^; [1. 10. 
from the point F^ draw FG 
at right angles to AB\ [1. 11. 
and join GB, 

Then, because ^F is 
equal to BF, [C&mt. 

and FG is common to the 
two triangles AFG, BFG\ 
the two sides A F, FG are 
equal to the two sides 
BF, FG, each to each ; 
and the angle AFG is 

equal to the angle BFG ; [I. D^nition 10. 

therefore the base ^^ is equal to the base BG ; [I. 4. 

and therefore the circle described from the centre G, at the 
distance GA, will pass through the point B. 
Let this circle be described; and let it be AHB, 
The segment AHB shall contain an angle equal to the 
given rectilineal angle C. 

Because from the point A, the extremity of the diameter 
AE,AD\% drawn at right angles to AE, [Construction. 
therefore AD touches the circle. [III. 16. Corollary. 

And because AB h drawn from the point of contact A, 
the angle DAB is equal to the angle in the alternate 
segment AHB. [III. 32. 

But the angle DAB is equal to the angle G. [Constr. 

Therefore the angle in the segment AHB is equal to the 
angle C. [Axiom 1. 

Wherefore, on the given straight line AB, the segment 
AHB of a circle has been described, containing an angle 
equal to the given angle C q.e.p. 



,y Google 



BOOK III. 34,35. 107 

PBOPOSITION 34. PROBLEM. 

From a given circle to cut off a segment containing an 
angle equal to a given rectilineal angle. 

Let •ABC be the giyen circle, and D the given recti- 
lineal angle : it is required to cut off from the circle ABG 
a segment containing an angle equal to the angle />. 

Draw the straight 
line EF touching the 
circle ABC at the 
point ^; [III. 17. 

and at the point B^m the 
straight line BF, make 
the angle FBC equal 
to the angle D. [I. 23. 
The segment BA C7shall 
contain an angle equal 
to the angle D. 

Because the straight line EF touches the circle ABC, 
and BC\a drawn from the point of contact B, [Constr. 

therefore the angle FBC is equal to the angle in the 
alternate segment BAC of the circle. [III. 32. 

But the angle FBC is equal to the angle D. [Construction, 

Therefore the angle in the segment BAC is equal to the 
angle D. [Axiom 1. 

Wherefore, from the given circle ABC, the segment 
BAC has been cut off, containing an angle equal to the 
given angle D, q.e,f. 



PROPOSITION 35. THEOREM, 

If two straight lines cut one another within a circle, 
the rectangle 'contained by the segments of one of them 
shallbe equal to the rectangle contained by the segments 
qf the other. 
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Let the two straight lines AG, BD cut one another at 
the pomt E, within the circle A BCD : the rectangle con- 
tained by AEy J^(7 shall be equal to 
therectaiigle contamed by BE, ED. 

If^(7and^Z> both pass through 
the centre, so that j& is the centre, 
it is evident, since EA, EB, EC, 
ED are all equal, that the rect- 
angle AE, EC is equal to the rect- 
angle BE, ED, 

But let one of them. BD, pass through the centre, and 
cut the other AC, whicli does not pass through the centre, 
at right angles, at the point E, 
Then, ifBD be bisected at F, F 
is the centre of the circle ABCD\ 
join AF. 

Then, because the straight 
line BD which passes through 
the centre, cuts the straight line 
AC, which does not pass through 
the centre, at right angles at the 
point E, [Hypothesis, 

AE is equal to EC, [III. 8. 

And because the straight line BD is divided into two 
equal parts at the point F, and into two unequal parts at 
the point E, the rectangle BE, ED, together with the 
square on EF, is equal to the square on FB, [II. 5, 

that is, to the square on AF, 

But the square on -4i^is equal to the squares onAE, EF.\l.i7. 
Therefore the rectangle BE, ED, together with the square 
on EF, is equal to the squares on AE, EF, [Axiom I, 

Take away the common square on EF; 
then the remaining rectangle BE, ED, is equal to the 
remaining square on AE, 
that is, to the rectangle AE, EC, 

Next, let BD, which passes through the centre, cut 
the other AC, which does not pass through the centre, 
at the point E, but not at right angles. Then, if BD 
be bisected at F, F is the centre of the circle A BCD; 
jom.4i^, and from i^ draw FG perpendicular to AC» [1. 12. 
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Then AG is equal to GC\ [HI. 3. 
therefore the rectangle AE^ EG^ 
together with the square on EG, is 
equal to the square on AG, [II. 5. 
To each of these equals add the 
square on GF\ 

then the rectangle AE, EC, to- 
gether with the squares on EG, 
GF, is equal to the squares on 
AG, GF, \Avim, 2. 

But the squares on EG, GF are equal to the square on 
EF\ 

and the squares on AG, GF are equal to the square on 
AF. [1. 47. 

Therefore the rectangle AE, EC, together with the square 
on EF, is equal to the square on AF, 

that is, to the square on FB, 

But the square on FB is equal to the rectangle BE, ED, 
together with the square on EF, [II. 5. 

Therefore the rectangle AE, EC, together with the square 
on EF, is equal to the rectangle BE, ED, together with 
the square on EF, 

Take away the common square on EF\ 

then the remaining rectangle AE, EC is equal to the 
remaining rectanj^le BE, ED, [Axwm, 3. 

Lastly, let neither of the straight lines AC, BD pass 
through tne centre. 
Take the centre F, [III. 1. 
and through E, the intersection 
of the straight lines AC, BD, 
draw the diameter GEFH, 

Then, as has been shewn, 
the rectangle GE, EH is equal 
to the rectangle AE, EC, and 
also to the rectangle BE, ED ; 
therefore the rectangle AE, EC 
is equal to the rectangle BE, ED, [Axiom 1. 

Wherefore, if ttoo straight lines &c q.b.d. 
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PROPOSITION 36. THEOREM. 

If frcym any point without a circle ttco straight lines 
he drawn, one qf which cuts the circle, atid the other 
touches it; the rectangle contained hy the whole line which 
cuts the circle, and the part of it without the circle, shall 
he equal to the square on the line which touches it. 

Let D be any point without the circle ABC, and let 
DCA, DB be two straight lines drawn from it, of which 
DC A cuts the circle and DB touches it; the rectangle 
AD, DC shall be equal to the square on DB. 

First, let DCA pass through 
the centre E, and join EB. 
Then EBD is a right angle. [III. 18. 
And because the straight line A G 
is bisected at E, and produced to 
D, the rectangle AD, DC together 
with the square on EG is equal to 
the square on ED. [II. 6. 

But EG is equal to EB ; 
therefore the rectangle AD, DG 
together with the square on EB is 
equal to the square on ED. 
But the square on ED is equal to the 
squares on EB, BD, because EBD is a right angle. [I. 47. 

Therefore the rectangle AD, DG, together with the square 
on EB is equal to the squares on EB, BD, 

Take away the common square on EB ; 

then the remaining rectangle AD, DG is equal to the 
square on DB. [Axiom 3. 

Next let DGA not pass through the centre of the circle 
ABC', take the centre E\ [III. i. 

from E draw ^i^ perpendicular to AG-, [1. 12. 

and join EB, EG, ED. 

Then, because the straight line JE'^which passes through 
the centre, cuts the straight line AG, which does not pass 
through the centre, at right angles, it also bisects it ; [III. 3. 
therefore AFi& equal to FG. 
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And because the straight line AC vs, bisected at F^ and 
produced to i>, the rectangle -4Z>, Z>(7, together with the 
square on FG^ is equal to the square on FI>, [II. 6. 

To each of these equals add the square on FE. 
Therefore the rectangle AB^ DC 
together with the squares on 
CF, FE, is equal to the squares 
on DF, FE, [Axiom 2. 

But the squares on CF, FE are 
equal to the square on CE, be- 
cause CFE is a right angle ; [I. 47. 
and the squares on DF, FE are 
equal to the square on DE. 
Therefore the rectangle AD, DC, 
together with the square on CE, 
is equal to the square on DE» 
Bui CE 18 equ&l to BE; 

therefore the rectangle AD, DC, together with the square 
on BE, is equal to the square on DE, 

But the square on DE is equal to the squares on DB, 
BE, because EBD is a right angle. [I. 47. 

Therefore the rectangle AD, DC, together with the square 
on BE, is equal to the squares on DB, BE, 
Take away the common square on BE ; 
then the remaining rectangle AD, DC is equal to the 
square on DB. [Axiom 3. 

Wherefore, if from any point &c. q.e.d. 

Corollary. If from any point 
without a circle, there be drawn 
two straight lines cutting it, as 
AB, AC, the rectangles contained 
by the whole lines and the parts 
of them without the circles are 
equal to one another ; namely, the 
rectangle BA^ AE is equal to the 
rectangle CA, AF; for each of 
them is equal to the square on the 
straight line ^Z>, which touches 
the circle. 
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PROPOSITION 87. THEOREM. 

Iffrwn any p<nnt without a circle there be drawn two 
straight lines, one qf which cuts the circle, and the other 
meets it, and if the rectangle contained by the whole line 
which cuts the circle, and the part qfit without the circle^ 
be equal to the square on the line which meets the circle, 
the line which meets the circle shall touch it. 

Let an^ point D be taken without the circle ABO, 
and from it let two straight lines DC A, DB be drawn, 
of which DCA cuts the circle, and DB meets it; and let 
the rectangle AD, DC be equal to the square on DBi 
DB shall touch the circle. 

Draw the straight line DE, 
touching the circle ABC-, [IIL 17. 
find -Fthe centre, [HI. 1. 

and join FB, FD, FE, 

Then the angle FED is a 
right angle. [III. 18. 

And because DE touches the 
circle ABC, and DCA cuts it, 
the rectangle AD, DC is equal 
to the square on DE, [III. 36. 
But the rectangle AD, DC is 
equal to the square en i>j9. [Hyp, 
Therefore the square on DEi& equal to the square onDBjiAx,!, 
therefore the straight line DE is equal to the straight line 
DB, 

And EF\% equal to BF\ \l, D^nition 15. 

therefore the two sides DE, EFsltq eqasl to the two sides 
DB, BF each to each ; 

and the base Z>^is common to the two triangles DEF, DBF; 
therefore the angle DEF is equal to the angle DBF, [L 8. 
But DEF is a right angle ; [CotutruUion. 

therefore also DBF is a right angle. 
And BF, if produced, is a diameter ; and the straight lino 
which is drawn at right angles to a diameter from the 
extremity of it touches the circle ; [III. 16. Corollary, 

therefore DB touches the circle ABC, 

Wherefore, if from a point &c. q.b d. 
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1. A REOTiLiNEAL figure is said 
to be inscribed in another rectilineal 
figure, when all the angles of the in- 
scribed figure are on the sides of the 
figure in which it is inscribed, each on 
each. 

2. In like manner, a figure is said 
to be described about another figure, 
when all the sides of the circumscribed 
figure pass through the angular points 
of the figure about which it is de- 
scribed, each through each. 

3. A rectilineal figure is said to 
be inscribed in a circle, when all the 
angles of the inscribed figure are on 
the circumference of the circle. 

4. A rectilineal figure is said to be 
described about a circle, when each 
side of the circumscribed figure touches 
the circumference of tlie circle. 

5. In like manner, a circle is said 
to be inscribed in a rectilineal figure, 
when the circumference of the circle 
touches each side of the figure. 
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6. A circle is said to be described 
about a rectilineal figure, when the cir- 
cumference of the circle passes through 
all the angular points of the figure about 
which it is described. 

7. A straight line is said to be 
placed in a cirde, when the extremities 
of it are in the circumference of the 
circle. 



PROPOSITION 1. PROBLEM. 

In a given circle, to place a straight line, equal to a 
given straight line, which is not greater than the diameter 
of the circle. 

Let ABC be the given circle, and D the given straight 
line, not greater than the diameter of the circle: it is 
required to place in the circle ABC, a straight line equal 
toD. 

Draw BC,9k diameter of 
the circle ABG, 
Then, if BG is eq[ual to A 
the thing required is done ; for 
in the circle ABC, a straight 
line is placed equal to 2>. 

But, if it is not, BC is greater 

than 2>. [ffypothem. 

Make CE equal to £>, [I. 3. 

and from the centre C, at the distance CE, describe the 

circle AEF, and join CA. 

Then, because C is the centre of the circle AEE, 
CA is equal to CE; [L D^nitim 15. 

but CE is equal to 2> ; [Construction. 

therefore CA is equal to D. [Axiom 1. 

Wherefore, in the circle ABC, a straight line CA is 
placed eqtial to ilie given straight line D, which is not 
greater than the diameter of the cirde, q.b.f. 
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PROPOSITION 2. PROBLEM. 

In a gieen circle^ to inscribe a triangle equiangtUar to 
a given triangle. 

Let ABC be the ffiven circle, and DBF the snyen 
triangle : it is required to inscribe in the circle ABC a 
triangle equiangular to the triangle DBF, 

Draw the straight 
line OAH touching 
the circle at the point 
A ; [III. 17. 

at the point A, in the 
straight line AH, make 
the angle jET^ (7equal to 
the angle i>^^; [1.23. 
and, at the point A, in 
the straight line AG, 
make the angle OAB 
equal to the angle DFE ; 
and join BC, ABC shall be the triangle required. 

Because GAH touches the circle ABC, and AC ia 
drawn from the point of contact A, [C(mstructi(m, 

therefore the angle HAC is equal to the angle ABC in the 
alternate segment of the circle. [III. 82. 

But the angle HACis equal to the angle DBF. [Comtr. 
Therefore the angle ABC is equal to the angle DBF [Ax. 1. 

For the same reason the angle ACB ia equal to the 
angle DFB. 

Therefore the remaining angle BAC is equal to the re- 
maining angle BDF. [I. 82, Axioms 11 and 8. 

Wherefore t?te triangle ABC is equiangular to the tri- 
angle DBF, and it is inscribed in the circle ABC. q.b.f. 



PROPOSITION 8. PROBLEM. 

About a given circle, to describe a triangle equiangular 
to a given triangle. 
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Let ABC be the given circle, and DEF the given tri- 
angle : it is required to describe a triangle about the circle 
ABC, equiangular to the triangle DEF, 

Produce ^J^ both 
ways to the points. /\ p 

O, H\ take iT the 
centre of the circle 
ABC\ [III. 1. 

from K draw any 
radius KB\ 
at the point K, in 
the straight line KB, 
make the angle BKA 
equal to the angle 
DEG, and the angle BKC equal to the angle DFH\ [L 23. 
and through the points A, B, C, draw the straight lines 
LAM, MBN, NCL, touchmg the circle ABC [HI. 17. 
LMN shall be the triangle required. 

Because LM, MN, NL touch the circle ABC at .the 
points A^B, C, [Comtruction. 

to which from the centre are drawn KA, KB, KC, 
therefore theanglesatthepoints-4,5,(7arerightangles.[III.18. 
And because the four angles of the quadrilateral figure 
AMBK are together equal to four right angles, 
for it can be divided into two triangles, 
and that two of them KAM, KBM are right angles, 
therefore the other two AKB, AMB are together equal 
to two right angles. [Axiom 3. 

But the angles DEG, DEF are together equal to two 
right angles. [I. 13. 

Therefore the angles AKB, AMB are equal to the angles 
DEG, DEF) 

of which the angle AKB is equal to the angle DEG ; [Comtr. 
therefore the remaining angle AMB is equal to the re- 
maining angle DEF. [Axiom 3. 

In the same manner the angle LNM may be shewn to be 
equal to the angle DFE. 

Therefore the remaining angle MLN is equal to the 
remaining angle EDF. [I. 32, Axioms 11 and 3. 
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Wherefore the triangle LMN is equiangxdar to the tri- 
angle DEF, and it is described about the circle ABC q.e.p, 

PROPOSITION 4. PROBLEM. 
To inscribe a circle in a given triangle. 

Let ABC be the given triangle : it is required to inscribe 
a circle in the triangle ABC. 

Bisect the angles ABC ACB^ 
by the straight lines BD^ CD, 
meeting one another at the point 
i>; [I. 9. 

and from Z> draw 2) J5?, Di^, 2) 6? per- 
pendiculars to ^iB,iBC; CA. [1. 12. 

Then, because the angle EBD 
is equal to the angle FBD, for 
the angle ABC is bisected by 
BD^ [Construction. 

and that the ri^ht angle BED is B "f"^ O 

equal to the right angle BFD ; [Axiom 11. 

therefore the two triangles EBD, FBD have two angles 
of the one equal to two angles of the other, each to each ; 
and the side BD, which is opposite to one of the equal 
angles in each, is common to both ; 

therefore their other sides are equal ; [I. 26. 

therefore DE is equal to DF. 

For the same reason DG is equal to DF. 
Therefore DE is equal to DG. [Axiom 1. 

Therefore the three straight lines DE, DF, DG are equal 
to one another, and the circle described from the centre D, 
at the distance of any one of them, will pass through the 
extremities of the other two ; 

and it will touch the straight lines AB, BC, CA, because 
the angles at the points E, F, G are right angles, and the 
straight line which is drawn from the extremity of a diar 
meter, at right angles to it, touches the circle. [III. 16. Cor. 
Therefore the straight lines AB, BC, CA do each of them 
touch the circle, and therefore the circle is inscribed in the 
triangle ABC 

Wherefore a circle has been inscribed in the given 
triangle. q.e.p. 
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PROPOSITION 5. PROBLEM, 

To describe a circle about a given triangle. 

Let ABC be the given triangle : it is required to do- 
scribe a circle about ABC, 




Bisect AB, AC &t the points i>, E ; [1. 10. 

from these points draw DF, EF, at right angles to 
AB.AC; [1. 11. 

DF, EFy produced, will meet one another ; 
for if they do not meet they are parallel, 
therefore ABy AC, which are at right angles to them are 
parallel ; which is absurd: 

let them meet at F and join FA ; also if the point F be 
not in BC, join BF, CF, 

Then, because AD is equal to BDy [Construetum, 

and I>F is common, and at right angles to ^^, 
therefore the base FA is equal to the base FB. [I. 4. 

In the same manner it may be shewn that FC is equal to FA. 
Therefore FB is equal to FC ; [Axiom 1. 

and FA, FB, FC are equal to one another. 
Therefore the circle described from the centre F, at the 
distance of any one of them, will pass through the extre- 
mities of the other two, and will be described about the 
triangle ABC. 

Wherefore a circle has been described dbotU the 
given triangle. q.k.p. 

CoROLLABT. And it is manifest, that when the centre 
of the circle falls within the triangle, each of its angles is 
less than a right angle, each of them being in a. se^ent 
greater than a semicircle ; and when the centre is in one 
of the sides of the triangle, the angle opposite to this side, 
being in a semicircle, is a right angle; and when the centre 
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falls withont the triai^le, the angle opposite to the side 
beyond which it is, bein^ in a segment less than a semi- 
circle, is greater than a right angle. [III. 81. 
Therefore, conversely, if the given triangle be acute- 
angled, the centre of the circle falls within it ; if it be a 
ri^t-aiigled triangle, the centre is in the side opposite to 
the right angle ; and if it be an obtuse-anffled triangle, the 
centre falls without the triangle, beyond we side opposite 
to the obtuse angle. 

PROPOSITION 6. PROBLEM. 
To inscribe a sqttare in a given circle. 

Let ABCD be the given circle : it is required to in- 
scribe a square in ABCD. 

Draw two diameters ^C^, ^2> 
of the circle ABGD^ atright an- 
gles to one another ; [III. 1, 1. 11. 
i^d join AB, BC, CD, DA. 
The figure ABCD shall be the 
square required. 

Because BE is equal to DE^ 
for j& is the centre; 
and that EA is common^ and at 
right angles to BD ; 
therefore the base BA is equal to the base DA. [I. 4. 

And for the same reason BC, DC are each of them equal 
to BA, or DA. 
Therefore the quadrilateral figure ABCD is equilateral. 

It is also rectangular. 

For the straight line BD being a diameter of the circle 
ABCD, BAD is a semicircle; [ComtructUm. 

therefore the angle BAD is a right angle. [III. 31. 

For the same reason each of the angles ABC, BCD, CD A 
is a right angle; 
therefore the quadrilateral figure ABCD is rectangular. 

And it has been shewn to be equilateral ; therefore it is 
a square. 

Wherefore a square has been inscribed in the given 
circle. q.e.p. 
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PROPOSITION 7. PROBLEM. 
To describe a square about a given circle. 

Let ABOP be the given circle: it is required to 
describe a square about it. r^ a i^ 

Draw two diameters AC, BD 
of the circle ABGD^ at right an- 
gles to one another; [III. 1, 1. 11. 
and through the points A^ B, C, D, 
draw FG, OHy HK, JTJ^ touching 
the circle. [III. 17. 



The figure GHKF shall be the u 

square required 

Because FG touches the circle A BCD, and EA is drawn 
from the centre E to the point of contact A, iO(mst'niction. 
therefore the angles at A are right angles. [III. 18. 

For the same reason the angles at the points B, C, D are 
right angles. 

And because the angle AEB is a right angle, [Construction, 
and also the angle \^^6r is a right angle, 
therefore GH is parallel to AC [T. 28. 

For the same reason ACis parallel to FE". 

In the same manner it may be shewn that each of tho 
lines GFj HKia parallel to BD. 

Therefore the figures GK, GCy CF, FB, BK are parallelo- 
grams; 
and therefore GF\& equal to HK, and 6?^ to FK. [I. 34. 

And because ACia equal to BD, 
and that AC\a equal to each of the two GHy FK, 
and that BD is equal to each of the two GF, HK, 
therefore GH, FK are each of them equal to GF, or UK-, 
therefore the quadrilateral figure FGHK is equilateral. 

It is also rectangular. 
For since AEBG is a parallelogram, and AEB a right angle, 
therefore AGB is also a right angle. [I. 34. 

In the same manner it may be shewn that tho angles at 
H, K, F are right angles ; 
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therefore the quadrilateral figure FGHK\& rectangular. 

And it has been shewn to be equilateral ; therefore it 
is a square. 

Wherefore a square has been described about the given 
circle, q.e.f. 

PROPOSITION 8. PROBLEM, 
To inscribe a circle in a given squxire. 

Let ABGD be the given square : it is required to in- 
scribe a circle in A BCD. 

Bisect each of the sides AB, 
AD at the points F,E\ [I. 10. 
through E draw EH parallel to 
AB ov DG^ and through F draw 
i^iT parallel to AD or BG. [I. 31. 

Then each of the figures AK^ 
KB, AH, HD, AG, GG, BG, GD 
is a right-angled parallelogram ; 
and their opposite sides are equal. 
And because AD is equal to AB, 





^ 


k 


J 



K 



Jd 



[I. 34. 
[I. Definition 30. 
and that AEh half of AD, and AF half of AB, [Cmstr, 
therefore ^^ is equal to AF. [Axiom 7. 

Therefore the sides opposite to these are equal, namely, 
FG equal to GE, [I. 34. 

In the same manner it may be shewn that the straight 
lines GH, GKsltg each of them equal to FG or GE, 
Therefore the four straight lines GE, GF, GH, GK are 
equal to one another, and the circle described from the 
centre G, at the distance of any one of them, will pass 
through the extremities of the other three ; 
and it will touch the straight lines AB, BG, CD, DA, 
because the angles at the points E, F, H, K are right 
angles, and the straight line which is drawn from the 
extremity of a diameter, at right angles to it, touches 
the circle. [III. 16. Corollary. 

Therefore the straight lines AB, BG, GD, DA do each 
of them touch the circle. 

Wherefore a circle has been inscribed in the given 
square, q.e.f. 
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PROPOSITION 9. PROBLEM. 
To describe a circle about a gtveti square. 

Let ABCD be the given square: it is required to 
describe a circle about ABCD, 

Join AC, BD, cutting one an- 
other at E, 

Then, because AB is equal to 
A£>, 

and AG ia common to the two tri- 
angles BAG, DAG; 
the two sides BA^ AGsre equal to 
the two sides 2)^, A (7each to each ; 
and the base ^C7is equal to the base DG; 
therefore the angle BAG is equal to the angle DAG, [I. 8. 
and the angle BAD is bisected by the straight line AG. 

In the same manner it may be shewn that the angles 
ABG, BGD, GDA are seyerally bisected by the straight 
lines BD, AG. 

Then, because the angle DA B is equal to the angle ABC, 
and that the angle EAB is half the angle DAB, 
and the angle EBA is half the angle ABG, 
therefore the angle EAB is equal to the angle EBA ; [Ax. 7. 
and therefore the side EA is equal to the side EB, [L 6. 

In the same manner it may be shewn that the straight 
lines EG, ED are each of them equal to EA or EB. 
Wherefore the four straight lines EA, EB, EG, ED are 
equal to one another, and the circle described from tibe 
centre E, at the distance of any one of them, will pass 
through the extremities of the other three, and will be 
described about the square ABGD. 

Wherefore a circle has been described abotU the given 
square. q.b.p. 



PROPOSITION 10. PROBLEM. 

To describe an isosceles triangle, having each qf the 
angles at the base double qf the third angle. 
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Take any Btraight line 
A By and divide it at the 
point (7, so that the rectan- 
gle ABy BC may be equal 
to the square on A C; [II. 11. 
from the centre A, at the 
distance AB, describe the 
circle BDE, in which place 
the straight line BD equal 
to AC, which is not greater 
than the diameter of the 
circle BDE; [IV. 1. 

and join 2)^. The triangle 
ABD shall be such as is re- 
quii*ed; that is, each of the angles ABD, ADB shall be 
double of the third angle BAD, 

Join DC\ and about the triangle ACD describe the 
circle ACD, [IV. 6. 

Then, because the rectangle AB^ BC is equal to the 
square on AC, [Construction, 

and that AC is equal to BD, [Construction, 

therefore the rectangle AB, BC is equal to the square 
<mBD. 

And, because from the point B, without the circle ACD, 
two straig^ht lines BCA, BD are drawn to the circumference, 
one of which cuts the circle, and the other meets it, 

and that the rectangle AB, BC, contained by the whole of 
the cutting line, and the part of it without the circle, is 
equal to the sqnaro on BD which meets it ; 

therefore the straight line BD touches the circle A CD, [III.37. 

And, because BD touches the circle ACD, and DC is 
drawn from the point of contact D, 

therefore the angle BDC is equal to the angle D AC in the 
alternate segment of the circle. [III. 82. 

To each of these add the angle CD A ; 

therefore the whole angle BDA is equal to the two angles 
CDA, DAC, [Axiom 2. 

But the exterior angle BCD is equal to the angles CDA, 
DAC, [1. 82. 
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Therefore the angle BDA is 
equal to the angle BCD. [Ax.l, 
But the angle BDA is equal 
to the angle DBA, [I. 5. 
because ADi^ equal to AB, 
Therefore each of the angles 
BDA, DBA, is equal to the 
angle BCD. [Axiom 6. 

And, because the angle 
DBC is equal to the angle 
BCD, the side DB is equal 
to the side DC; [1.6. 

but DB was made equal to GA ; 

therefore CA is equal to CD, [Axiom 6, 

and therefore the angle CA D is equal to the angle CD A. [1. 5. 
Therefore the angles CAD, CD A are together double of 
the angle CAD. 

But the angle BCD is equal to the angles CAD, CD A. [1. 32. 
Therefore the angle BCD is double of the angle CAD. 
And the angle BCD has been shewn to be equal to each 
of the angles BDA, DBA ; 

therefore each of the angles BDA, DBA is double of the 
angle BAD. 

Wherefore an isosceles triangle has been described, 
having each of the angles at the hose double of the third 
angle. q.e.f. 



PROPOSITION 11. PROBLEM. 

To inscribe an equilateral and equiangular pentagon 
in a given circle. 

Let ABCDE be the given circle: it is required to 
inscribe an equilateral and equiangular pentagon in the 
circle ABCDE. 

Describe an isosceles triangle, FGH, having each of 
the angles at G, H, double of the angle at jP; [IV. 10. 

in the circle ABCDE, inscribe the triangle ACD, equian- 
gular to the triangle FGH, so that the angle CAD may 
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be equal to the angle at F, and each of the angles ACD^ 

ADC equal to the angle at G or H\ [IV. 2. 

and therefore each of 

the angles ACD, ADC is 

double of the aagle CAD ; 

bisect the angles ACD, 

ADC by the straight 

lines (7J57,i)^; [1.9. 

and join AB, BC, AB, 

JED, 

ABCDE shall be the 

pentagon required. 

For because each of 
the angles ACD^ ADCh double of the angle CAD, 
and that they are bisected by the straight lines CB, DB, 
therefore the five angles ADD, BDC, CAD, DCB, ECA 
are equal to one another. 
But equal angles stand on equal arcs ; [III. 26. 

therefore the five arcs AB, BCy CD, DE, EA are equal to 
cue another. 

And equal arcs are subtended by equal straight lines ; [III. 29. 

therefore the five straight lines AB, BC, CD, DE, EA are 
equal to one another ; 

and therefore the pentagon ABCDE is equilateral 

It is also equiangular. 
For, tho arc ^5 is equal to the arc DE ; 
to each of these add the arc BCD ; 

therefore the whole arc ABCD is equal to the whole 
arc BCDE. [Axiom 2. 

And the angle AED stands on the arc ABCD, and the 
angle BAE on the arc BCDE. 

Therefore the angle AED is equal to the angle BAE. [III. 27. 
For the same reason each of the angles ABC, BCD, 
CDE is equal to the angle AED or BAE; 

therefore the pentagon ABCDE is equiangular. 

And it has been shewn to be equilateral. 

Wherefore an equilateral and equiangular pentagon 
has been inscribed in the given circle, q.b.f. 
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PROPOSITION 12. PROBLEM. 

To de»eribe an equilateral and equiangular pentitgon 
about a given circle. 

Let ABCDE be the giyen circle: it is required to 
describe an equilateral and equiangular pentagon about 
the circle ABCDE. 

Let the angles of a pen- 
tagon, inscribed in the circle, 
by the last proposition, be 
at the points A, B, (7, Z>, K 
so that the arcs AB, BG, 
CD, DE, EA are equal; 
and through the points A, 
B, C, D, E, draw GH, HK, 
KLy LM, MQ, touching the 
circle. [HL 17. 

The figure GHKLM shall be the pentagon required. 

Take the centre F, and join FB, FK, FC, FL, FD. 

Then, because the straight line KL touches the circle 

ABCDE at the point C to which FC is drawn from the 

centre, 

therefore FC is perpendicular to KL, [III. 18. 

therefore each of the angles at (7 is a right angle. 

For the same reason the angles at the points B, D are 

right angles. 

And because the angle FCK is a right angle, the square 

on FKi^ equal to the squares on FC, CK. [I. 47. 

For the same reason the square on FK is equal to the 

squares on FB, BK. 

Therefore the squares on FC, CK are equal to the squares 

oiiFB,BK', Ufljioml. 

of which the square on FC is equal to the square on FB ; 

therefore the remaining square on CK is equal to the 

remaining square on BK, {Axiom 3. 

and therefore the straight line CK is equal to the straight 

line BK 
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And because FB is equal to FC, 
and FK\& common to the two triangles BFK, CFK\ 
the two sides BF^ FK are equal to the two sides C!F, FK, 
each to each ; 

and the base BK was shewn equal to the base CK\ 
therefore the angle BFKSa equal to the angle CFK^ [I. 8. 
and the angle BKF to the angle GKF, [I. 4. 

Therefore the ande BFC\& double of the angle CFK^ 
and the angle BRC is double of the angle CKF. 

For the same reason the ungle CFD is double of the 
angle CFLy and the angle OLD is double of the angle GLF. 

And because the arc BC is equal to the arc (72), 
the angle BFC is equal to the angle CFD ; [III. 27. 

and the angle BFC is double of the angle CFK^ and the 
angle CFD is double of the angle CFL ; 

therefore the angle CFKya equal to the angle CFL, [Ax, 7. 

And the right angle FCKis equal to the right angle FCL. 

Therefore in the two triangles FCK, FOLj there are two 
angles of the one equal to two angles of the other, each to 
each; 

and the side FC, which is adjacent to the equal angles in 
each, is common to both ; 

therefore their other sides are equal, each to each, and the 
third angle of the one equal to the third angle of the other ; 
therefore the straight line CK is equal to the straight line 
CL, and the angle FKC to the angle FLO. [I. 26. 

And because CJTis equal to CL, ZJTis double of CK, 

In the same manner it may be shewn that ffK is 
double of 5jr. 

And because BIT is equal to CK, as was shewn, 
and that HK is double of BK, and LK double of CK, 
therefore HK is equal to LK. [Axiom 6. 

In the same manner it may be shewn that Gil, 
GM, ML are each of them equal to HK or LK\ 
therefore the pentagon GHKLM\& equilateral 

It is also equiangular. 
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For, since the angle FKC is equal to the angle FLOy 

and that the angle HKL is double 

of the angle FKC^ and the angle 

KLM double of the angle FLO, 

as was shewn, 

therefore the angle HKL is equal 

to the angle KLM, [Axiom 6. 

In the same manner it may be 
shewn that each of the angles 
KHG, HGM, GML is equal to 
the angle HKL or KLM-, 
therefore the pentagon GHKLM is equiangular. 
And it has been shewn to be equilateral. 

Wherefore. an equilateral and equiangiUar pentagoth 
has been described about the given circle, q.e.f. 




PROPOSITION 13. PROBLEM. 

To inscribe a circle in a given equilateral and equi- 
angular pentagon. 

Let ABODE be the given equilateral and equiangular 
pentagon: it is required to inscribe a circle in the pen> 
tagon ABODE, 

Bisect the angles BOD, 
ODE by the straight lines 
OF, DF\ [I. 9. 

and from the point jP, at 
which they meet, draw the 
straight lines FB, FA, FE, 

Then, because BOS& equal 
to DO, [Hypothesis. 

and OF is common to the two 
trmngies BOF,DOF; 
the two sides BO, OF are 
equal to the two sides Z^C', OF, 
each to each ; 

and the angle BOF is equal to the angle DOF ; [Constr, 
therefore the base BF is equal to the base DF, and the 
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other angles to the other angles to which the equal sides 
are opposite; [1.4. 

therefore the angle CBF is equal to the angle CDF, 

And because the angle CDE is double of the angle 
CDFy and that the angle CDE is equal to the angle CBA, 
and the angle CDF is equal to the angle CBF, 
therefore the angle CBA is double of the angle CBF; 
therefore the angle ABFis equal to the angle CBF; 
therefore the angle ABC is bisected by the straight line BF. 

In the same manner it may be shewn that the angles 
^AEy A ED are bisected by the straight lines AF, EF, 

From the point F draw FG, FH, FK.FL, FM perpen- 
diculars to the straight lines AB, BC, CD, DE, EA. [1. 12. 

Then, because the angle FCH is eqjaal to the anglo 
FCir, 

and the right anglp FIIC equal to the right angle FKC; 
therefore in the two triangles FHC, FKC, there are two 
angles of the one equal to two angles of the other, each to 
eadi; 

and the side FC, which is opposite to one of the equal 
angles in each, is common to both ; 

therefore their other sides are e^ual, each to each, and 
therefore the perpendicular FH is equal to the perpen- 
dicular FK. [I. 26. 

In the same manner it may be shewn that FL, FM^ FG 
are each of them equal to FH or FK, 
Therefore the five straight lines FQ, FH, FK FL, FM are 
equal to one another, and the circle descrioed from the 
centre F, at the distance of any one of them will pass 
through the extremities of the other four ; 
and it will touch the straight lines AB, BC, CDy DE, EA, 
because the angles at the points G, H, K, L, M are right 
angles, [ConstrucHon, 

and the straight line drawn from the extremity of a dia- 
meter, at right angles to it, touches the circle ; [III. 16. 
Therefore each of the straight lines AB, BC, CD, DE, EA 
touches the circle. 

Wherefore a circle lias been inscribed in the given 
equilateral and equiangular pentagon. q.b.p.^ 
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PROPOSITION 14. PROBLEM. 

To describe a circle dbotU a given equilateral and equi* 
angular pentagon. 

Let ABODE be the given ecjuilateral and equiangular 
pentagon : it is required to describe a circle about it. 

Bisect the angles BCD, CDE 
by the straight lines CF, DF\ [1.9. 
and from the point F, at which 
they meet, draw the straight lines 
FB, FA, FE. 

Then it may be shewn, as in 
the preceding proposition, that 
the angles CBA, BAE, AED are 
bisected by the straight lines BF, 
AF,EF. 

And, because the angle BCD is equal to the angle CDE, 
and that the angle FCD is half of the angle BCD^ 
and the angle FDC is half of the angle CDE, 
therefore the angle FCD is equal to the Kngle-FDC*, [Ax, 7. 
therefore the side FCia equal to the side FD, [I. 6. 

In the same manner it may be shewn that FB, FA, FE 
are each of them equal to FC or FD ; 
therefore the five straight lines FA , FB, FC, FD, FE are 
equal to one another, and the circle described from the 
centre F, at the distance of any one of them, will pass 
through the extremities of the other four, and will be de- 
scribed about the equilateral and equiangular pentagon 
ABCDE. 

Wherefore a circle has been described about tJie given 
equilateral and equiangular pentagon, q.e.f. 

PROPOSITION 15. PROBLEM. 

To inscribe an equilateral and equiangular hexagon 
in a given circle. 

Let ABCDEFhe the given circle: it is required to in- 
scribe an equilateral and equiangular hexagon in it. 
Find the centre G o£ the circle ABCDEF^ [III. 1. 
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tmd draw the diameter AGD ; 
from the centre 2), at the dis- 
tance DG, describe the circle 
EGCH; 

ioinEG, CGfBXid produce them 
to thepointsi?, J*; and join.i45, 
BC, CD, DJS, EF, FA. 
The hexagon ABCDEF shall 
be equilateral and equiangular. 
For, because G is the centre 
of the circle ABCDEF, GE is 
equal to GD ; 

and because D is the centre 
of the circle EGCH, DE is 
equal to DG ; 

therefore GE is equal to DE, 

and the triangle EGD is equilateral ; 

therefore the three angles EGD^ GDE, DEG are equal to 
one another. [I. 5. Oorolla/ry. 

But the three angles of a triangle are together equal to 
two right angles ; [I. 32. 

therefore the angle EGD is the third part of two right 
angles. 

In the same manner it may be shewn, that the angle 
DGGiA the third part of two right angles. 

And because the straight line GC makes with the 
straight line EB the adjacent angles EGC, CGB together 
equal to two right angles, [I. 13. 

therefore the remaining angle CGB is the third part of two 
right angles ; 

therefore the angles EGD, DGC, CGB are equal to one 
another. 

And to these are equal the yertical opposite angles 
BGA, AGF, FGE. [1. 15. 

Therefore the six angles EGD, DGC^ CGB, BGA, AGF, 
FGE are equal to one another. 
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But equal angles stand on equal arcs ; . [III. 26. 

therefore the six arcs ABy BC, CDy DE^ EF, FA arc 
equal to one another. 

And equal arcs are subtended by equal straight lines ; [III.29. 
therefore the six straight lines are equal to one another, 
and the hexagon is eqmlateral. 

It is also equiangular. 
For, the arc ^ jP is equal to 
the arc ED ; 

to each of these add the 
fi\'QiABCD\ 

therefore the whole arc 
FABCD is equal to the 
whole arc ABODE; 
and the angle FED stands 
on the arc FABCD, 
and the angle AFEsiasidB 
on the arc ABCDE; 
therefore the angle FED is 
equal to the angle AFE, 

In the same manner it may be shewn that the other 
angles of the hexagon ABCDEF are each of them equal 
to the angle AFE or FED ; 
therefore the hexagon is equiangular. 
And it has been shewn to be equilateral ; and it is inscribed 
in the circle ABCDEF. 

Wherefore an equilateral and equiangular hexagon 
has been inscribed in the given circle, q.b.f. 

Corollary. From this it is manifest that the side of 
the hexagon is equal to the straight line from the centre, 
that is, to the semidiameter of the circle. 

Also, if through the points Aj B, C, D, E, F, there be 
drawn straight lines touching the circle, an equilateral and 
equiangular hexagon will be described about the circle, 
as may be shewn from what was said of the pentagon ; and 
a circle may be inscribed in a ^iven equilateral and equi- 
angular hexagon, and circumscribed about it, by a method 
like that used for the pentagon. 



[III. 27. 
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PROPOSITION 16. PROBLEM, 

To inscribe an equilateral and equiangular quindeeagon 
iti a given circle. 

Let ABCp be the given circle: it is required to in- 
scribe an equilateral and equian^ar quindecafin)n in the 
mdQABCD, 

Let AC hQ the side of an 
qquilateral triangle inscribed 
in the circle ; [IV. 2. 

and let AB be the side of an 
equilateral and equiangular 
pentagon inscribed in the 
circle. [IV. 11. 

Then, of such equal parts 
as the whole circumference 

ABCDF contains fifteen, the arc ABC, which is the third 
part of the whole, contains five, and the arc AB, which is 
tlie fifth part of the whole, contains three ; 
therefore their difference, the arc BC, contains two of the 
same parts. 

Bisect the arc BCsitE; [IIL 30. 

therefore each of the arcs BE, EC is the fifteenth part of 
the whole circumference ABCDF, 

Therefore if the straight lines BE, EC be drawn, and 
straight lines equal to them be placed round in the whole 
circle, [IV. 1. 

an equilateral and equiangular quindecagon will be in- 
scribed in it. Q.KF. 

And, in the same manner as was done for the pentagon, 
if through the points of division made by inscribing the 
quindecagon, straight lines be drawn touching the circle, 
an equilateral and equiangular quindecagon will be de- 
scribed about it ; and also, as for the pentagon, a circle 
may be inscribed in a given equilateral and equiangular 
quindecagon^ and drcumscribed about it. 
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1. A LESS magnitude is said to be a part of a greater 
magnitude, when the less measures the sweater ; that is, 
when the less is contained a certain number of times ex- 
actly in the greater. 

2. A greater magnitude is said to be a multiple of a 
less, when the greater is measured by the less; that is, 
when the greater contains the less a certain number of 
times exactiy. 

3. Ratio is a mutual relation of two magnitudes of the 
same kind to one another in respect of quantity. 

4. Magnitudes are said to have a ratio to one another, 
when the less can be multiplied so as to exceed the other. 

6. The first of four magnitudes is said to have the 
same ratio to the second, that the third has to the fourth, 
when any equimultiples whatever of the first and the third 
being taKen, and any equimultiples whatever of the second 
and the fourth, if the multiple of the first be less than that 
of the second, the multiple of the third is also less than that 
of the fourth, and if the multiple of the first be equal to 
that of the second, the multiple of the third is also equal to 
that of the fourth, and if the multiple of the first be greater 
than that of the second, the multiple of the third is also 
greater than that of the fourth. 

6. Magnitudes which have the same ratio are called 
proportionals. 

Digitized by LjOOQIC 



BOOK F. DEFINITIONS. 135 

When four magnitudes are proportionals it is usually 
expressed by saying, the first is to the second as the third 
is to the fourth. 

7. When of the equimultiples of four magnitudes, taken 
as in the fifth definition, the multiple of the first is greater 
tiian the multiple of the second, out the multiple of the 
third is not greater ihan the multiple of the fourth, then 
the first is said to have to the second a greater ratio than 
the third has to the fourth ; and the third is said to hare 
to the fourth a less ratio than the first has to the secondL 

8. Analogy, or proportion, is the similitude of ratios. 

9. Proportion consists in three terms at least 

10. When three magnitudes are proportionals, the first 
Is said to have to the third the duplicate ratio of that 
which it has to the second. 

[The second magnitude is said to be a mean propor- 
Uonal between the first and the third.] 

1 1 . When four magnitudes are continued proportionals, 
the first is said to have to the fourth, the triplicate ratio of 
that which it has to the second, and so on, quadruplicate, 
&c. increasing the denomination still by unity, in any num- 
l>er of proportionals. 

Definition qf compound ratio. When there are any 
number of magnitudes of the same kind, the first is said to 
have to the last of them, the ratio which is compounded of 
the ratio- which the first has to the second, and of the ratio 
wMch the second has to the third, and of the ratio which 
the third has to the fourth, and so on unto the last mag- 
nitude. 

For example, if -4, -S, (7, D be four ma^itudes of the 
same kind, the first A is said to haye to the last 2>, the 
ratio compounded of the ratio of ^ to ^, and of the ratio 
of ^ to 6> and of the ratio of (7 to Z> ; or, the ratio of ^ to 
D is said to be compounded of the ratios of ^ to J9, ^ to 
C;and(7to/>. 

And if A has to B the same ratio that E has to F; 
and ^ to (7 the same ratio that G has to ^; and C to 2> 
the same ratio that K has to L ; then, by this definition, 
A is said to have to D the ratio compounded of ratios which 
are the same with the ratios of ^ to JF; 6r to ZT, and JT to Z. 
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And the same thing is to be understood when it is more 
briefly expressed by saying, A hajs to D the ratio oom^ 
pounded of the ratios oi EXo F, 6r to H, and Kio L. 

In like manner, the same things being supposed, if M 
has to N the same ratio that A has to D ; then, for the 
sake of shortness, M is said to have to N the ratio com* 
pounded of tiie ratios of ^ to ^P, 6r to ZT, and JT to Z. 

12. In proportionals, the antecedent terms are said to 
be homologous to one another ; as also the consequents to 
one another. 

Geometers make use of the following technical words, 
to signify certain ways of changing either the order or the 
magnitude of proportionals, so that they continue still to be 
proportionals. 

13. Permutando, or altemando^ by permutation or 
alternately; when there are four proportionals, and it is 
inferred that the first is to the third, as the second is to; 
the fourth. V. 16, 

14. InvertendOy by inyersion; when there are four 
proportionals, and it is inferred, that the second is to tho 
first as the fourth is to the third. Y. B. 

15. Componendo, by composition ; when there are four 
proportionals, and it is inferred, that the first together 
with the second, is to the second, as the third together 
with the fourth, is to the fourth. V. 18. 

16. DimdendOy by division ; when there are four pro- 
portionals, and it is inferred, that the excess of the first 
above the second, is to the second, as the excess of the 
third above the fourth, is to the fourth. Y. 17. 

17. Convertendo, by conversion; when there are four 
proportionals, and it is inferred, that the first is to its 
excess above the second, as the third is to its excess above 
the fourth. Y.E. 

18. Ex wquali distantia, or ex cequo, from eauality of 
distance ; when there is any number of magnituaes more 
than two, and as many others, such that they are propor* 
tionals when taken two and two of each rank, and it is 
inferred, that tho first is to the last of the first rank of 
magnitudes, as the first is to the last of the others. 
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Of this there are the two following kinds, which arise 
from the different order in which the magnitudes are taken, 
two and two. 

19. Ex wquali. This term is used simply by itself, 
when the first magnitude is to the second of tne first rank, 
as the first is to the second of the other rank; and the 
second is to the third of the fiist rank, as the second is to 
the third of the other ; and so on iu order ; and the inferencQ 
is that mentioned in the preceding definition. Y. 22. 

20. Ejb (Xfqtioli in proportioneperturbatd sen inordinate, 
from equality in perturbate or disorderly proportion. This 
term is used when the first magnitude is to the second of 
the first rank, as the last but one is to the last of the second 
rank ; and the second is to the third of the first rank, as tiie 
last but two is to the last but one of the second rank ; and 
the third is to the fourth of the first rank, as the last but 
three is to the last but two of the second rank ; and so on 
in a cross order; and the inference is that mentioned in the 
eighte^th definition. Y. 23. 



AXIOMS. 

1. Equimultiples of the same^ or of equal magnitudes^ 
are equal to one another. 

2. Those magnitudes, of which the same or equal mag- 
nitudes are equimultiples, are equal to one another. 

3. A multiple of a greater magnitude is greater than 
the same multiple of a less. 

4. That magnitude, of which a multiple is greater than 
the same multiple of another, is greater than that other 
magnitude. 
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PROPOSITION 1. THEOREM. 

If any number of mctgnitudes be equimultiples qf a^ 
many, each of each; whatever multiple any one of them 19 
of its part, the same multiple shall all the first magni^ 
tudes be qf all the other. 

Let any number of magnitudes AB, CD be equimul- 
tiples of as many others By F, each of each: whatever 
multiple AB is of B, the same multiple shall AB and CD 
together, be of E and F together. 

For, because ^^ is the same multiple of F, that CD is 
of F, as many magnitudes as there are in 
AB equal to F, so many are Uiere in CD 
equal to F. 

Divide AB into the magnitudes AG, GB, 
each equal to F; and CD into the magni- 
tudes CH, II D, each equal to F 
Therefore the number of the magnitudes 
CJff, HD, will be equal to the number of 
the magnitudes AG, GB, 

And, because AG 1% equal to E, and 
CH equal to F, therefore AG and CH 
together are equal to E and F together ; 
and because GB is equal to E, and HD 
equal to F, therefore GB and HD together 
are equal to E and F together. [Axiom 2. 
Therefore as many ma^tudes as there are in ^^ eaual to 
E, so many are there m AB and CD together equal to E 
and F together. 

Therefore whatever multiple A Bis ofE, the same multiple 
is AB and CD together, of J&and J^ together. 

Wherefore, \fany number qf magnitudes &c. q.rd. 



H 



D 



PROPOSITION 2. THEOREM, 

'If the first be the same multiple of tlte second that the 
third is of the fourth, and the fifth the same multiple of 
the second that the sixth is of the fourth; the first toge- 
ther with the fifth shaU be the same mtdtiple qfthe second^ 
that the third together with the sixth is qf the fourUh. 
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Let AB the first be the same multiple of C the second, 
that DE the third is of F the fourth, and let BO the fifth 
be the same multiple of G the second, tiiat EH the sixth 
is of -F the fourth : AG, the first together with the fifth, 
shall be the same multiple of C the second, that DH, tiie 
third together with the sixth, is of ^ the fourth. 

For, because AB is the same multiple of C that DB 
is of F, as many magnitudes as 
there are in AB equal to C, so ^ 

many are there in DJS equal to F, *" 

For the same reason, as many 
magnitudes as there are in BG 
equal to (7, so many are there in 
J5?^ equal to F. B+ 

Therefore as many magnitudes 
as there are in the whole AG i | 

equal to C. so many are there in ^ r-l « J 
the whole i>i7 equal to JFl U C H F 

Therefore AG is the same multi- 
ple of C that DHis of F, 

Wherefore, if the first he the 
pame mtUtiple&c, q;e.]>. 

Corollary. From this it is 
plain, that if any number of mag- 
nitudes AB, BG, GH be multi- 
ples of another C ; and as many 
DE, EK, KL be the same mul- 
tiples of F, each of each ; then 
the whole of the first, namely, 
AH,, is the same multiple of Gy 
that the whole of the las^ namely, H C I F 
i>Z, isofi^. 
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PROPOSITION 8. THEOREM. 



If the first he the same multiple qf tite second that the 
third is qf the fourth, and if of the first and the third 
there he taken equimultiples, these shall he equimultiples, 
the one of the second, and the other of the fourth. 
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Let A the first be the same mnltiple of B the second, 
that C the third is of 2> the fonrth ; and of A and C let 
the equimultiples EF and GH be taken: EF shall be 
the same multiple of B that GHi^ of D. 

For, because EF is the same multiple of A that GH is 
of C, [Hypothesis. 



H 



as many magnitudes as 
there are in EF equal 
to ^, so many arc there 
in GH equal to G, 
Divide EF into the 
magnitudes EK^ KF, 
each equal to A ; and 
GH into the magni- 
tudes GLy LHf each 
equal to G. 

Therefore the number of _______ 

the magnitudes -E^, ^i^, 

will be equal to the number of the magnitudes GL, LH. 

And because A is the same multiple of B that G is 
ofZ>, [ffypothesU, 

and that EK^ is equal to A, and GL is equal to C7 ; [Consir, 
therefore EKis the same multiple of B that GL is of i>. 

For the same reason KFia the same multiple of B that 
LHiBofD. 

Therefore because EK" the first is the same multiple 
of B the second, that GL the third is of D the fourth, 
and that ITF the fifth is the same multiple of ^ the second, 
that LH the sixth is of 2) the fourth ; 
EF the first together with the fifth, is the same multiple 
of B the second, that GH the third together with the 
sixth, is of £> the fourth.. [V. 2. 

In the same manner, if there be more parts in i^jP" equal 
to A and in GH equal to (7, it may be snewn that EF la 
the same multiple of B that GHis of D, [V. 2, Cor. 

\fheretore, if the Jirst &c, q.e.d. j 

PROPOSITION 4. THEOREM. 

If the first have the same ratio to t?te second that th^ 
third has to the fourth, and if there he taken any equi-. 
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multipUt whatever of the first and the third, and also 
any equimtdtiples whatever of the second and the fourth^ 
then the multiple qf the first shall have the same ratio to 
the mtUtiple of the second^ that the multiple qf the third 
has to the mtUtiple of the fourth. 

Let A the first have to B the second, the same ratio 
that C the third has to D the fourth ; and of -4 and (7 let 
there be taken any equimultiples whatever E and F, and 
of B and D any equimultiples, whatever O and H: E shall 
have the same ratio to G tliat .F has to H. 

Take of E and F any equi- 
multiples whatever K and X, 
and of G and H any equimul- 
tiples whatever ilf and N, 

Then, because E is the same 
multiple of A that Fi& of (7, 
and of E and F have been taken 
equimultiples K and L\ 
therefore K is the same mul- Ic i: A 
tiple otA that L is of C. [V. 3. jp r c 



B 
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For the same reason, itf is the 
same multiple of ^ that N is of 2>. 

And because ^ is to ^ as (7 
is to i>, [Hypothesis, 

and of A and C have been taken 
certain equimultiples K and Z, 
and of B and D have been taken 
certain equimultiples M and N; 
therefore if -K' be greater than i 

M, L is greater than N\ and if 

equal, equal ; and if less, less. [V. Pefinition 5. 

But -ff'and L are any equimultiples whatever of E and Fy 
and M and iVare any equimultiples whatever of G and H; 
therefore i^ is to (r as ^is to ^. [V. Definition 5. 

Wherefore, if the first &c, q.e.d. 

Corollary. Also if the first have the same ratio in 
the second that the third has to the fourth, then any equi- 
multiples whatever of the first and third shaJl have the 
same ratio to the second and fourth; and the first and 
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third' shall iiave the same ratio to any equimultiples what- 
ever of the second and fourth. 

Let A the first have the same ratio to B the second, 
that C the third has to D the fourth ; and of A and G let 
there be taken any equimultiples whatever E and F: E 
^sdl be to ^ as i^ is to i>. 

Take of E and F any equimultiples whatever K and L^ 
and of B and D any equimultiples whatever G and H, 

Then it may be shewn, as before, that K is the same 
multiple of A tnat L is of G, 

And because ^ is to ^ as (7 is to 2>, iHypotKetit, 

and of A and G have been taken certain equimultiples K 
and Z, and of B and D have been taken certain equimul- 
tiples G and H\ 

therefore if JT be greater than 6r, Z is greater than n\ and 
if equal, equal ; and if less, less. [Y. Definition 5. 

But IT and L are any equimultiples whatever of E and F, 
and 6^ and Haxe any equimultiples whatever of B and Z> ; 

therefore i^ is to 5 as ^ is to 2>. [V. Definition 6. 

In the same way the other case may be demonstrated. 

PROPOSITION 5. THEOBEM. 

If one magnitude he the same mtdtiple qf another that 
a magnitttde taken from the first is qf a magnitude taken 
fr<ym the other, tTie remainder shall be the sam>e multiple 
of the remainder thai the wh^e is qfthe whole. 

Let AB be the same multiple of GD, that AE taken 
from the first, is of GF taken from the other: the remain- 
der EB shall be the same multiple of the remainder FD^ 
that the whole AB is of the whole GD. 

Take AG the same multiple of FD, that AE is of GF-, 
therefore AE is the same multiple of GF that EG is 
of GD, [V. 1. 

But AE is the same multiple of GF that AB is of CD; 

therefore EG is the same multiple of GD that AB is 
of(7/>; 

therefore EG is equal to AB, [Y. Ao^m 1. 
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From each of these take thet eommoa 
ma^itude AE\ then the remainder AG 
is equal to the remainder EB. 

Then, because ^^ is the same multiple 
of CF that -4 6r is of FD, [CwMtructwn, 
and that ^6r is equal to EB ; 
therefore AE is the same multiple of CF 
t\)sXEB\A of FD. 

But AE is the same multiple of CF tliat 
AB is of CD ; [ffypothesis, 

therefore EB is the same multiple of 
FD that AB is of CD. 

Wherefore, if onemagnittuie&o. q.e.d. 



PROPOSITION 6. THEOREM. 
If two magnittides he equimultiples of two others, and 
if equimtUtiples qf these he taken from the first two, the 
remainders shall he either equal to these others^ or equi* 
multiples qfthem. 

Let the two magnitudes AB, CD be equimultiples of 
the two J^, JP; and let AG, CH, taken from the first two, 
be eqummltiples of the same E, F: the remainders GB, 
HD shall be either equal to E, F, or equimultiples of them. 

First, let GB be equal to\&: HD shall be equal to F, 
MakeCJTequaJto J^. 
Then, because AG\h the same mul- 
tiple of ^ that Gff is of i?; IHyp. 
and that GB is equal to E, and C 

<7iris equal to jP; 
therefore ^^ is the same multi- 
ple of j& that JT^ is of JP. "^ H 

But AB is the same multiple 
ofi^that(72>i8of/';[^y2>oeA«w8. B D E F 

therefore KH is the same multiple of F that CD is of 1^; 
therefore KB is equal to CD. [V. AiiMm 1. 

From each of these take Jbhe common magnitude CH\ 
then the remainder CKS& equal to the remainder HD. 
But CKv& equal to ^; [Cwstrvbc^tm. 

therefore HD is equal to F. 
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Next let GB hQ ^ multiple of E\ HD shall bo the 
same multiple of F» 

Make CK the same multiple k 

of ^ that (3^^ is of -gr. 
Then, because AG \& the same 
multiple of E that CH is of 
F, [ffypothesis. 

and GB is the same multiple 
of j&thatCJrisofi?'; [Constr. 
therefore AB is the same mul- 
tiple of -^ that ^i7 is of JP. [V.2. 

But AB is the same multi- 
ple of E that GDiaotF; [Hyp, 

therefore KH\& the same multiple of F that CD is of ^; 
therefore KHi& equal to CD. [V. Aid(m 1. 

From each of these take the common magnitude CHy 
then the remainder CK is equal to the remainder HD, 

And because CK is the same multiple of F that GB is 
of^, [Gomtrwiiion. 

and that CK is equal to HD ; 

therefore HD is the same multiple of JF' that GB is of K 

WhGreiore, if two moffnilicdes &c q.e.d. 
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PROPOSITION A, THEOREM. 

If the first of four magnttitdes Iiave the sam^ ratio to 
the second that the third has to the fourth, then, if the first 
he greater than the second, the third sTum also he greater 
than the fourth, and if equal equal, and if less less. 

Take any equimultiples of each of them, as the doubles 
of each. 

Then if the double of the first be greater than the double 
of the second, the double of the third is greater than the 
double of the fourth. [V. Definition 5. 

But if the first be greater than the second, the double of 
the first is greater than the double of the second ; 
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therefore the double of the third is greater tiian the double 

of the fourth, 

and therefore the third is greater than the fourth. 

In the same manner, if the first be equal to the second, 
or less than it, the third may be shewn to be equal to the 
fourth, or less than it 

Wherefore, i/'^A^^r^f &c. qjs.d. 
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PROPOSITION J5. THEOREM. 

If four magnittides he proportionals^ they shall also 6r 
proportionals ichen taken inversely. 

Let ^ be to ^ as 6^ is to i> : then also, inversely, B 
shall be to ^ as 2> is to CI 

Take of B and D any equimul- 
tiples whatever B and F ; 
and of A and any cqmmultiples 
whatever G and H. 
First, let E be greater than G, then 
G is less than JS, . 
Then, because ^ is to ^ as C is 
to 2> ; [Hypothesis, 

and of A and C the first and third, 
G and ZTare equimultiples; 
and of B and D the second and 
fourth, JE and F are equimultiples ; 
' and that G is less than B ; 
therefore H is less than F ; [V. Def. 5. 
that is, F is greater than ff. 
Therefore, if -^ be greater tlian G,Fis greater than H, 

In the same manner, if B be equal to G, F may be 
shewn to be equal to H; and if less, less. 

But B and F are any equimultiples whatever of B 
and 2>, and G and H are any equimultiples whatever of A 
and (7; [Construction, 

therefore ^ is to^ as 2> is to (7. [V. D^nition 5. 

Wherefore, if four magnittides &c, Q.K.D. 

10 
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PROPOSITION a THEOREM. 

Jf the first he tJie same multiple of the second^ or the 
9ame part of it^ that the third is qf the fourth, the first 
shall be to the second as the third is to the fourth. 

First, let A be the same multiple of B that O is of 2>: 
A shall beto^asCistoD. 

Take of A and C any equimultiples 
whatever E and F; and of B and 2> any 
equimultiples whatever G and H, 

Then, because A is the same multiple 
of B that CisofD; [Hypothesis, 

and that E is the same multiple of ^ that 
FiAOtG\ [Construction, A B C D 

therefore E is the same multiple of J9 E G F H 
that /'is of 2>; [V. 3. 

that is ,J^and-Pare equimultiplesof jSand2>. 

But G and H are equimultiples of B 
and D ; [Consfruction, 

therefore if i? be a greater multiple of 
B than G is of ^, ^ is a greater multi- 
ple of 2) than ^ is of 2> ; 
that is, if E be greater than G, F iB 
greater than H, 

In the same manner, if E be equal to 
G, F may be shewn to be equal to A; and 
if less, less. 

But E and F are any equimultiples 
whatever of A and (7, and G and H are any equimultiples 
whatever of B and D ; [Construction. 

therefore -4 is to ^ as (7 is to 2). [V. Definition 5, 

Next, let A bo the same part of B that C7 is of 2>; 
A shall be to jB as Cis to 2>. 

For, since A is the same part of B 
that (7 is of 2>, 

therefore B is the same multiple of A 
that2>i8 0fC7; 

therefore, by the preceding case, 5 is to 
^asi>i8toC'; ABCD 

therefore, inversely, AiatoBBsCiatoD. [V. J8. 

Wherefore, if the first &c q.1!Ld. 



,y Google 



BOOK V, A 7. 



147 



PROPOSITION i). THEOREM. 

if the first he to the second as the third is to the fourth, 
and if the first he a mtiltiple, or a part, of the second, the' 
third shall he the same multiple, or the same part, of the 
fourth. 

Let ^ be to ^ as Cis to 2>. 
And JSrst, let ^ be a multiple of B: 
€ shall be the same multiple of 2>. 

Take E equal to A ; and what- 
eyer multiple ^ or i^ is of B, make 
F the same multiple of D. 

Then, because A is to 5 as C 
is to D, [Hypothesis. 

and of B the second and D the A B C D 

fourth have been taken equimultiples E p 

E and F; [Constmctum. 

therefore ^istoJ^asC^isto 
F. [V. 4, Corollary. 

But A is equal to E ; [Cmistraction. 
therefore (7 is equal to F, \Y. A. 

And F is the same multiple of 
D that ^ is of -6 ; [Construction. 

therefore C is the same multiple of D that A is of B. 

Next, let ^ be a part ofBiC shall be the same part of D. 
For, because -^4 is to ^ as C is to 2>; [Hypothesis! 

therefore, inversely, ^ is to -4 as i> is to C. [V. B. 

But -^4 is a part of B ; [Hypothesis. 

that is, ^ is a multiple of A ; 

therefore, by the preceding case, 2> is the same multiple of €-, 
that is, C is the same part of D that A is of B. 

Wherefore, if the first &c. q.e.d. 



PROPOSITION 7. THEOREM. 

Eqtud magnitudes have the same ratio to the samei 
magnitude ; and the same has the same ratio to, equal 
magnitudes. 
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Let A and B be eq^oal magnitudes, and C any other 
magnitude : each of the magnitudes A and B shaJl have 
the same ratio to C\ and C shall have the same ratio to 
each of the magnitudes A and B. 

Take of A and B any equimultiples 
whatever D and E ; and of C any mul- 
tiple whatever F. 

Then, because D is the same mul- 
tiple of A that Eis o{ Bf [Construction. 
and that A is equal to B ; [Hypothesis, 
therefore D is equal to E. [V. Axiom 1. 
Therefore if D be greater than JP, J^ is _ 

greater than F\ and if equal, equal; " OF 

and if less, less. 

But D and E are any equimultiples 
whatever of A and 5, and F is any 
multiple whatever of (7; [CoTwerwc^toii. 
therefore -4 is to Cos BiatoC. [V. 2></.6. 

f Also C shall have the same ratio to A that it has to B, 
For the same construction being made, it may be shewn, 
as before, that 2> is equal to E, 

Therefore if i^ be greater than 2>, F is greater than E; 
and if equal, equal ; and if less, less. 

But F is any multiple whatever of (7, and D and E ai*e 
any equimultiples whatever of A and B ; [Construction. 

therefore C is to -4 as C7 is to ^. [T. D^nitUm 5. 

Wherefore, eqiuil magnitudes &c. q.e.d. 



PROPOSITION 8. THEOREM. 

. Of unequal magnitudes, the greater has a greater 
ratio to the same than the less has; and the sam^ maa- 
nitude has a greater ratio to the less than it has to the 
greater. 

Let AB and BC be ane.qual magnitudes, of which AB 
is the greater ;. and let 2) be any other magnitude what- 
ever : AB shall have a gi*eater ratio to £> than BG has 
to D ; and D shall have a greater ratio to BC than it 
has to AB. 
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If the mag^tude which in not the greater of the two 
AG, CB, be not less than D, take JEF, FQ the doubles of 
AG, GB (Figure 1). 

but if that which is not the £ Tig. i. 

greater of the two AG, GB, bo 

less than D (Figures 2 and 3), 

this magnitude can be multiplied, 

so as to become greater than D, 

whether ii he AG or GB, 

Let it be multiplied until it be- 
comes greater than D, and let the 
other be multiplied as often. 

Let i^jPbe the multiple thus taken 
of AG, and FG the same multiple 
oiGB; 

therefore EF and FG are each 
of them greater than 2>. 

And in all the cases, take H 

the double of D, K\i% triple, Fig. 2. 

and so on, until the multiple 

of D taken is the first which 

is greater than JFYr. Let Z be 

that multiple of D, namely, 

the first which is greater 

than FG'y and let jS^ be the 

multiple of D which is next 

less than L, 

Then, because L is the first 
multiple of D which is greater q 

than FGy [Construction. ^ 

the next preceding multiple 
JTis not greater than FG; 

that is, FG is not less than iT. 

And because EF is the same 

multiple of AG that FG is 

of GB, [Construction. 

therefore EG is the same multiple of AB that FG 

of GB; [V. 

that is, EG and FG are equimultiples of AB and GB. 
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And it was shewn that FG is not less than K^ 
and EF is greater than D ; [Construction. 

therefore the whole EG is greater than K and D together. 
But' K and D together are equal to L ; 
therefore EG is greater than L, 
But FG is not greater than L, 

And EG and FG were shewn to be equi- 
multiples of AB and BC; 
and Z is a multiple of D, [Construction. 

Therefore AB has to 2> a greater ratio 
than BC has to £>. [V. D^nitum 7. 

Also, D shall have to BG a greater 
ratio than it has to AB, 

For, the same construction being made, 
it may be shewn, that L is greater than 
FG but not greater than EG. 

And Z is a multiple of 2>, [Conatruction. 

and EG and FG were shewn to be equi- 
multiples of AB and CB. 

Therefore Z> has to BC a greater ratio than it has 
to AB. [V. D^nititm 7. 

YTherefore, qf unequal magnitvde% &c. q.e.d. 
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PROPOSITION 9. THEOREM. 

Magnitudes which have the same ratio to tJie same 
fnagnitvde, are equal to one another ; and those to which 
the samA magnitude has the sams ratio, are equal to one 
another. 

First, let A and B have the same ratio to C: ^ shall 
be equal to B. 

. For, if ^ is not equal to By one of them must be greater 
than the other; let A be the greater. 

Tlien, by what was shewn in Proposition 8, there are 
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some equimultiples of A and B, and 
some multiple of (7, such- that the 
multiple of A is greater than the 
multiple of (7, but the multiple of 
B is not greater than the multiple 
ofC7. 

Let such multiples be taken; and 
let B and JE be the equimultiples 
of A and B, and F the multiple 
of (7; so that 2) is greater than 
F, but F is not greater Uian F. 

Then, because ^ is to (7 as jS is 
to C; and of A and jB are taken 
equimultiples B and F, and of C 
is taken a multiple F; 

and that i> is greater than 2^; [Ccmstruetim. 

therefore F is also greater than F. [V. D^nition 5, 

But F is not greater than F ; [(7ons«n*c«io», 

which is impossible. 

Therefore A and B are not unequal ; that is, they are 
equal 

Next, let G have the same ratio to A and B : A fihall 
be equal to B, 

For, if A is not equal to jB, one of them must be greater 
than the other ; let A be the greater. 

Then, by what was shewn in Proposition 8, there is 
some multiple F of C, and some equimultiples F and B of 
B and A^ such that F is greater than j&^, out not greater 
than/). 

And, because (7isto^asC7isto^, [ffypothesis, 

and that F the multiple of the first is greater than F the 
multiple of the second, [Construction, 

therefore F the multiple of the third is greater than 2) 
the multiple of the fourth. \Y, Definition 5. 

But F is not greater than 2) ; [Construction. 

which is impossible. 

Therefore A and B are not unequal ; that is, they are 
equal. 

Wherefore, magnitudes which &c. q.e.d. 
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PROPOSITION 10. THEOREM. 

That magnitude which lias a greater ratio than another 
has to the samS magnitude is the greater of the two ; and 
that magnitude to which the same ha^ a greater ratio than 
it has to another magnitude is the less of the two. 

First, let A have to C7 a greater 
ratio than j? has to (7: A shall be 
greater than B, « 

For, because A has a greater ratio A^ 

to C than B has to C7, there are some > 

equimultiples of A and B, and some 
multiple of (7, such that the multiple 
of ^ IS greater than the multiple of (7, 
but the multiple of B is not greater 
than the multiple of C, [V. Def. 7. 
Let such multiples be taken ; and 
•let D and E be the equimultiples of 
A and B, and F the multiple of (7; 
so that D is greater than F^ but E 
is not greater than F'y 
therefore D is greater than E. 

And because D and E are equimultiples of A and By and 
that D is greater than Ey 
therefore A is greater than B, [V. AxUm 4. 

Next, let C have to -ff a greater ratio than it has to A.i 
B shall be less than A. 

For there is some multiple F of G, and some equi< 
multiples E and D oi B and Ay such that F is greater 
than Ey but not greater than D ; [Y. Definition 7. 

therefore E is less than 2>. 

And because E and D are equimultiples of B and Ay and 
that E is less than 2>, 
therefore B is less than A, [V. ilicwm 4. 

Wherefore, thtU magnitude &c. q.b.d. 
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PROPOSITION 11. THEOREM: 

Ratios that are the same to the same ratio, are the same 
to one another. 

Let ^ be to ^ as (7 is to D, and let C be to 2> as ^ is 
to ^: ^ shall be to ^ as J? is to i^. 
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Take o( A, C, E anjr equimultiples whatever G,H,K; 
and of B, 2>, F any equimultiples whatever X, ilf, N. 

Then, because -4istoJ5asC^istoi>, [ffypothests. 

and that 6^ and ^ are equimultiples of A and C^ and Z 
and i(f are equimultiples of B and D ; [(7on£^ruceio}t. 

therefore if G^ be greater than Z, ZT is greater than M; 
and if equal, equal ; and if less, less. [Y. Dt^nition 5. 

Again, because (7isto2)asJ&isto^, Iffypothesis, 

and that H and IT are equimultiples of C and J^, and M 
and iV are equimultiples of D and jP ; [C(m8iructiov, 

therefore if H be greater than Jf, JT is greater than N; 
and if equal, equal ; and if less, less. [Y. Definition 5. 

But It has been shewn that if 6^ be greater than Z, H 
is greater than M ; and if equal, equal ; and if less, less. 
Therefore if be. greater than Z, K is greater than N\ 
and if equal, equal ; and if lesi^, less. 
And G and R are any equimultiples whatever of A and E^ 
and Z and N are any equimultiples whatever of B and F, 
Therefore -4 is to 5 as i^ is to JP. [V. Definition 5. 

Wherefore, ratios that are the same &c. Q.|:a>. 
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PROPOSITION 12. THEOREM, 

If any number of magnitudes he proportionals, as one 
qfthe antecedents is to its consequent^ so shall all the ante- 
cedents be to all the consequents. 

Let any number of magnitudes A, By Cy D, E, F he 
proportionals ; namely, as A ia to B, so let C he to D, and 
^ to jP: as ^ is to j?, so shall A, C, E together be to 
5, 2), jP together. 
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Take of -4, C, E anj equimultiples whatever G, Hy ST; 
and of By />, F any equimultiples whatever Z, My N, 

Then, because -^istojBasCistoD and as J^ is to -F, 
and that Gy H, K are equimultiples of Ay C, Ey and Z, 3f, N 
equimultiples of J9, 2>, F', [Construction, 

therefore it G he greater than Z, H is greater than 3f, 
and JT is greater t£ui N; and if equal, equal ; and if less, 
loss. [V. Definition 6. 

Therefore, if 6r be greater than Z, then Gy Hy K together 
are p-eater than Z, My N together ; and if equal, equal ; 
and if less, less. 

But Gy and Gy Hy K together, are any equimultiples 
whatever of -4, and -4, (7, E together ; [V. 1. 

and Z, and Z, My N together are any equimultiples what- 
ever of By and By Z>, F together. [V. 1. 

Therefore as ^ is to J5, so are Ay (7, E together to 
By Dy F together. [V. D^nition 5. 

Wherefore, if any number &c. q.e.I). 

PROPOSITION 13. THEOREM. 

If the first have the same ratio to t?ie second which the 
third has to the fourth, but the third to the fourth a greater 
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ratio than the Jtfih to the sixth, the first shaU have to the 
second a greater ratio than the fifth has to the sixth. 

Let A the first have the same ratio to B the second 
that C the third has to D the fourth, but C the third a 
greater ratio to D the fourth than E the fifth to F the 
sixth: A the first shall have to B the second a greater 
ratio than E the fifth has to F the sixth. 



M 


G 


H 


A 


/-I ,. _ 


E 


Tt 








y - . - 


N 


K 


L r-^ 



For, because G has a greater ratio to D than E has to Fj 
there are some eauimultiples of C and E, and some equi- 
multiples of D and F, such that the multiple of C is greater 
than the multiple of 2>, but the multiple of E is not greater 
than the multiple of F. [V. Definition 7. 

Let such multiples be taken, and let G and H be the equi- 
multiples of V and Ey and K and L the equimultiples of 
DKnaF'y 

so that (? is greater than K, but jy is not greater than Z. 
And whatever multiple O is of C7, take Jf the same mul- 
tiple of A ; and whatever multiple JT is of 2>, take N the 
same multiple of B. 

Then, because ^isto^as^isto2>, [Hypothesis, 

and Jtf and G^ are equimultiples of A and C, and N and 
iT are equimultiples of B and 2> ; [Cwixtruction, 

therefore if Jf be greater than N, G i& greater than ^; 
and if equal, equal ; and if less^ less. [V. Dtfinition 5. 

But G is greater than K\ [GomPructum, 

therefore M\% greater than N, 

But H is not greater than L ; [Contiruetum, 

and M and H are equimultiples of A and E, and N and L 
are equimultiples of jB and F\ ' [Constmustion, 

therefore A has a greater ratio to B than E has to F* 

Wherefore, if the first &c. q.e.d. 
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Corollary. And if the first have a greater ratio to 
the seoond than the third has to the fourth, but the third 
the same ratio to the fourth Uiat the fifth has to the sixth, 
it may be shewn, in the same manner, that the first has a 
greater ratio to the second tlian the fifth has to the sixth. 



PROPOSITION 14. THEOREM. 

Xf the first have the same ratio to the second that the 
third has to the fourth, then if the first be greater than 
the third the second shall be greater than the fourth; and 
if equal, equal; and ifless, less. 

Let A the first have the same ratio to B the second 
that C the third has to 2> the fourth : if ^ be greater than 
Cy B shall be greater than D ; if equal, equal; and if less^ 
less. 

1 3 3 



A B C D 



ABCD ABCB 



First, let A be greater than C : B shall be greater than Z>. • 
For, because A is greater than 6^, {Hypothms, 

and B is any other magnitude ; 

therefore ^ has to ^ a greater ratio than C has to B. [V. 8. 
But ^ is to ^ as (7 is to 2>. [Hypotheais. 

Therefore (7 has to 2> a greater ratio than C has to B. [V. 13. 

But of two magnitudes, that to which the same has the 
greater ratio is the less. [V. 10. 

Therefore D is less than B\ that v^ B\a greater than 2>. 
. Secondly, let A be eqi&l UiCi B shall be equal to 2>. 
For, j| is to ^ as (7, that is A, is to />. [Hypoihem, 

Therefore B is equal to 2>. [V. 9. 
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Thirdly, kt A be less than C: B shall be less than 2>. 
For, C is greater than A, ' 

And because C7isto/>as^istoi?; [Eypoikem. 

and C is greater than A ; 
therefore, by the first case, D is greater than B\ 
that is, B is less than D. 

V^hereloroy if the Jlrst &c q.b.d. 



PROPOSITION 15. THEOREM. 

Magnitudes have the same ratio to one another that 
their equimultiples have. 

Let AB be the same multiple of C that DE is of JF': 
(7 shall be to JP as ^i? is to DE, 

For, because AB is the same multiple of C that 2>^ is 
of JF*, [Hypothesis, 

therefore as many magnitudes as 
there are in AB eqiml to (7, so 
many are there in DE equal to F, 
Divide AB into the magnitudes 
AGy GHy HB, each equal, to O; 
and DE into the magnitudes H- 

DIT, KL, LE, each equal to F, 
Therefore the number of the mag- 
nitudes^ G^, GH, HB will be equal B 
to the number of the magnitudes 
DK, KL, LE, 

And because A G^ GH^ HB are all equal ; [Cmttructum, 
and that DKy KL, LE are also all equal ; 
therefore AG is to DK as GH is to AX, and as HB is 
toZ^. [V. 7. 

But as one of the antecedents is to its consequent, so are 
all the^tecedents to all the consequents. [Y. 12, 

Therefore as -4 6r is to DK so is AB to DE^ 
But ^G^ is equal to G, and DK is equal to F, 
TJierefore as (7 is to -F so is AB to DE, 

Wherefore, magnitudes &c. q.e.d. 
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PROPOSITION 16. THEOREM. 

Xffour magnitudes of the same kind he proportionals^ 
they shall also be proportionals when taken alternately. 

Let Ay Bj Cy D be four magnitudes of the same kind 
i^hich are proportionals ; namely, as ^ is to ^ so let (7 bo 
to 2>: they shall also be proportionals when taken alter- 
nately, that iS; A shall be to C; as J9 is to 2>. 



C- 



A c- 

B D- 

F H- 



Take of A and B any equimultiples whatever E and Fy 
and of C and D any equimmtiples whatever G and H» 

Then, because E is the same multiple of A that F is of 
By and that magnitudes have the same ratio to one another 
that their equimultiples have ; [V. 15. 

therefore ^ is to i^ as j^ is to ^. 

But ^ is to J? as C7 is to /). [Hypothesis, 

Therefore C is to 2> as JF is to JF: [V. 11. 

Again, because G and H are equimultiples of C and 2>, 
therefore (7 is to 2) as G is to jy. [V. 15. 

But it was shewn that C' is to Z> as ^ is to F, 
Therefore JS? is to Z' as 6^ is to ZT. [V. 11. 

But when four magnitudes are proportionals, if the 
first be greater than the third, the second is greater than 
the fourth ; and if equal, equal ; and if less, less. [V. 14. 
Therefore if E be greater than Gy F is greater than H-y 
and if equal, equal ; and if less, less. 

But E and F are any equimultiples whatever of A and 
By and G and H are ajiy equimultiples whatever of G 
and D. [Coratruction, , 

Therefore ^ is to (7 as ^ is to 2>. [V. DefinUlon 5. . 

Wherefore, if four magnitudes &c Q.B.D. 
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Xf mcifffutudes, taken jointly, he proportionals, thef^ 
shall also be proportionals when taken separately; that 
is, if two magnitudes taken together have to one qf them 
the same ratio which two others have to one (if these, the 
remaining one qf the first two shall have to the other the 
same ratio which the remaining one qf the last two has to 
the other qf these. 

Let JB, BE, CD, DF be the magnitudes which, taken 
jointly, are proportionals ; that is, let ABhe to BE as CD 
is to DF: they shall also be proportionals when taken 
separately; that is, AE shall be to EB as CFh to FD, 

Take of AE, EB, CF, FD any 
equimultiples whatever Off, ffK, 
LM, MN\ 

and, again, of EB, FD take any 
equimultiples wlmtever KX, NP, 

Then, because GHi^ the same 
multiple of AE that JMTis oiEB ; 
therefore OH is the same multiple 
of AE that OK is of AB. [V. 1. 
But Off is the same multiple of 
AE that LM is of CF, [Canstr. 
therefore OJCis the same multiple 
of AB that LM is of CF 

Again, because Zilfis the same G A C i- 

multiple of CF that MN is of FD, [Construction, 

therefore LM is the same multiple of CF that LN is 
of CD, [V. 1. 

But LM was shewn to be the same multiple of CF that 
OKis of AB. 

Therefore OK is the same multiple of AB that LN is 
ofCD; 

that is, OK and LN are equimultiples of AB and CD, 
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Again, because HK is the same multiple of EB that 
MNis of FD^ and that KX is the same multiple of EB 
that NP is of FD, [Ccm^lructim. 

therefore HX is the same multiple 
of EB that MP is of FD ; [V. 2. ^ 

that is, ^X and MP are equimulti- 
ples of JE5 and /7). -p 

And because -45 is to BE^ CD 
is to DF^ [Hypothesis, 

and that 6^X and LN are equimul- 
tiples of ^5 and CD, and ^X and ^ 
JHfP are equimultiples of MB and 

thereforeif(TXbegreaterthan^X, 
Zi\ris greater thanJtfP ; and if equal, 
equal ; and if less, less. [V. Def, 6. 
But if GH be greater than KX, q j^ 

then, by adding the common mag- 
nitude ffX to both, OX is greater 
thmHX; 

therefore also LNib greater than MP; 
and, by taking away the common magnitude MN from 
both, LM is greater than NP, 
Thus if GHhe greater than XX, LM is greater than NP. 

In like manner it may be shewn that, if GH be equal 
to XX, LM is equal to NP ; and if less, less. 

But GH and LM are any equimultiples whatever of 
-4-^ and CF, and XX and NP are any equimultiples 
whatever of EB and FD; [Construction. 

therefore AE is to EB as CF is to FD. [V. D^nUion 5. 

Wherefore, if four magnititdes &c. q.e.d. 



PROPOSITION 18. THEOREM. 

If magnitudes, taken separately, be proportionals, they 
shall also be proportionals when taken jointly; that is, if 
' the first be to the second as the third to the f mirth, the 
first and second together shall be to the second as the third 
^nd fourth together to the fourth. 
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Let AE^ EBy GF, FD be proportionals ; that is, let 
AE be to EB as CF is to FD : they shall also be propor- 
tionals when taken jointly ; that is, AB shall be to BJa as 
CD IB to DF. 

Take of AB, BE, CD, DF any equimultiples whatever 
GH,HK,LM,MN\ 

and, again, of BE, DF take any equimultiples whatever 
KO, NP. 

Then, because KO and NP are equimultiples of BE 
and DF, and that KH and NM are also equimultiples of 
BE and DF ; [CoMtructwn, 

tberefore if KO, the multiple of BE, be greater than KH, 
which is a multiple of the same BE, then NP the multiple 
of DF is also greater than NM the multiple of the same 
DF\ and if ^0 be equal to KH, NP is equal to NM; 
and if less, less. 



P 

N 



First, let KO be not greater than KH\ 
therefore NP is not greater than NM, 

And because GH and HK jj^ 

are equimultiples oi AB 

and BE, [Construction. 

and that AB is greater 

than BE, 

therefore GH is greater 

than HK; [V. Axiom 3. 

but JTO is not greater 

than KH; [Hypothesis, 

therefore GH is greater 

than KO, 

In like manner it may 
be shewn that LM is 
greater than NP, Cl- 

Thus if KO be not greater 

than KH, then GH, the multiple of AB, is always greater 
than KO, the multiple of BE ; 

and likewise LM, the multiple of CD, is greater than iVP, 
the multiple of DF, 
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Next^ let KO be greater than KH-, 

therefore, as has been shewn, NP is greater than NM, 

And because the whole GH is the same multiple of the 
whole AB that HK is of BE, [ConaPruction. 

therefore the remainder GJT is the same multiple of the 
remainder AE that GH is of AB ; [V. 5. 

which is the same that LMis of CD, [C(mstructi<m. 

In like manner, because the whole LM is the same 
multiple of the whole CD that MNi% of DF, [C<m8truction. 

therefore the remainder LN is the same multiple of the 
remainder CF that LM is of CD, [V. 5. 

But it was shewn that LMib the same multiple of CD that 
GK IB of AE, 

Therefore GK is the same multiple of AE that LN is 
of CF; 

that is, G^JTand ZiV are equimultiples of -4^ and CF, 

And because £^0 and iVP are equimultiples^ of BE and 
DF; [Construction. 

therefore, if from KO and NP there be taken Kff and 
iV!i*f, which are also equimultiples of BE and DF, [ConHr. 

the remainders HO and 3fP are either equal to BE and 



JD-F, or are equimultiples of them. 

Suppose that HO and MP 
are equal to BE and DF, 
Then, because -4^ is to EB 
as CF is to F7>, [Hypothesis, 
and that O^-ff' and XiV are 
equimultiples of AE and (7F; 
therefore GK\a to ^5 as LN 
is to F2). [V. 4, Co*'. 

But ^0 is equal to BE, and 
-flfP is equal to DF ; [Hyp, 
therefore GKva to ZTO as LN 
is to JIf P. 



[V. 6. 



O 
K 
G 







P 






K 


B 

E 




N 


A 


C 


1 



,y Google 



BOOK V. 18. 



163 



Therefore if GK be greater than HO, LN is greater than 
MP ; and if equal, equal ; and if less, less. [V. A, 

Again, suppose that HO and ibTP. are equimultiples 
of EBm^FD, 



O 
fi 
K 



B 
E 



P 

K 



Then, because ^^ is to EB 
as CF is to FD'y [Hypothesis. 
and that GK and LN are 
equimultiples of AE and CF, 
and HO and itfP are equi- 
multiples of EB and i^Z> ; 
therefore if GK be greater 
than HO, LN is greater than 
MP J and if equal, equal ; and 
if less, less ; [V. Definition 5. 

which was likewise shewn on 
the preceding supposition. 

But if GHhe greater than KO, then by taking the com- 
mon magnitude KH from both, ^^is greater than HO; 

therefore also LN is greater than MP ; 

and, by adding the common magnitude NM to both^ LM 
is greater than NP. 

Thus if GH be greater than KO, LMis greater than NP. 

In like manner it may be shewn, that if GH be equal 
to KO, LMis equal to NP; and if less, less. 

And in the case in which KO is not greater than KH, 
it has been shewn that GH is always greater than KO, 
and also LM greater than NP. 

But GH and LM are any equimultiples whatever of AB 
and CD, and KO and NP are any equimultiples whatever 
of BE and DF, [Oonstructi<m, 

therefore AB is to BE 9S CD is U> DF [V. D^/hUHon 5. 

Wherefore, if magnitudes &c. q.e.b. 
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PROPOSITION 19. THEOREM. 

Jf a whole magnitude he to a whole as a magnitude 
taken from the first is to a m^xgnitude taken from the 
other, the remainder shall be to the remainder as the 
whole is to the whole. 

Let the whole AB be to the whole CD as AE, a mag- 
nitude taken from AB^ is to GF, a magnitude taken from 
CD: the remainder EB shall be to the remainder FD as 
the whole ^^ is to the whole CD. 

For, because AB is to CD as ^^ is to 
CF, [HypotJvesis. 

therefore, alternately, AB is to AE as 
CD is to CF. [V. 16. 

And if magnitudes taken jointly be pro- 
portionals, they are also proportionals 
when taken separately; [V. 17. 

therefore EB is to AE as FD is to CF) 
therefore, alternately, EB is to FD as B D 

AE is to CF. [V. 16. 

But ^^ is to OF as ^5 is to (72) ; [Hyp. 
therefore ^5 is to i^2>as^^isto(72>. [VJl. 

Wherefore, if a whole &c. q.e.d. 

CoROLLABY. If the whole be to the whole as a mag- 
nitude taken from the first is to a magnitude taken from 
the other, the remainder shall be to the remainder as the 
magnitude taken from the first is to the magnitude taken 
from the other. The demonstration is contained in the 
preceding. 

PROPOSITION E. THEOREM. 

If four magnitudes he proportio7ials, they shall also he 
proportionals hy conversion ; that is, the first shall he to 
its excess above the second as the third is to its excess above 
the fourth. 

Let AB be to BE as C/) is to DF: AB shall be to 
AE as CD is to CF. 
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For, because ^^ is to BE as CD is 
to DF\ [Hypothesis, 

therefore, by division, AE is to EB as 
CFhtoFD; [V. 17. 

and, by inversion, EB is to AE as FD 
is to OF. [V. B. 

Therefore, by composition, AB is to AE 
as (72> is to CF [V. 18. 

^heref ore,if/our magnitudes &c, q.e.d. 



C 



B D 



PROPOSITION 20. THEOREM, 

Tf there he three magnitudes, and other three, which 
have the same ratio, taken two and two, then, if the first 
he greater than the third, the fourth shall he greater than 
the sixth; and if equal, equal; and if less, less. 

Let A, B, C be three magnitudes, and D, E, F other 
three, which have the same ratio taken two and two ; that 
is, let -4 be to J? as i> is to E, and let 5 be to C as ^ is 
to F: hi A be greater than C, D shall be greater than F; 
and if equal, equal ; and if less, less. 

First, let A be greater than C: D 
shall be greater than F, 
For, because A is greater than C, and B 
is any other magnitude, 
therefore A has to ^ a greater ratio than 
(7 has to 5. [V. 8. 

But A isto-Ba8i>isto^; {Hypothesis. 
therefore i> has to J^ a greater ratio than 
C has to A [V. 13. 

And because ^ is to (7 as J^ is to F, [Hyp, A B 6 
therefore, by inversion, C is to -S as F is d e F 
to E, [V. B, 

And it was shewn that i> has to ^ a 
greater ratio than C has to B ; 
therefore jD has to J^ a greater ratio than 
i^'hastojE^; [V. 13, C7or. 

therefore D is greater than F, [V. 10. 
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Secondly, let A be equal to G: D shall 
be equal to F. 

For, because A is equal to (7, and B is any 
other magnitude, 

therefore -4 is to ^ as (7 is to ^. [V. 7. 
But ^ is to 5 as i> is to E^ [Hypothesis. 
and (7 is to ^ as ^is to Ey [Hyp, V. B, 
therefore 2> is to ^ as jP is to J? ; [V. 11. 
and therefore D is equal to F, [V. 9. 

Lastly, let A be less than C\ D shall 
be less than F, 
For C is greater than A ; 
and, as was shewn in the first case, (7 is tb 
^as-Pisto.&; 

and, in the same manner, B\&io A as ^ is 

to2>; 

therefore, by the first case, F is greater 

than D ; 

that is, D is less than F, 

Wherefore, if there be three &c. q.e.d. 



A B 
D E P 
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E F 



PEOPOSITION 21. THEOREM. 

If there he three magnitudes, and otJier three, which 
have the same ratio, taken two and two, hut in a cross 
order, then if the first he greater than the third, the 
fourth shall he greater than the sixth; and if equcdj 
—-' ' and if less, less. 



Let A,B,Ohe three magnitudes, and D, E, F other 
three, which have the same ratio, taken two and two, but 
in a cross order ; that is, let ^ be to 5 as iS^ is to F, and 
let J? be to (7 as Z> is to E-. if A be greater than G, D 
shall be greater than F) and if equal, equal ; and if less, 
less. 

First, let A be greater than G: D shall be greater 
thani^. 
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For, because A is greater than C> 
and B is any other magnitude, 
therefore A has to ^ a greater ratio 
than (7 has to ^. [V. 8. 

But -4 is to -5 as ^ is to -F; [ffi/pothesis, 
therefore E has to ^ a greater ratio 
than GhastoB, [V. 13. 

And because j? is to (7 as jD is 
to E, [Hypothecs, 

therefore, by inyersion, C is to -5 as . 
Pistol). [V. i?. 

And it was shewn that E has to i^ a 
greater ratio than G has to B ; 
therefore E has to uP a greater ratio 
thanj&hastoi>; [V. 13, Cor. 

therefore F is less than D ; [V. 10. 
that is, D is greater than F, 

Secondly, let A be equal to C: D 
shall be equal to F. 

For, because A is equal to (7, and B 
is any other magnitude, 
therefore ^ is to ^ as 6^ is to B. [V. 7. 
But -4 is to ^ as ^ is to ^; [Hyp, 
and(7isto5as^i8to2>; [Hyp. V. 5. 
therefore -Sis to ^as jFis to 2> ; [Y. li. 
and therefore D is equal to F, [V. 9. 

Lastly, let A be less than G\ D 
shall be less than F. 

For (7 is greater than A ; 

and, as was shewn in the first case, 

dsto^as^is to/); 

and, in the same manner, J? is to ^ as 

-FistojE^; 

therefore, by the first case, ^ is greater 

than D ; 

that is, D is less than F. 

Wherefore, \f there he three &c. q.e.d. 
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PEOPOSITION 22. THEOREM. 

If there he any number of magnitudes, and as many 
others y which have the same ratio, taken two and two in 
ord^r, the first shall fiave to the last of the first mxig- 
nitudes the same ratio which the fi/rst of the others Juts 
to the last. 

[This proposition is usually cited by the words ex cegudli.] 

First, let there be three magnitudes A, B,C, and other 
three 2), E, E, which have the same ratio, taken two and 
two in order ; that is, let ^ be to J5 as i> is to J^, and let B 
be to CasEhto F: A shall be to (7as2>is to jP. 

Take of A and 2) any equi- 
multiples whatever G and A; 
and of B and E any equimul- 
tiples whatever K and L ; 
and of G and E any equimul- 
tiples whatever i[f and N. 
Then, because -4 is to -S as 2> 
is to ^; [Hypothesis. 

and that G and H are equi- 
multiples of -4 and 2>, 

and K and L equimultiples of 
B and E ; [Construction. 

therefore G^ is to JT as iT is to 
L [Y. 4. 

For the same reason, ^ is to iJf as Z is to N. 
And because there are three magnitudes G, K, M, and 
other three H, L, N, which have the same ratio taken two 
and two, 

therefore if G be greater than M, B is greater than N\ 
and if equal, equal ; and if less, less. [Y. 20. 

But G and H are any equimultiples whatever of A and 7>, 
and Jf and iVare any equimultiples whatever of O and F, 

Therefore -^4 is to (7 as i> is to jP. [V. Be/lnUion 5. 

Next, let there be four magnitudes, A, B, (7, 2>, and 
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A. B. C. D. 
E. F. G. H. 



ether four E^ F, G, H, which have the 
same ratio taken two and two in order ; 
namely, let -4 be to ^ as ^ is to -F, and 
jB to C' as ^ is to (r, and (7 to 2> as 
G is to H: A shall be to 2> as ^ is to JK 

For, because A, By O are three magnitudes, and JEJ^ F, G 
other three, which have the same ratio, taken two and two 
in order, [Hypothesis, 

therefore, by the first case, ^ is to (7 as -^ is to (r. 
But (7 is to 2> as (r is to ^; [Hypoikem. 

therefore also, by the first case, -4 is to 2) as -^ is to H, 

And so on, whatever be the number of magnitudes. 

Wherefore, %f there he any number &c. q.e.d. 



PROPOSITION 23. THEOREM, 

If there he any number of magnitudes, and as many 
others, which have the same ratio, taken two and two in 
a cross order, the first shall have to the hist of the first 
m,agnitudes the same ratio which the first of the others 
has to the last. 

First, let there be three ma^tudes, A, B, C, and other 
three D, E, F, which have the same ratio, taken two and 
two in a cross order ; namely, let A be to J5 as j& is to F, 
and ^ to (7 as jD is to ^ : A shall be to (7 as 2> is to F, 

Take of A, B, D any 
equimultiples whatever G, 
H, K\ and of G, E, F any 
equimultiples whatever X, 

Then because G and XT are 
equimultiples of A and B, 
and that magnitudes have 
the same ratio which their 
equimultiples have ; [V. 15. 

therefore ^ is to J9 as 6i^ is 

And, for the same reason, 
.^ristoi^aaillfistoiV: 
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But ^isto^as^isto 
F, [Hypothesis, 

Therefore 6? is to jy as 3f 
is to iV: [Y. 11. 

And because ^ is to (7 
as Z> is to ^, [Hypothesis. 
and that -ff" and ^ are 
equimultiples of B and Z>, 
and L and ilf are equimul- 
tiples of C7and E; [Constr, 
therefore ^ is to Z as iT 
is to 3f. [V. 4. 

And it has been shewn 
that (7 is to iJ as JIf is 
toiV. 

Then since there are three magnitudes G, Hy Ly and 
other three JT, M^ N, which have the same ratio, taken two 
and two in a cross order; 

therefore if Q be greater than Z, K is greater than N\ and 
if equal, equal ; and if less, less. [V. 21 . 

But G and K are any equimultiples whatever of A and Z>, 
and L and N are any equimultiples whatever of C and F\ 
therefore -4 is to (7 as 2> is to it [V. Definition 5. 

Next, let there be four magnitudes 
A, By C, Z>, and other four E, F, G, Hy 
which have the same ratio, taken two 
and two in a cross order ; namely, let 
A be to ^ as 6? is to Hy and B to G 
as jPis to6?, and(7to2>as ^istoi^: 
A shall be to 2> as ^ is to ZT. 

For, because Ay By G are tjiree magnitudes, and JP, G, E[ 
other three, which have the same ratio, taken two and two 
in a cross order ; [Hypothesis. 

therefore, by the first case, ^4 is to C as i' is to ZT. 

But (7 is to 2> as Z? is to jP; [Hypothesis. 

therefore also, by the first case, -4 is to 2> as j& is to JHI 

And so on, whatever be the number of magnitudes. 

y^hereioreyif there he any number ^, Q.B.D. 
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PROPOSITION 24. THEOREM. 

If the first have to the second the same ratio which the 
third has to the fourth, and the fifth have to the second 
the same ratio which the sixth has to the fourtJi, then tJie 
first and fifth together shall have to the second the same 
ratio which the third and sixth together have to the fourth. 

Let AB the first have to G the second the same ratio 
which DE the third has to F the fourth ; and let BG the 
fifth hare to G the second the same ratio which EH the 
sixth has to F the fom-th : AG, the first and fifth together, 
shall have to C the second the same ratio which DJI, iho 
third and sixth together, has to i^the fourth. 

For, because BG is to G as EH 
is to i^, [Hypothesis, 

therefore, by inversion, G is to BG 
oaFis to EH [V. E. 

And because AB ia to G bs DE is 
toi^, [Hypothesis, ^ 

and G is to BG as i^is to EH; 
therefore, ex seqi^ali, -4^ is to BG 
as JDE is to EH [V. 22. 

And, because these magnitudes are 
proportionals, they are also propor- 
tionals when taken jointly ; [V. 18. 
therefore AG ia to BG as 2>^is to EH. 
But BG is to (7 as EH is to ^; [Hypothesis. 

therefore, ex eequali, AG ia to G as DH ia to F. [V. 22. 
Wherefore, if the first &c. q.b.d. 

Corollary 1. If the same hypothesis be made as in 
the proposition, the excess of the first and fifth shall be to 
the second as the excess of the third and sixth is to the 
fourth. The demonstration of this is the same as that of 
the proposition, if division be used instead of composition. 

Corollary 2. The proposition holds true of two ranks 
of magnitudes, whatever be their number, of which each of 
the first rank has to the second magnitude the same ratio 
that the corresponding one of the second rank has to the 
fourth magnitude ; as is manifest. 
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PROPOSITION 25. THEOREM. 

If four magnitudes of the same kind he proportionals, 
the greatest and lea^t of them together shall he greater 
than the other two together. 

Let the four magnitudes AB, CD, E, F be propor- 
tionals ; namely, let AB be to CD as j& is to i^ ; and let 
AB be the greatest of them, and consequently F the 
least: , [V. J., V. U. 

AB and F together shall be greater than CD and E 
together. 

Take AG equal to E, and t> 

CH equal to J'. 
Then, because AB is to CD as 
^ is to i^, [Hypothesis, 

and that ^0^ is equal to E, and 
CH equal to F ; [Constniction. 
therefore AB is to CD v^a AG 
is to Cff. [V. 7, V. 11. 

And because the whole ABm to ACEF 

the whole CD s& AG is to CH; 

therefore the remainder GB is to the remainder HD as 
the whole AB is to the whole CD, [V. 19. 

But AB is greater than CD ; [Hypothesis. 

therefore BG is greater than DH, [V. A , 

And because ^6r is equal to E and (7Jy equal to F, [Constr, 
therefore AG and F together are equal to CH and JS 
together. 

And if to the unequal magnitudes BG, DH, of which 
BG is the greater, there be added equal magnitudes, 
namely, AG and F to BG, and CH and E to DH, then 
^^ and -F together are greater than CD and E together. 

Wherefore, if four magnitudes &c. q.e.d. 
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1. Similar rectilineal 
figures are those which 
have their several angles 
equal, each to each, and 
the sides about the equal 
angles proportionals. 

2. Reciprocal figures, namely, triangles and parallelo- 
grams, are such as have their sides about two of their 
angles proportionals in such a manner, that a side of tiie 
first figure is to a side of the other, as the remaining side 
of this other is to the remaining side of the first. 

3. A straight line is said to be cut in extreme and 
mean ratio, when the whole is to the greater segment as 
the greater segment is to the less. 



4. The altitude of any figure is 
the straight line drawn from its ver- 
tex perpendicular to the base. 
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PEOPOSITION 1. THEOREM. 

Triangles and parallelograms of the same altittide are 
to one another as their bases. 

Let the triangles ABC, A CD, and the parallelograms 
EGy CF have the same altitude, namely, the perpen(Scular 
drawn from the point A to BD : as the base BC is to the 
base CD, so shall the triangle ABC be to the triangle A CI>, 
and the parallelogram EC to the parallelogram CF, 

Produce BD both 
ways; 

take any number of 
straight lines BG, GH, 
each equal to BC, and 
any number of straight 
lines DIT, KL, each 
equal to (72>; [1.3. 
and join A G,AH, AK, 
AL, 

Then, because CB, BG, GHbto all equal, [CanstrucUan. 
the triangles ABC, AGB, AHG are all equal. [I. 88. 

Therefore whatever multiple the base HC is of the base 
BC, the same multiple is the triangle AHC of the tri- 
angle ABC. 

For the same reason, whatever multiple the base CL is of 
the base CD, the same multiple is the triangle ACL of 
the triangle ACD. 

And if the base HC be equal to the base CL, the triangle 
AHC is equal to the triangle ACL\ and if the base HC 
be greater than the base CL, the triangle AHC is greater 
than the triangle ACL ; and if less, less. [I. 38. 

Therefore, since there are four magnitudes, namely, the 
two bases BC, CD, and the two triangles ABC, ACD; 
and of the base BC, and the triangle ABC, the first and 
the third, any equimultiples whatever have been taken, 
namely, the base HC and the triangle AHC', and of tlie 
base CD and the triangle ACD, the second and the fourth, 
any equimultiples whatever have been taken, namely, the 
base CL and the triangle ACL ; 
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and since it has been shewn that if the base HChe greater 
than the base CL, the triangle AHC is greater than the 
triangle ACL ; and if equal^ equal ; and if less, less ; 

therefore as the base BC is to the base CD, so is the 
triangle ABC to the triangle ACD. [V. Definition 6. 

And, because the parallelogram CB is double of the 
triangle ABC, and the parallelogram CF is double of the 
triangle ^C2>; [1.41. 

and that magnitudes have the same ratio which their equi- 
multiples have ; [V. 16. 

therefore the parallelogram BC is to the parallelogram CF 
as the triangle ABCia to the triangle AvD. 

But it has been shewn that the triangle ABC is to the 
triangle ACD as the base BC is to the base CD ; 
therefore the parallelogram EC is to the parallelogram CF 
as the base BC is to the base CD, \Y. 11. 

Wherefore, triangles &c. q.e.d. 

Corollary. From this it is plain that triangles and 
parallelograms which have equal altitudes, are to one an- 
other as their bases. 

For, let the figures be placed so as to have their bases 
in the same straight line, and to be on the same side of it ; 
and haying drawn perpendiculars from the vertices of the 
triangles to the bases, the straight lino which joins the ver- 
tices is parallel to that in which their bases are ; [I. 83. 

because the perp^diculars are both equal and parallel to 
one another. [I. 28. 

Then, if the same construction be made as in the pro- 
position, the demonstration will be the same. 

PROPOSITION 2. THEOREM, 

If a straight line he drawn parallel to one of the sides 
of a triangle, it shall cut the other sides, or those sides 
produced, proportionally; and if the sides, or the sides 
produced, he cut proportionally, the straight line which 
joins the points of section, shall he parallel to tJie re- 
maining side of the triangle. 
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Let DE be drawn parallel to BC^ one of the sides of 
the trianffle ABC: BD shall be to DA as CE is to EA^, 




Join BE, CD. 
Then the triangle BDE is equal to the triangle CDE^ 
because they are on the same base DE and between 'the 
same parallels DE, BC [I. 37. 

And ADE is another triangle ; 

and equal magnitudes have the same ratio to the same 
magnitude ; [V. 7. 

therefore the triangle BDE is to the triangle ADE as the 
triangle CDE is to the triangle ADE. 

But the triangle BDE is to the triangle ADE as BD 
}& to DA ; 

because the triangles have the same altitude, namely, the 
perpendicular drawn from E to AB, and therefore they are 
to ono another as their bases. [VI. 1. 

For the same reason the triangle CDE is to the triangle 
ADEtis CE is to EA. 

Therefore BD is to DA as CE is to EA, [Y. 11. 

Next, lot BD he to DA OS CEia to EA, and join DE: 
DE shall be parallel to BC, 

For, the same construction being made, 

because BD is to DA as CE is to EA, [ffypothesis. 

and as BD is to DA, so is the triangle BDE to the 
triangle ADE, [VI. 1. 

and as CE is to EA so is the triangle CDE to the triangle 
ADE; fVn. 
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therefore the triangle BDE is to the triangle ADE as the 
triangle CDE is to the triangle ADE\ [V. 11. 

that is, the triangles BDE and CDE have the same ratio 
to the triangle ADE. 

Therefore the triangle BDE is equal to the triangle 
CDE, [V. 9. 

And these triangles are on the same base DE and on the 
same side of it; 

bat equal triangles on the same base, and on the same side 
of it, are between the same parallels ; [I. 39. 

therefore DE is parallel to BC, 

Wherefore, if a straight line &c. q.e.d. 



PROPOSITION 3. THEOREM. 

If the vertical angle of a triangle he bisected hy a straight 
line which also cuts the base, ths segments of the base shall 
have the same ratio which the other sides of the triangle 
have to one another j and if the segments of the base have 
the same ratio which the other sides of the triangle have to 
one another^ the straight line drawnfrom the vertex to the 
point of section shall bisect the vertical angle. 

Let ABC be a triangle, and let the angle BAC be 
bisected by the straight line AD, which meets the base at 
D'. BD shall be to DC as BA is to AC. 

Through (7 draw CJ^ 
parallel to DA, [I. 31. 
and let BA produced 
mtQiCE^XE, 

Then, because the 
straight line AC meets 
the parallels AD, EC, 
the angle ACE is equal 
to the alternate angle 
CAD, , [1.29. 

but the angle CAD is, by hypothesis, equal to the angle 
BAD', 
therefore the angle BAD is equal to the angle ACE, \Ax. 1. 
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Again, because the straight lino BAE meets the parallels 
Ab, EG, the exterior angle BAD is equal to the interior 



and opposite angle A EC; 
but the angle BAD has 
been shewn equal to the 
wagleACE; 
therefore the angle A CE 
is equal to the angle 
AEC'j [Axiom 1. 

and therefore AC is 
equal to ^J^. [1.6. 

And, because AD i& 
jmrallel to EC, [Constr. 
one of the sides of the 
triangle BCE, 

therefore BD is to DC as BA is to AE ; 
but AE is equal to AC; 
therefore BD is to DC as BA i& to AC. 



[I. 29. 




[VI. 2. 
[V. 7. 



Next, let BD be to DC as BA is to AC, and join AD: 
the angle B AC shell be bisected by the straight line AD. 

For, let the same construction be made. 
Then BD is to DC as BA is to AC; [Hypothesis. 

and BD is to DC as BA is to AE, [VI. 2. 

because AD is parallel to EC; [Construction, 

therefore BA is to AC as BA is to AE ; [V. 11. 

therefore AC is equal to -4^ ; [V. 9. 

and therefore the angle A EC is equal to the angle A CE. [L 5. 
But the angle A ECis equal to the exterior angle BA D ; [1. 29. 
and the angle A CE is equal to the alternate angle CA D ; [1. 29. 
therefore the angle BAD is equal to the angle CAD ; [Ax. 1. 
that is, the angle BACis bisected by the straight line AD. 

Wherefore, ift/te vertical angle &c. q.e.d. 
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PROPOSITION A, THEOREM. 

If the exterior angle of a triangle^ made hy producing 
one qf its sideSy be bisected hy a straight line which also 
cuts the base produced, the segments between t?ie dividing 
straight line and tJie extremities of the base shall have the 
same ratio which the other sides of the tHangle have to 
one another; and if the segments qf the base produced 
have the same ratio which the other sides of the triangle 
have to one another, the straight line drawn from, the 
vertex to the point of section shall bisect the exterior angle 
cfthe triangle. 

Let ABC be a triangle, and let one of its sides BA be 
produced to B; and let the exterior angle CAB be 
bisected by the stndght line A£> which meets the base 
produced at 2> : BB shall be to Z)^ as ^^ is to AC. 

Through C draw CF 
parallel to AD, [I. 31. -^ 

meeting AB at F. 

Then, because the 
straight line AC meets 
the parallels AD, FC, the 

angle A CF is equal to the 

altemateangle CAD'y[h29. B C D 

but the angle CAD is, by hypothesis, equal to the angle 
DAB; 

therefore the angle DAB is equal to the angle ACF. [Ax. 1. 

Again, because the straight line FAB meets the pKarallels 
AD, FC, the exterior angle DAB is equal to the interior 
and opposite angle AFC; [I. 29. 

but the angle DAB has been shewn equal to the angle ACF; 

therefore the angle ACF is equal to the angle AFC; [Ax. 1. 

and therefore ACh equal to AF. [I. 6. 

And, because AD is paralled to FC, [Constntction. 

one of the sides of the triangle BCF ; 

therefore BD is to i>{7 as ^^ is to -4i^ ; [VI. 2. 

but AF\^ equal to -4(7 ; 

therefore -02> is to 2>C as jB^ is to AC. [V. 7* 

12--2 
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Next, let BD be to DC 
as BA is to -4(7; and join 
AD\ the exterior angle 
CAE shall be bisected by 
the straight line AD, 

For, let the same con- 
struction be made. 
Then BD is to DC as BA 
is to -4(7; [Hypothesis. 

and BD is to DC osBAia to AF\ [VI. 2. 

therefore 5-4 is to AC as 5^ is to AF\ [V. 11. 

therefore -4(7 is equal to AF^ [V. 9. 

and therefore the angle A CFis equal to the angle AFC, [1. 6. 
But the angle ^i^C is equal to the exteriorangleZ)^ j^; [1.29. 
and the angle A CFis equal to the alternate angle CAD ; [1. 29. 
therefore the angle CAD is equal to the angle DAE; [Ax, 1. 
that is, the angle CAE is bisected by the straight line AD, 

Wherefore, if the exterior angle &c. q.b.d. 



PROPOSITION 4. THEOREM. 

The sides about the equal angles qf triangles which are 
equiangular to one another are proportionals ; and those 
which are opposite to the equal angles are homologous sides, 
that is, are the antecedents or the consequents of the ratios. 

Let the triangle ABGhQ equiangular to the triangle DCE, 
having the angle ^i?(7 equal to the angle DCE, and the angle 
ACB equal to the angle DEC, and consequently the ang^le 
BA Cequal to the angle CDE\ the sides about the equal angles 
of thetnangles^JJC; DCE, 
shall be proportionals ; and 
those shall oe the homolo- 
gous sides, which are oppo- 
site to the equal angles. 

Let the triangle DCE 
be placed so that its side CE 
may be contiguous to BC, 
and in the same straight 
line with it. [I. 22. 
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Then the angle BOA is equal to the angle CED ; \Hyp, 
add to each the angle ABC ; 

therefore the two angles ABC^ BCA are equal to the two 
angles ABC, CED ; lAxwm 2. 

but the angles ABG^ BCA are together less than two 
right angles; [1.17. 

therefore the angles ABC, CED are together less than 
two right angles ; 

therefore BA and ED, if produced, will meet. [Axiom 12. 
Let them be produced and meet at the point F, 

Then, because the angle ABC is equal to the angle 
DCE, [Hypothesis, 

BE is parallel to CD ; [I. 28. 

and because the angle ACBh equal to the angle DEC, [Hyp, 
AC\a parallel to FE. [I. 28. 

Therefore FACD is a parallelogram ; 
and therefore -4.Pis equal to CD, and ACi& equal to FD. [1. 34. 

And, because -4(7 is parallel to FE, one of the sides of 
the triangle FBE, 

therefore BA is to AF as BC is to CE; [VI. 2. 

but -4i^ is equal to CD ; 

therefore BA is to CD b& BCis to CE; [V. 7. 

and, alternately, AB is to BC as 2>C is to CE. \Y, 16. 

Again, because CD is parallel to BF, 
therefore BC is to CE as FD is to DE ; [VI. 2. 

but FD is equal to AC; 

therefore BC h to CE SiS ACis to DE ; [V. 7. 

and, alternately, BC is to CA as CE is to ED, [V. 16. 

Then, because it has been shewn that AB is to BC as DC 
is to CE, and that i?(7is to CA as (7^ is to ED ; 
therefore, ex sequali, BA is to AC slb CD is to DE, [V. 22. 

"Wherefore, ^Ae aides &c. q.e.d. 

PROPOSITION 5. THEOREM, 
If the sides of two triangles, about each of their angles, 
he proportionals, the triangles shall he equiangular to one 
another, and shall have those angles equal which are opposite 
to the homdogov^ sides. 
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Let the triangles ABC, DEF have their sides propor- 
tional, so that AB is to BG as DE is to EF-, and Bu to 
CA as EF is to FD ; and, consequently, ex aequali, BA 
io AG Q& ED is to DF: the triangle ABG shall be equian- 
gular to the triangle -DJ^/', and they shall have those angles 
equal which are opposite to the homologous sides, namelv, 
the angle ABG equal to the angle DEF, and the angle 
BGA equal to the angle EFD, and the angle BAG equal to 
the angle EDF, 

At the point E, in tho 
straight line EF, make the 
angle FEG equal to the angle 
ABG; and at the point F, in 
the straight line EF, make tho 
angle EFG equal to the angle 
BGA ; [I. 23. 

therefore the remaining anglo 
EGF is equal to the remain- 
ing angle BAG. 

Therefore the triangle ABG is equiangular to the triangle 
GEF; 

and therefore they have their sides opposite to the equal 
angles proportionals ; [VI. 4. 

therefore AB is to BG as GE is to EF. 

But AB ia to BG as DE is to EF : [ffypoihesis. 

therefore DE is to EFbs GE is to EF; [V. 11. 

therefore DE is equal to GE. [Y. 9. 

For the same reason, DFis equal to GF. 

Then, because in the two triangles DEF, GEF, 
DE is equal to GE, and EF is common ; 

the two sides DE, EF are equal to the two sides GE, EF, 
each to each ; 

and the base DF is equal to the base GF; 

therefore the angle DEF is equal to the angle GEF, [I. 8. 

and the other angles to the other angles, each to eacli, to 
which the equal sides are opposite. [I. 4. 

therefore the angle DFE is equal to the angle GFE, and 
the angle EDF is equal to the angle EGF, 
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And, because the angle DEF is equal to the angle GEF^ 
and the angle GEF is equal to the angle ABC^ \C(ymtr. 

therefore the angle ^J9C^ is equal to the angle i>^i^. U«. 1. 

For the same reason, the angle ACB is equal to the angle 
DFE^ and the angle at A is equal to the angle at 2>. 

Therefore the triangle ABC is equiangular to the triangle 
DEF, 

Wherefore, if the sides &c. q.e.d. 



PROPOSITION C. THEOREM. 

If two triangles have one angle of the one equal to one 
angle of the other ^ and the sides ai>out the equal angles 
proportionals, the triangles shall he equiangular to one 
another, and shall have those angles equal which are op- 
posite to the homologous sides. 

Let the triangles ABC, DEF have the angle BAC in 
the one, equal to the angle EDF in the other, and the 
sides about those angles proportionals, namely, BA to AC 
2A ED is to DF\ the triangle ABC shall be equiangular to 
the triangle DEF, and shall have the angle ABC equal to 
the angle DEF, and the angle A CB equal to the angle DFE. 

At the point Z>, in the 
straight line DF, make the 
angle FDG equal to either 
of the angles BAC, EDF ; 
and at the point F, in the 
straight line DF, make 
the angle DFG equal to 
the angle ACB; [I. 23. 

therefore the remaining angle at G^ is equal to the remain- 
ing angle at B, 

.Therefore the triangle ABC is equiangular to the triangla 
DGF; 

therefore BAi^toACfiA GD is to DF. [VI. 4. 

But BA is to ^C as ED is to DF; [Hypothesis. 

therefore ED is to DF as GD is to DF\ [V. 11. 

therefore ED is equal to GD. [V. 9. 
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And DF is common to the two triangles EDF, GDF\ 
therefore the two sides ED, DF are equal to the two sides 
(3^i>,^-F, each to each; 
and the angle EDF is equal 
to the angle GDF\ [Cmatr. 
therefore the base EF is 
equal to the base GF, and 
the triangle EDF to the 
triangle GDF, and the re- 
maining angles to the re- 
maining angles, each to each, 
to which the equal sides are 
opposite ; [I. 4, 

therefore the angle DFG is equal to the angle DFE, and 
the angle at G is equal to the angle at E, 

But the angle DFG is equal to the angle ACB; [Constr. 
therefore the angle ACB is equal to the angle DFE. [Ax. 1. 
And the angle BA C is equal to the angle EDF; [Hypothesis, 
therefore the remaming angle at i? is equal to the remain- 
ing angle at E. 

Therefore the triangle ABC is equiangular to the triangle 
DEF, 

Wherefore, if two triangles &c. q.e.d. 

PEOPOSITION 7. THEOREM, 

Jf two triangles have one angle of the one equal to one 
an^fle of the other ^ and the sides about tioo other angles 
proportionals; then, if each of the remaining angles be 
either less, or not less, than a right angle, or if one of 
them be a right angle, the triangles shall he equiangular 
to one another^ and shall have those angles equal dbovl 
which the sides are proportionals. 

Let the triangles ABC, DEF have one angle of the 
one equal to one angle of the other, namely, the angle 
BAC equal to the angle EDF, and the sides about two 
other angles ABC, DEF, proportionals, so that AB is t6 
BC as DE is to EF\ and, first, let each of the remaining 
angles at C and F be less than a right angle : the triangle 
ABC shall be equiangular to the triangle DEF, and sludl 
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have the angle ABC equal to the angle DEF^ and the 
angle at G equal to the angle at F. 

For, if the angles ABC, 
DEF be not equal, one of 
them must be greater than 
the other. 

Let ABC be the greater, 
and at the point B, in the 
straight line AB, make the 
angle ABG equal to the angle DEF, [I. 23. 

Then, because the angle at A is equal to the angle at 2>, [Byp, 

and the angle ABG is equal to the angle DEF, [Comi/r, 

therefore the remaining angle AGB is equal to the re- 
maining angle DFE\ 

therefore the triangle ABG is equiangular to the triangle 
DEF, 

Therefore ABS&\jqBG^ DE is to EF. [VI. 4. 

But AB is to BG as DE is to EF\ [Bypoihmi. 

therefore -4 5 is to BG as AB\^\fiBG\ [V. 11. 

therefore BG is equal to BG ; [V. 9. 

and therefore the angle J9C6r is equal to the angle BGG, [1. 6. 
But the angle BGG is less than a right angle ; \By^, 
therefore the angle BGG is less than a right angle ; 
and therefore the adjacent angle AGB must be greater 
than a right angle. [I. 13. 

But the angle AGB was shewn to be equal to the angle 
at^; 

therefore the angle at F is greater than a right angle. 
But the angle at P is less than a right angle ; [Hypothesis. 
which is absurd. 

Therefore the angles ABG and DEF are not unequal ; 
that is, they are equsd. 

And the angle at A is equal to the angle at D; [Hypothesis, 
therefore the remaining angle at G is equal to the remain- 
ing angle at F ; 

therefore the triangle ABG is equiangular to the triangle 
DEF, 
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Next, let each of the angles at C and F be not less 
than a right angle : the triangle ABC shall be equiangular 
to the triangle DEF. 

For, the same con- 
struction being made, 
it may be shewn in the 
same manner, that BG 
is equal to BG ; 
therefore the angle 
^6^6? is equal to the 
angle BGC. [I. 5. 

But the angle BCG is not less than a right angle ; [Hyp. 
therefore the angle BGC is not less than a right angle; 
that is, two angles of the triangle BCG are together not 
less than two right angles ; which is impossible. [I. 17. 

Therefore the triangle ABC may be shewn to be equi- 
angular to the triangle DEF, as in the first case. 

Lastly, let one of the angles at C and jP be a right 
angle, namely, the angle at C: the triangle ABC shall be 
equiangular to the triangle DEF, 

For, if the triangle ABC 
be not equiangular to the 
triangle DEF, at the point 
B, in the straight line AB, 
make the angle ABG equal 
to the angle DEF. [I. 23. 
Then it may be shewn, as 
in the first case, that BC 
is equal to BG; 
therefore the angle BCG is 
equal to the angle -ffG^(7. [1. 6. 
But the angle BCG is a 
right angle : [Hypothesis. 

therefore the angle BGC 

is a right angle ; 

that is, two angles of the triangle BCG are together equal 

to two right angles ; which is impossible. [1. 17. 

Therefore the triangle ABC is equiangular to the triangle 

DEF. 

Wherefore, \ftwo triangles &c. q.e.d. 
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PROPOSITION 8. THEOBEM. 

In a right-angled triangle, if a perpendicular "be drawn 
from the right angle to the base, the triangles on each side 
of it are similar to the whole triangle, and to one another. 

Let ABC be a right-angled triangle, having the right 
angle BAG-, and from the point A, let AD be drawn per- 
pendicular to the base BC: the triangles DBA, DAG 
shall be similar to the whole triangle ABG, and to one 
another. 

For, the angle BAG is equal 
to the angle BDA, eadi of them 
being a right angle, [Axiom 11. 
. and the angle at ^ is common to 
the two triangles ABG, DBA ; 
therefore the remaining angle 
AGB is equal to the remaining 
angle DAB, 

Therefore the triangle ABG is equiangular to the triangle 
DBA J and the sides about their equal angles are propor- 
tionals ; [VI. 4. 
therefore the triangles are similar. [VI. Definition 1. 

In the same manner it may be shewn that the triangle 
DAG is similar to the triangle ABG. 
And the triangles DBA, DAG being both similar to the 
triangle ABG, are similar to each other. 

Wherefore, in a right-angled triangle &c. q.e.d. 

CoROLLART. From this it is manifest, that the perpen- 
dicular drawn from the right angle of a right-angled 
triangle to the base, is a mean proportional between the 
segments of the base, and also that each of the sides is a 
mean proportional between the base and the segment of 
the base adjacent to that side. 
For, in the triangles DBA, DAG, 

BD is to DA as Z>-4 is to DG\ [VI. 4. 

and in the triangles ABG, DBA, 

BC'VA to j5-4 as jB-4 is to BD ; [VI. 4. 

and in the triangles ABG, DAG, 
BC\& to GA as CM is to GD, [VI. 4. 
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PROPOSITION 9. PROBLEM, 
From a given straight line to cut off any part required. 

Let AB be the given straight line : 
it is required to cut oflF any part from it. 

From the point A draw a straight 
line AC^ making any angle with AB ; 
mAC take any point 2), and take -4 (7 the 
same multiple of AD, that AB is of the 
mrt which is to be cut off from it ; join 
jBC, and draw DE parallel to it. AE 
shall be the part required to be cut off. 

For, because ED is parallel to BC, [Construction, 

one of the sides of the triangle ABC, 
therefore CZ> is to DA as BE is to EA ; [VI. 2. 

and, by composition, CA is to AD as BA is to AE, [V. 18. 
But CA is a multiple of AD ; [Construction, 

therefore BA is the same multiple of AE; [V, I), 

that is, whatever part AD is of AC, AE is the same port 
of^i?. 

Wherefore, from the given straight line AB^ the part 
required has been cut off, q.e.p. 

PEOPOSITION 10. PROBLEM, 

To divide a given straight line similarly to a given 
divided straight line, that is, into parts which shaU have 
the same ratios to one another, that the parts of the given 
divided straight line have. 

Let AB be the straight line given to be divided, and 
AC the given divided straight line: it is required to divide 
AB simflarly to AC, 

Let AC he divided at the points 
2>, ^; and let AB, AC be placed 
so as to contain any angle, and join 
BC) through the point D, draw DF 
parallel to BC, and through the point 
E draw EG parallel to BC [I. 31. 
AB shall be divided at the points 
E, G, similarly to AC, 
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Through D draw i>i7^ parallel to AB. [I. 31. 

hen each of the figures Fff, HB is a parallelogram ; 
lerefore Z>^is equal to FG^ and ^^is equal to GB, [1. 34. 
hen, because HE is parallel to KG^ [Construction, 

le of the sides of the triangle DKG, 
lerefore KH is to HD as GE is to ED. [VI. 2. 

ut KHi& equal to BG, and HD is equal to 6rJ^; 
lerefore BG is to 6?i^ as GE is to iS^i). [Y. 7. 

Again, because i^i> is parallel to GEy [Construction. 

le of the sides of the triangle AGE, 
lerefore 6?.Pis to FA as ED is to DA. [VI. 2. 

nd it has been shewn that BG is to GF as CE is to -£^2>. 
herefore BG is to (^.P as CE is to ^2>, and GF is to .P^ 
J jE^i) is to DA. 

Wherefore tJie given straight line AB is divided aimi- 
irly to the given divided straight line AC. q.e.p. 

PROPOSITION 11. PROBLEM. 
To find a third proportional to two given straight lines. 

Let ABy AC he the two given straight lines : it is re- 
uired to find a third proportional to AB, AC- 

Let ABj AC be placed so 
3 to contain any angle ; produce 
IB, AC,io the points D, E; and 
lake BD equal to AC; [I. 3. 
)in BCy and through D dmwDE 
arallel to BC. [I. 31. 

JE shall be a third proportional 
^ AB, AC. 

For, because BC is parallel to DEy [Construction. 

ne of the sides of the triangle ADE, 
herefore ABiatoBDBsAC is to CE ; [VI. 2. 

•ut BD is equal to AC; [Construction. 

herefore AB is to AC slsACis to CE. [V. 7. 

Wherefore to the two given straight lines AB, ACy a 
hird proportional CE is found. q.e.f. 
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PROPOSITION 12. THEOREM, 

To find a fourth proportional to three given straight 
lines. 

Let Ay By C be the three given straight lines : it is 
required to find a fourth proportional to A, B, C. 

Take two straight lines, 
DE, DFy containing any an- 
gle EDF\ and in these make 
DG equal to Ay GE equal to 
^, and. Z)/;" equal to (7; [1.3. 
join GH, and through E draw 
ii'/' parallel to G^^. [1.31. 

HF shall be a fourth proper- 

tional U>AyByC, E F 

For, because GH is parallel to EFy [C<m8truction, 

one of the sides of the triangle DEF, 
therefore DG is ta GE as DH is to HF, [VI. 2. 

But DG is equal to -4, GE is equal to B, and DH is 
equal to C ; [Construction, 

therefore ^ is to ^ as (7 is to HF. [V. 7. 

Wherefore to the three give^i straight lines A, By (7, a 
fourth proportional HF is found. q.e.p. 



PROPOSITION 18. PROBLEM, 

To find a mean proportional between two given straight 
lines. 

Let ABy BG bo the two given straight lines: it is 
required to find a mean proportional between them. 

Place A By BG in a straight 
line, and on ^0 describe the 
semicircle ADC; from the 
point B draw BD at right 
angles to AG. [I. 11. 

BD shall be a mean propor- 
tional between AB and BG. 
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Join AD, Da 
Then, the angle ADC, being in a semicircle, is a right 
angle; [III. 31. 

and because in the right-angled triangle ADC, DB is 
drawn from the right angle perpendicular to the base, 
therefore DB is a mean proportional between AB, BC, 
the segments of the base. [VI. 8, Corollary, 

Wherefore, between the two given straight lines AB^ 
BC, a mean proportioned DB is found, q.e.p. 



PROPOSITION 14. THEOREM. 

Equal parallelograms which have one angle of the one 
equal to one angle of the other, have their sides about the 
eqzud angles reciprocally proportional; and parallelo- 
grams which have one angle of the one equal to one angle 
qfthe other, and their sides about the equal angles reci- 
procally proportional, are equal to one another. \ 

Let AB, BC be equal parallelograms, which have the 
angle FBD equal to the angle EBG: the sides of the 
parallelograms about the equal angles shall be reciprocally 
proportional, that is, DB shall be to BE as GB is to BF, 

Let the parallelograms be 



^aced, so that the sides DB, 

BE may be iu the same 

straight line ; 

therefore also FB, BG are in 

one straight line. [1. 14. 

Complete the parallelogram 

FE. 

Then, because the parallelogram ^^ is equal to the 
parallelogram BC, IHijpothenia. 

and that FE is another parallelogram, 
therefore AB is to FE as BC is to FE. [V. 7. 

But AB is to FE as the base DB is to the base BE, [VI. 1. 
and BC is to FE as the base GB is to the base BF; [VI. 1. 
therefore DB is to BE as GB is to BF, [V. 11. 
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Next, let the angle FED be equal to the angle EBG^ 
and let the sides about the equal angles be reciprocally 
proportional, namely, DB 
to BE Bs GB is to BF: 
the parallelogram AB shall 
be equal to the parallelc- 
gram BG, 

For, let the same con- 
struction be made. 
Then, because DB is to BE 
as GB is to BF, [Hypothesis, 

and that DB is to BE as the parallelogram ^j? is to the 
parallelogram FE, [VI. 1. 

and that GB is to BF as the parallelogram BG is to the 
parallelogram FE ; [VI. 1. 

therefore the parallelogram ^i? is to the parallelogram FE 
as the parallelogram BG is to the parallelogram FE; [V. 11. 
therefore the parallelogram AB is equal to the parallelo- 
gram BG [V. 9. 
Wherefore, eqtud parallelograms &c. q.e.d. 



PROPOSITION 15. THEOREM, 

Eqtial triangles which have one angle qf the one eqtial 
to one angle qf the other, have their sides abotU the eqtuU 
angles reciprocally proportional; and triangles which 
have one angle of the one equal to one angle qf the other, 
and their sides about the equal angles reciprocally pro- 
portional, are equal to one another. 

Let ABG, ADE bo equal 
triangles, which have the angle 
BAG equal to the angle DAE: 
the sides of the triangles about 
the equal angles shall be reci- 
procally proportional ; that is, GA 
shall hetoADos EA is to AB. 

Let the triangles be placed so 
that the sides GA, AD may be 
in the same straight line, 
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therefore also EA^ AB are in one straight Ime; [I.. 14, 
join BD, 

Then, because the triangle ABC is equal to the trian- 
gle ADE, [Hypothesis^ 
and that ABB is another triangle, 

therefore the triangle ABC is to the triangle ABD as the 
triangle ADE is to the triangle ABD. [V. 7. 

But the triangle ABC is to the triangle ABD as the base 
CA is to the base AD, [VI. 1. 

and the triangle ADE is to the triangle ABD as the base 
EA is to the base AB ; [VI. 1. 

therefore CM is to AD as EA is to AB. [V. 11. 

Next, let the .angle BAC be equal to the angle DAE, 
and let the sides about the equal angles be reciprocally 
proportional, namely, CA to AD os EA is to AB: the 
triangle ABC shall bo equal to the triangle ADE* 

For, let the same construction be made. 
Then, because CA is to AD as EA is to AB, [Bypcthesis, 
find that CA is to AD as the triangla ABC is to the 
triangle ABD, [VI. 1. 

foid that EA is to AB as the triangle ADE is to the 
triangle ABD, [VI. 1. 

therefore the triangle ABC is to the triangle ABD as the 
triangle ADE is to the triangle ABD ; [V. 11. 

therefore the triangle ^^Cis equal to the triangle -4 2>-K [V. 9, 

Wherefore, eqtial triangles &c. q.e.d. 



PROPOSITION 16. THEOREM. 

If four straight lines l>e proportionals, the rectangle 
contained by the extremes is eqtud to the rectangle con- 
tained by the means; and if the rectangle contained by 
the' extremes be equal to the rectangle contained by the 
means, the four straight lines are proportionals. 

13 



,y Google 



194 



ETJGLIUB ELEMENTS. 




Let the four straight lines AB, CD, E, F, be propor- 
tionals, namely, let AB bo to (7Z> as ^ is to i^ ; the rect- 
angle contained by AB and F shall be equal to the rect- 
angle contained by CD and E. 

From the points A, 
C, draw AG, Cka.t right 

aDglesto^i?,(7i>;[I.ll. E 

make A G equal to F, and 
(7^ equal to ^; [1.3. 
and complete the paral- 
lelograms J5<3^, 2>^. [1.31. 

Then, because AB is 
to CD as -Bis to F, [Hyp. 
and that E is equal to 
CH, and F is equal to 
AG, . [Comtruction, 

therefore AB is to CD ba CH is to AG ; [V. 7. 

that is, the sides of the parallelograms BG, DH about the 
equal angles are reciprocally proportional; 
therefore the parallelogram BG is equal to the parallelo- 
gram DB:. [VI. 14. 

But the parallelogram BG is contained by the straight 
lines AB and F, because ^ 6r is equal to F ; [Construction., 
and the parallelogram DH is contained by the straight 
lines CD and E, because Cllis equal to E; 
-therefore the rectangle contained by AB and F is equal 
to the rectangle contained by CD and E, 

Next, let the rectangle contained by AB and F be 
equal to the rectangle contained by CD and E: these four 
straight lines shall bo proportional, namely, AB shall be 
to CD as Eis to F. 

For, let the same construction be made. 
Then, becausethe rectangle contained by AB and F is equal 
to the rectangle contained by CD and E, [Hypothesis, 

and that the rectangle BG is contained hj AB and F, 
because AGi% equal to F, [Construction, 

and that the rectangle DH is contained by CD and E, 
because CH is equal to E, [Construction, 
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therefore the parallelogram BQ is equal to the paral- 
lelogram DH. [Axiom 1. 
And these parallelograms are equiangular to one another ; 
therefore the sides about the equal angles are reciprocally 
proportional ; [VI. 14, 
therefore AB is io CD s» CHia to AG. 
But CH is equal to B, and ^G^ is equal to F; [Constr. 
therefore AB is to (7Z> as JS^ is to F. [V. 7. 
Wherefore, if four straight lines &c q.e.d 



PROPOSITION 17. THEOREM. 

If three straight lines he proportionals, the rectangle 
contained by the extremes is eqtud to the sqieare on the 
mean; and if the rectangle contained ly the extremes he 
equal to the square on the mean, the three straight lines 
are proportionals. 

Let ,the three straight lines A^ B, C be proportionals, 
namely, let ^ be to ^ as i? is to (7: the rectangle contained 
by A and C shall be equal to the square on B. 

Take D equal to B. 

Then, because ^ is^to 



"B" 



J? as i? is to (7, [Hyp. 
and that j9 is equal to 2>, 
therefore AisioB o&D 
is to a [V. 7. 

But if four straight lines 
beproportionals, the rect- 
angle contained by the 
extremes is equal to the 
rectangle contained by 
the means ; [VI. 16. 

therefore the rectangle contained by A and C is equal to 
the rectangle contained by B and />. 
But the rectangle contained by B and D is the square on B, 
b^».use B is equal to D ; [Construction. 

therefore the rectangle contained by A and C is equal to 
the square on B. 

13—2 
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Next, let the rectangle contaiDed by A and C be equal 
to the square onB: A shall be to ^ as ^ is to (7. 

For, let the same construction be niado. 

Then, because the rectan- a— 

gle contained by -4 and G 

is eciual to the square on 

By \Hypothms, 

and that the square on B 

is equal to the rectangle 

contained by B and i>, 

because B is equal to 

D, [Construction, 

therefore the rectangle 

contained by A and 6" is 

equal to the rectangle contained by B and D. 

But if the rectangle contained by the extremes be equal 

to the rectangle contained by the means, the four straight 

lines are proportionals ; [VI. 16. 

therefore ^ is to J? as Z> is to (7. 

But B is equal to D ; [ComtrucHon, 

Therefore ^ is to ^ as i? is to C, ["V. 7. 

"Wherefore, if three straight lines &c. q.e.i). 

PROPOSITION 18. PROBLEM. 

On a given straight line to describe a rectilineal figure 
similar and similarly situated to a given rectilineal fi{fure. 

Let AB he the given straight line, and CDEF the 
given rectilineal figure of four sides : it is required to de- 
scribe on the given straight line AB, a rectUineal figure, 
similar and similarly situated to CDEF, 

Join DF) at the 
point A , in the straight 
line AB, make the 
angle BAG equal to 
the mg\eDCF; and at 
the point B, in the 
straight line -4 B, make 
the angle ABG equal 
totheangleC/>J';[T.23. 
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iherefore tlie remaiuing angle AGB is equal to the remaiu- 
ing angle CFD, ' 

and the triangle AGB is equiangular to the triangle CFD, 
Again, at the point B^ in the straight lino BG^ make the 
angle 6?^^ equal to the angle FDE\ and at the point G, 
in the straight line BG, n^e the angle BGH equal to 
the angle DFE ; [I. 23. 

therefore the remaining angle BRG is equal to the re- 
maining angle DEF^ 

and the triangle BUG is equiangular to the triangle DEF. 

Then, because the angle A GB is equal to the angle CFDy 
and the angle BGH equal to the angle DFE\ [Construction. 
therefore the Whole iingle AGH is equal to the whole 
angle CFE, [Axiom 2. 

For the same reason the angte ABH is equal to the 
angle CDE, 

And the angle BAG is equal to the angle DOF, and the 
angle BHG is equal to the angle DEF, 
Therefore the rectiliheal figure ABHG is equiangular to 
the rectilineal figure CDEF 

Also these figures hare their sides about the equal 
angles proportionals. 

For, because the triangle BA G is equiangular to the triangle 
DCFy therefore BA is to AG bs DC is t6 CF [VI. 4. 

And, for the same reason, it G^ is to GB as CF is to FD, 
and ^G^ is to GH^ £>Fia to FE; 
therefore, ex sequali, ^G^ is to GHbs CFis td FE. [V. 22. 
In the same manner it may be shewn that AB is to BII 
as CD is to DE, 
And GHis to HB ba FE is ix) E2>. [VI. 4. 

Therefore, the rectilineal figures ABHG and CDEF 
are equiangular to one another, and have their sides about 
the equal angles proportionals ; 
therefore they are similar to one another. [VI. D^nition 1. 

Next, let it be required tb describe on the given straight 
line AB, a rectilineal figure, similar, and similarly situated, 
10 the rectilineal figure CDKEF oi five sides. 
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Join DE^ and on the giren stnugbt line AB describe, 
as in the former case, the rectilineal figure ABHG^ similar 
and similarly situated to the rectilineal figure CDEF of 
four sides. At the point 
B, in the straight line ^ 

BHy make the angle 
HBL equal to the an- 
gle EDK) and at the 
point H, in the straight 
line BH, make the an- 
gle BHL equal to the 
angle DEK-, [I. 23. 

therefore the remaining angle at L is equal to the remain- 
ing angle at K, 

Then, because the figures ABHGy CDEFzxq similar, 
the angle ABH is equal to the angle CDE\ [VI. Bef, 1. 
and the angle HBL is equal to the angle EDK; IConsk-, 
therefore the whole angle ABL is equal to the whole 
angle CDJS^. [Axiom 2, 

For the same reason the whole angle GHL is equal to the 
whole angle FEK. 

Therefore the five-sided figures ABLHG and CDKEF are 
equiangular to one another. 

And, because the figures ABHG and CDEF are similar, 
therefore AB is to BH as (7Z> is to DE\ [VL D^niHon 1. 
but BH is to jSZ as DE is to DK; [VI. 4. 

therefore, ex sequali, AB is to BL as CD is to DK. [V. 22. 
For the same reason, GH is to' HL as FE is to EK. 
And 5Z is to LH9& DK\s to KE. [VI. 4. 

Therefore, tlie five-sided figures ABLHG md GI>KEF 
are equiangular to one another, and have their sides about 
the equal angles proportionals ; 
therefore they are similar to one another. [VI. B^fimiJUon 1. 

In the same manner a rectilineal figure of six sides 
may be described on a given straight line, similar and 
similarly situated to a given rectilineai figure of six sides ; 
and so on. q.e.f. 
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PROPOSITION 19. THEOREM. 

Similar triangles are to one another in Hie duplicate 
ratio qf their homologous sides. 

Let ABC and DEF be similar triangles, haying tlie 
angle B equal to the angle E^ and let ^i? bo to BG as DE 
is to EF, so that the 
side BG is homolo- 
gous to the side EF: 
the triangle ABG 
shall be to the tri- 
angle DEF in the 
duplicate ratio of BG 
to EF, 

Take BG a third proportional to BG and EF, so that 
^(7 may he to EF ba EF m to BG ; [VI. 11. 

and join -4 G^. 

Then, because AB is to BG as DE is to EF, [Hypothesis. 
therefore, alternately, AB is to,DE asBGiato EF; [V. 16. 
but BG is to EF as EF ia to BG; [Construction. 

therefore AB is to DE as EFia to jB6? ; [V. 11. 

that is, the sides of the triangles ABG and DEF, about 
their equal angles, are reciprocally proportional ; 
but triangles which have their sides about two equal angles 
reciprocally proportional are equal to one another, [VI. 15. 
therefore the triangle ABG is equal to the triangle DEF. 

And, because BGiato EF as EF is to BG, 
therefore BG has to BG the duplicate ratio of that which 
BG has to EF. [V. Definition 10. 

But the triangle ABG is to the triangle ABG as BG is 
to BG; [VI. 1. 

therefore the triangle ABG has to the triangle ABG the 
duplicate ratio of that which BG has to EF. 
But the triBngleABG was shewn equal to the triangle DEF ; 
therefore the triangle ABG has to the triangle DEF the 
duplicate ratio of that which BG has to EF. [V. 7. 

Wherefore, similar triangles &c. q.e.d. 

CoROLLABY. From this it is manifest^ that if three 
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straight lines be proportionals, as the first is to the third, 
so is any triangle described on the first to a similar and 
similarly described triangle on the second. 



PROPOSITION 20. THEOREM. 

Similar polygons may he divided into the same number 
of similar triangles^ having the same ratio to one another 
that the polygons have; and the polygons are to one 
another in the duplicate ratio of their homologous sides. 

Let ABCDEy FGHKL be similar polygons, and let 
AB be the side homologous to the side FG : the polygons 
ABODE ^ FGHKL may be divided into the same number 
of similar triangles, of which each shall have to each the 
same ratio which the polygons have; and the polvgon 
ABODE shall be to the polygon FGHKL in the duplicate 
ratio of ^5 to -FG^. 

3omBE,EC,GL,LH., 

Then, because the polygon ABODE is similar to the poly- 
gon FGHKL, [Jlypothesis, 
the angle BAE is equal to the angle GFL, and BA is 
to AE SisGFiato FL. [VI. D^mtion 1. 
And, because the triangles ABE and FGL have one angola 
of the one equal to one angle of the other, and the sides 




about these equal angles proportionals, 
therefore the triangle ABE is equiangular to the triangle 
FGL, [VI. 6. 

and therefore these triangles are similar ; [VI. i. 

therefore the angle ABE is equal to the angle FGL. 
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Bat, because the polygons are similar, [ffypothesis, 

therefore the whole angle ABCis equal to the ^rhole angle 
FGH; [VI. D^nition 1. 

therefore the remaining angle EBG is equal to the remain- 
ing angle LGIL [Axiom 3. 

And, because the triangles ABE and FGL are simihtr^ 
therefore BB is to ^^ as ZG^ is to ^i?*; 
' and also, because the polygons are similar, [Hypothesis, 

therefore AB is to BC as FG is to GH ; [VI. Definition 1. 
therefore, ex sequali, EB is to BO as LG is to GHy [V. 22. 
that is, the sides about the equal angles EBG and LGII 
are proportionals ; 

therefore the triangle EBC is equiangular to the triangle 
LGH\ [VI. 6. 

and therefore these triangles are similar. [VI. 4. 

For the same reason the triangle ECD is similar to the 
triangle LHK. 

Therefore the similar polygons ABODE, FGHKL may be 
divided into the same number of similar triangles. 

Also these triangles shall have, each to each, the same 
ratio which the polygons have, the antecedents being ABE, 
EBO, EOD, and the consequents FGL, LGH, LHK; and 
the polygon ABODE shall be to the polygon FGHKL in 
the duplicate ratio of AB to FG. 

For, because the triangle ABE is similar to the tii- 
angle FGL, 

therefore ABE is to FGL in the duplicate ratio of EB 
to LG, [VI. 19. 

For the same reason the triangle EBO is to the triangle 
LGHia the duplicate ratio of EB to LG, 

Therefore the triangle ABE is to the triangle FGL as the 
triangle EBOia to the triangle LGH, [V. 11. 

Again, because the triangle EBG is similar to the tri- 
angle LGH, 

therefore EBG is to LGH in the duplicate ratio of EO 
to ZjH. [VI. 19. 
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For the same reason the triangle EGD is to the triangle 
LHK in the duplicate ratio of EG to LH, 
Therefore the triangle EBG is to the triangle LGH as the 
triangle EGD is to the triangle LHK. [V. 11. 

But it has been shewn that the triangle EBG is to the tri- 
angle LGH as the triangle ABE is to the triangle FGL. 
Therefore as the triangle ABE is to the triangle FGL, so 
is the triangle EBG to the triangle LGHy and the triangle 
EGD to the triangle LHK-y [V. 11. 

and therefore as one of the antecedents is to its consequent 
so are all the antecedents to all the consequents ; [Y. 12. 
that is, as the triangle ABE is to the triangle FGL so is 
the polygon ABGDE to the polygon FGHKL, 

But the triangle ABE is to the triangle FGL in the 
duplicate ratio of the side AB to the homologous side 
FG\ V [VI. 19. 

therefore the polygon ABGDE is to the polygon FGHKL 
in the duplicate ratio of the side AB to the homologous 
side FG. 

Whefefore, similar polygons &c q»b.d. 

CoROLLABT 1. In like manner it may be shewn that 
similar four-sided figures, or figures of any number of sides, 
are to one another in the duplicate ratio of their homo- 
logous sides ; and it has already been shewn for triangles ; 
therefore aniversally, similar rectilineal figures are to one 
another in the duplicate ratio of their homologous sides. 

Corollary 2. If to ^^ and FG, two of the homologous 
sides, a third proportional M be taken^ [VI. 11. 

M 





then AB has to iHf the duplicate ratio of that which AB 
has to FG. [V. Dt^nUwn 10. 
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But any rectilineal figare described on AB is to the similar 
and similarly described rectilineal figure on FG in the 
duplicate ratio of -4-0 to FGy [Corollary 1. 

Therefore as AB is to M, so is the figure on AB to the 
figure on jPG^; [V. 11. 

and this was shewn before for triangles. [VI. 19, Corollary. 
"Wherefore, unirorsally, if three straight lines be propor- 
tionals, as the first is to the third, so is any rectilineal 
figure described on the first to a similar and similarly 
described rectilineal figure on the second. 



PROPOSITION 21. THEOREM. 

RectUlneal Jigures which are similar to the same recti- 
lineal figure^ are also similar to eo/ch other. 

Let each of the rectilineal figures A and B be similar 
to the rectilineal figure C\ the figure A shall be similar 
to the figure B, 

For, because A is 
similar to 6', \Hyji, 
A is equiangular to 
Cy and A and C have 
their sides about the 
equal angles propor- 
tionals, lyi. D^. 1. 
Again, because B is 
similar to G, [Hyp. 

B is equiangular to (7, and B and G have their sides about 
the equal angles proportionals. [VI. Definition 1. 

Therefore the figures A and B are each of them equian- 
gular to Gy and have the sides about the equal angles of 
each of them and of G proportionals. 
Therefore A is equiangular to B^ [Axiom 1. 

and A and B have their sides about the equal angles pro- 
portionals; [V. 11. 
therefore the figure A is similar to the figure B. [YLBef. 1. 
Wherefore, rectilineal Jigures &c. q.e.d. 
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PROPOSITION 22. THEOREM. 

If four straight lines he proportionals^ the similar rec- 
tilineal j^gures similarly described on them shall also he 
proportionals; and if the sim^ilar rectilineal fgures simi- 
larly described on four straight lines be proportionals, 
those straight lines shall he proportionals. 

Let the four straight lines AB^ CD^ EF, GH be pro- 
portionals, namely, A Bio CD as EF is to GH\ and on AB, 
CD let the similar rectilineal figures KAB, LCD be simi- 
larly described ; and on EF, GH let the similar rectilineal 
figiu-es MF, NH be similarly described: the figure KAB 
shall be to the figure LCD as the figure MF is to the 
figure NH. 



M 




-^ D 



E F CJ H P E 

To AB and CD take a third proportional X, and to EF 
and GH a third proportional 0. [VI. 11. 

Then, because AB is to CD as EF\a to GH, [ffypothetii. 
and AB is to CD bs CD is to X; [Construction. 

and FF is to GH as GH is to ; [Construction. 

therefore CD is to X as GH is to O. [V. 11. 

And AB is to CD && EF is to GH; 
therefore, ex eequali, AB is to X as EF is to O. [V. 22. 
But as AB is to X, so is the rectilineal figure KAB to 
the rectilineal figure LCD ; [VI. 20, Corollary 2. 

and as EF is to O, so is the rectilineal figure MF to the 
rectilineal figure NH\ [VI. 20, Corollai^ 2, 

Digitized by LjOOQIC 



BOOK VL 22, 23. 205 

therefore tLe figure KAB is to the figure LCD as the 
ligure MF is to the figure NH, [V. 11, 



Next, let the figure KAB be to thia similar figure LCD 
as the figure MF is to the similar figure NH: AB shall 
be to (7Z> as EF is to GH. 

Make as AB is to CD so ^7^ to PR : [YI. 12. 

and on PR describe the rectilineal figure SR, similar and 
similarly situated to either of the figures MF, NIL [VI. 18. 
Then, because AB is to C7> as FF is to PR, 
and that on AB, CD are described the similar and simi- 
larly situated rectilineal figures KAB, LCD, 
and on FF, PR the similar and similarly situated recti- 
lineal figures MF, SR ; 

therefore, by the former part of this proposition, KAB is 
to LCD as MF is to SR. 

But, by hypotliesis, KAB is to LCD as MFib to NH; 
therefore MF is to SR as MF is to NH ; [V. 11. 

therefore SR is equal to NH, [V. 9. 

But the figures SR and NH are similar and similarly 
situated, [Ccmstruction, 

therefore PR is equal to GH, 
And because AB is to CD as FF is to Pi?, 
and that PR is equal to GH ; 

therefore -45 is to CD as -ET/'is to GH. [Y. 7. 

Wherefore, if /our straight lines &c. Q.E.P. 



PEOPOSITIOX 2n. THEOREM, 

Parallelograms which are equiangular to one another 
have to one another the ratio which is compounded qf 
the ratios qf their sides. 
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Let the parallelogram AG hQ equiang^ar to the paral- 
lelogram CFy havmg the angle BCD equal to the ande 
EGG: the parallelogram AG shall have to the parallelo- 
gram GF the ratio which is compomided of the ratios of 
their sides. 

Let BG and GO be placed in 
a straight line; 

therefore DG and GE are also in 
a straight line; [L 14. 

complete the parallelogram DG ; 
take any straight line K^ and 
makeKU) L as BG\% to GG, and 
L to Mb& DGis to GE; [VL 12. 
then the ratios of ^ to Z- and 
of Z to -3f are the same with the 
ratios of the sides, namely, of BG 
to GGBnd of DG to GE, 

But the ratio of JT to Jf is that which is said to be com- 
pounded of the ratios of ^ to Z and of Z to J!f ; [V. ^^' ^ • 
therefore IT has to M the ratio which is compounded of 
the ratios of the sides. 

Now the parallelogram AG is to the parallelogram GEf 
aa BG 18 to GG; [VL 1. 

but BG is to GG as ^ is to Z ; [ComtmcHm. 

therefore the parallelogram ^C^ is to the parallelogram 
(7ZrasJristoZ. [V. 11. 

Again, the parallelogram GH is to the parallelogram GF 
SLsDGis to GE; [VL 1. 

but DG is to GE as Z is to itf ; [Construction, 

therefore the parallelogram GH is to the parallelogram 
(TFasZistoA: [V. ll. 

Then, since it has been shewn that the parallelogram AG 
is to the parallelogram GHba ^ is to Z, 
and that the parallelogram GH is to the parallelogram GF 
as Z is to Jf, 

therefore, ex sequali, the parallelogram AG i& to the paral- 
lelogram GFaa JT is to i(f. [V. 22. 

But K has to M the ratio which is compounded of the 
ratios of the sides ; 
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therefore also the parallelo^m .^(7 has to the parallelo- 
gram CF the ratio which is eompoimded of the ratios of 
the sides. 

Wherefore, j9ara//e^o^ram«&c. q.b.d. 



PROPOSITION 24. THEOREM. 

Parallelograms about the diameter of any parallelo- 
gram are similar to the whole parallelogram and to one 
another. 

Let ABCD be a pamllelogram, of which AC is a 
diameter; and let EG and HK be mrallelograms about 
the diameter: the parallelograms EG and Sk shall be 
similar both to the whole parallelogram and to one another. 

For, because DC and 
GF are parallels, A E 

the angle ADC is equal 
to the angle A GF. [I. 29. g/ 

And because i5(7and EF 
are parallels, 
the angle ABC is equal 
to the angle AEF. [1. 29. 
And each of the angles 

BCD and EFG is equal to the opposite angle BAD, [1. 34. 
and therefore they are equal to one another. 
Therefore the parallelograms ABCD and AEFG are equi- 
angular to ono another. 

And because the angle ABC is equal to the angle 
AEF, and the angle BAC is common to the two triandes 
BACsjudEAFy 

therefore these triangles are equiangular to one another; 
and therefore AB is to BC as AE is to EF. [VI. 4. 

And the opposite sides of parallelograms are equal to one 
another; [1. 34. 

therefore AB is to AD tis AE is to AG, 
and DCia to CB bb GFia to FE, 
BXkd CD iaio DA BA FG ia to GA. [V. 7. 
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Therefore the sides of the parallelograms A BCD and 
AEFG about their equal angles are proportional, 
and the parallelograms are therefore similar to one an- 
other. 

For the same reason the 



parallelogram A BCD is 
similar to the parallelogram 
FHCK, 

Therefore each of tlie pa- 
rallelofframs EG and HlC 
is similar to BD ; 
therefore theparallelogram 
EG is similar to the parallelogram HK. 
Wherefore, parallelograms &c. q.e.d. 



[VI. DefinitUm 1. 
A E B 




PROPOSITION 25. PROBLEM, 

To describe a rectilineal figure which shall he similar 
to one given rectilineal figure and equal to another given 
rectilineal figure. 

Let ABC be the given rectilineal figure to which the 
figure to be described is to be similar, and D that to which 
it is to be equal: it is required to describe a rectilineal 
figure similar to ABC and equal to 2>. 




On the straight line BC describe the parallelogram BE 
equal to the figure ABC. 

On the straight line CE describe the parallelogram CM 
equal to D, and having the angle FCE equal to the 
angle CBL-, fl. 46, Corollary. 
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therefore BG and CF will be in one straight line, and LE 
and ^Jlf will be in one straight line. 
Between BG and GF find a mean proportional GH^ [VI. 13, 
and on QH describe the rectilineal figure KGH^ similar and 
similarly situated to the rectilineal figure ABG, [VI. 18. 
KGH shall be the rectilineal figure required. 

For, because BG is to GH as GH is to GF^ [Construction. 
and that if three straight lines be proportionals, as the first 
18 to the third so is any figure on tlie first to a similar and 
similarly described figure on the second, [VI. 20, Cor. 2. 
therefore as BG is to GF so is the figure ABG to the 
figure KGH. 

But as BG is to GF so is the parallelogram BE to the 
parallelogram GM; [VI. 1. 

therefore the figure ABG is to the figure KGH as the pa- 
rallelogram BE is to the parallelogram GM. [V. 11. 
And the figure ABGSa equal to the parallelogram BE\ 
therefore the rectilineal figure KGH is equal to the paral- 
lelogram GM. [V. 14. 
But the parallelogram GM is equal to the figure D ; [Comtr. 
therefore the figure KGH is equal to the figure Z>, [Axiom 1. 
and it is similar to the figm*e ABG. [Construction. 

Wherefore the rectilineal figure KGH ha% teen de- 
scribed similar to the figure ABG^ and equcU to D, q.e.p. 



PROPOSITION 26. THEOREM. 

If two similar parallelograms have a com/men angle^ 
and he similarly situated^ they are about the Bame diameter. 

Let the parallelograms ABGD, 
AEFG be similar and similarly si- 
tuated, and have the common angle 
BAD'. ABGD and AEFG shall 
be about the same diameter. 

For, if not> let, if possible, the 
parallelogram BD have its diame- 
ter AHG in a different straight 
Imo from AF^ the diameter of the 
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parallelogram EG\ let GF 
meet AHG at H, and through 
H draw HK parallel to AD or 
BC. [1. 31. 

Then the parallelograms 
ABCD and AKHG are about 
the same diameter, and are 
therefore similar to one an- 
other; [VI. 24. 
therefore DA is to AB as GA is to AK. 
But because ABCD and ^^FG^ are simUar parallelo- 
grams, [Hypothesis. 
therefore DA is to ^5 as GA is to AE. [VI. Definition 1. 
Therefore GA is to ^ JT as GA is to ^^, [V. 11. 
that is, GA has the same ratio to each of the straight lines 
AK^^AE, 

and therefore -^JTis equal to AE, V^- ^• 

the less to the greater ; which is impossible. 
Therefore the parallelograms ABCD and AEFG must 
have their diameters in the same straight line, that is, they 
are about the same diameter. 

Wherefore, if two similar parallelograms &c. Q-E-d. 



PROPOSITION 30. PROBLEM, 
To cut a given straight line in extrems and mean ratio. 

Let AB be the given straight line; it is required to cut 
it in extreme and mean ratio. 

Divide AB ^X the point (7, so 

that the rectangle contained by -r ^ ^ 

.kjB, 5(7 may be equal to the square ^ k^ xi 

on AG. [11.11. 

Then, because the rectangle AB, BC is equal to th« 

square on -4(7, [Conatructum. 

therefore AB is to AC os AC is to CB, [VI. 17. 

Wherqfore AB is cvU in extreme and mean ratio at 

the point Q. q.b.p. \Yl. DefirnHmZ. 
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PROPOSITION 31. THEOREM. 

In any right-angled triangle, any rectilineal figure de- 
gcribed on the side subtending the right angle is equal to 
the similar and similarly described fi>gures on the sides 
containing the right anjfle. 

Let ABC be a right-angled triangle, having the right 
angle BAC: the rectilineal figure described on BC shall 
be equal to the similar and similarly described fibres on 
BA and CA. 

Draw the perpendicular 
AD. [1. 12. 

Then, because in the right- 
angled triangle ABCy AD 
is drawn from the right 
angle at JL perpendicular 
to the base j&Q the triangles 
ABD, CAD are similar to 
the whole triangle CBA,said 
to one another. [VI. 8, 
And because the triangle CBA is similar to the triangle 
uiBD, 

therefore (ZB is to -S^ as jB^ is to BD. [VI. Dcf. 1. 

And when three straight lines are proportionals, as the 
first is to the third so is the figure described on the first 
to the similar and similarly described figure on the 
second; [VI. 20, Corollary 2. 

therefore as CB is to BD so is the figure described on CB 
to the similar and similarly described figure on BA ; 
and inversely, as BD is to BC so is the figure described 
on BA to that described on CB, [V. B, 

In the same manner, as CD is to CB so is the figm*e 
described on CA to the similar figure described on CB. 
Therefore as BD and CD together are to CB so ai-e tlie 
figures described on BA and CA together to the figure 
described on CB. [V. 24. 

But BD and CD together are equal to CB ; 
therefore the figure described on BC is equal to the similar 
und similarly described figures on BA and CA, [V. A. 

Wherefore, in any right-angled triangle Ac. Q.B.D. 

14—2 T 
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PROPOSITION 82. THEOREM. 

If two triangles, which have two sides of the one pro- 
portional to two sides of the other, he joined at one angle 
so as to have their homoloaoiu sides parallel to one another, 
the remaining sides shall be in a straight line. 

Let ABC and DCE be two triangles, which have the 
two sides BA, AC proportional to the two sides CD, DE^ 
namely, BA to -4(7 as CD is to DE\ and let AB be 
mrallel to DC and ^C parallel to DE ; BC and CE shall 
be in one straight line. 

For, because AB is parallel 
to DC, [Hypothesis, 

and AC meets them, 
the alternate angles BAC, 
ACD are equal; [I. 29. 

for the same reason the angles 
^(72>,(7Z>J^ are equal; 
therefore the angle BACia equal to the angle CDE, [Ax, 1. 
And because the triangles ABC, DCE have the angle at 
A equal to the angle at D, and the sides about these angles 
proportionals, namely, BA to AC bs CD is to DE, [Hyp. 
therefore the triangle ABC is equiangular to the triangle 
DCE; [VI, 6. 

therefore the angle ABC is equal to the angle DCE, 
And the angle BAC was shewn equal to the angle ACD\ 
therefore the whole angle ACE is equal to the two angles 
ABC and BAC [Axwm 2. 

Add the angle ACB to each of these equals ; 
then the angles ACE and ACB are together equal to the 
angles ABC, BAC, ACB. 

But the angles ABC, BAC, ACB w^ together equal to 
two right angles ; [I. 32. 

therefore the angles ACE and ACB are together equal to 
two right angles. 

And since at the point C, in the straight line AC, the 
two straight lines BC, CE which are on the opposite sides 
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of it, make the adjacent angles ACEy ACB together equal 
to two right angles, 

therefore BC and GE are in one straight line. [1. 14. 

Wherefore, if two triangles &c. q.e.d. 



PBOPOSITION 33. THEOREM. 

In eqtud cirdes, angles, whether at the centres or at the 
circumferences^ have the same ratio which the arcs on 
which they stand have to one cmother; so also have the 

sectors. 

Let ABCtcod DEF be eqnal circles, and let BGC and 
EHF be angles at their centres, and BAG and EDF 
angles at their circumferences : as the arc BG is to the arc 
EF so shall the angle BGG be to the angle EHF. and the 
angle BAG to the angle EDF; and so also shall the sector 
£GC be to the sector EHF. 




Take any number of arcs OK, KL, each equal to BG, 
and also any number of arcs FM^ MN each equal to EF\ 
and jom GK, GL, HM, HN. 

Then, because the arcs EG, GKy KLy are all equal, [Comtr. 
the angles BGGy GGKy KGL are also all equal ; [III. 27. 
and therefore whatever multiple the arc BL is of the arc 
BG. the same multiple is the angle BGL of the angle 
BGG. 

For the same reason, whatever multiple the arc EN is of 
the arc EF, the same multiple is the angle EHN of the 
angle EHF. 
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And if the arc BL be equal to the arc EN, the angle BGZ, 
U equal to the angle EnN; [IIL 27. 

and if the arc BL be greater than the arc ENy the anglo 
BGL is greater than the angle EHN\ and if less, less. 

Therefore since there are four magnitudes, the two 
arcs BCy EF^ and the two angles BQCy EHF\ 




and that Qf the arc BG and of the angle BGG have been 
taken any equimultiples whatever, namely, the arc BL and 
the angle BGL ; 

and of the arc EF and of the angle EHF have been taken 
any equimultiples whatever, namely, the arc EN and the 
angle ^ZTiV; 

and since it has been shewn ths^t if the arc BL bp greater 
than the arc EN^ the angle BGL is greater than the angle 
EHN\ and if equal, equal ; and if less, less ; 
therefore as the arc BG is to the arc EF, so i^ the angle 
BGG to the angle EHF, [V. D^nition 5, 

But as the angle BGG is to the angle EHF, so is the 
angle BAG to the angle EBF, [V. 15. 

for each is double of each ; [III. 20. 

therefore, as the arc BG is to the arc EF- so i^ the angle 
BGG to the angle EHF, and the angle BAG to the angle 
EJ>F, 

Also as the arc BG is to the arc EF, so ^hall the e^tor 
BGG be to the sector EHF 

Join BG, CK, and in the arcs BG,GK take any points 
X, O, and jom BX, XC, CO^ OK. 



,y Google 



BOOK VL 33. 215 

Then, because in the triangles BGC^ CGK^ the two 
sides BGy GC are equal to the two sides CG^ GK^ each to 



and that they contain equal angles ; [III 27. 

therefore the base BC \% equal to the base CK^ and the 
triangle BGC is equal to the triangle GGK. [I. 4. 




And because the arc BG is equal to the arc GK^ [Comtr, 
the remaining part when BG is taken from the circum- 
ference is equal to the remaining part when GK is taken 
from the circumference ; 

therefore the angle BXG is equal to the angle GOK. [III. 27. 
Therefore the segment -jBXC is similar to the segment 
GOK\ [III. J)€finiti<m 11. 

and they are on equal straight lines BGy GK, 
But similar segments of circles on equal straight lines are 
equal to one another ; , [III. 2i. 

therefore the segment BXG is equal to the segment GOK. 

And the triangle BGG was shewn to be equal to the 
triangle GGK; 

therefore the whole, the sector BGG, is equal to the whole, 
the sector GGK, [Axiom 2. 

For the same reason the sector KGL is equal to each of 
the sectors BGG, GGK 

In the same manner the sectors BHF, FffM, MHN may 
be shewn to be equal to one another. 

Therefore whatever multiple the arc BL is of the arc 
PG^ the same multiple is the sector BGL of the sector 
BGG, 
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and for the same reason whatever multiple the arc EN is 

of tlie arc EF, the same multiple is the sector EHN of the 

sector EHF. 

And if the arc BL he equal to the arc EN, the sector 

BGL is equal to the sector EHN\ 

and if the arc BL be greater than the arc JK2V, the sector 

BGL is greater than the sector EHN \ and if less, less. 

Therefore, since there are four magnitudes, the two 
arcs BC, EF, and the two sectors BGC, EHF\ 




and that of the arc BG and of the sector BGG have been 
taken any equimultiples whatever, namely, the arc BL and 
the sector BGL ; 

and of the arc EF and of the sector EHF have been taken 
any equimultiples whatever, namely, the arc EN and the 
sector J&i/iV; 

and since it has been shewn that if the arc BL be greater 
than the arc EN^ the sector BGL is greater than the 
sector EHN\ and if equal, equal ; and if less, less ; 
therefore as the arc BG is to the arc EF, so is the sector 
BGG to the sector EHF, [V. B^nition 5. 

Wherefore, in eqtud circles &c. q.ej). 
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PROPOSITION B. THEOREM. 

If the vertical angle of a triangle he bisected hy a straight 
line which likewise cuts the base, the rectangle contained 
by the sides cf the triangle is equal to the rectangle con- 
tained by the segments of the ba^e, together with the square 
on the straight line which bisects the angle. 

Let ABC be a triangle, and let the angle BAG be 
bisected by the straight line AD : the rectangle BA^ AG 
shall be equal to the rectangle BI>^ Z>(79togetiier with the 
square on AD. 

Describe the circle AGB 
about the triangle, [IV. 5. 
and produce AD to meet the 
circumference at E, 
and join j&(7. 

Then, because the angle 
BAD is equal to the angle 
EAG, [Hypothesis. 

and the angle ABD is equal to^ 
the angle AEG, for they are in 
the same segment of the circle, [III. 21, 

therefore the triangle BAD is equiangular to the triangle 

EAG. 

Therefore BA is to AD as EA is to -4 C; [VI. 4. 

therefore the rectangle BA, AG is equal to the rectangle 

J^A ^A [VI. 16. 

that is, to the rectangle ED, DA, together with the square 

on AD, pi 3^ 

But the rectangle ED, DA is equal to the rectangle 
BD,DG; ^ [in.|5. 

therefore the rectangle BA, AG is equal to the rectangle 
y?/>, DG, together with the square on AD, 
Wherefore, if the vertical angle &c. q.e.d. 
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PROPOSITION C. THEOREM, 

If from the vertical angle of a triangle a straight line 
he drawn perpendicvlar to the base, the rectangle contained 
by the sides of the triangle is equal to the rectangle con- 
tained by the perpendictdar and the diameter of the circle 
described about the triangle. 

Let ABC be a triangle, and let AD he the perpen- 
dicular from the angle A to the base BC: the rectangle 
BAy AC shall be equal to the rectangle contained hj AD 
and the diameter of the circle described about the triangle. 

Describe the circle ACB 
about the triangle ; [IV. 5. 
draw the diameter AEj and 
join EC. 

Then, because the right 
angle BDA is equal to the 
angle ECA in a semi- 
circle ; [III. 31. 
and the angle ABD is equal 
to the angle A EC, for they 
are in the same segment of 
the circle ; [III. 21. 
therefore the triangle ABD la equiangular to the triangle 
AEC 

Therefore 5^ is to AD oaEAh to AC; [VL 4. 

therefore the rectangle BA, AC is equal to the rectangle 
EA, AD. [VI. 16. 

Wherefore, if from the vertical angle &c. Q.K.D, 




PROPOSITIONS THEOREM, 

The rectangle contained by the diagonals qf a quadri- 
lateral figure inscribed in a circle is equal to both the 
rectangles contained by its opposite sides. 
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Let ABCD be any quadrilateral figure inscribed in 
a circle, and join AC^BD: the rectangle contained by 
AG, BD shall be equal to the two rectangles contained by 
AB, CD and by AD, BC. 

Make the angle ABE equal to the angle DBG; [I. 23. 
Twld to each of these 
equah the angle EBD, 
then the angle ABD 
is equd to the an^e 
EBG. [Axiom 2. 

And the angle BDA is 
equal to theanglei?<7^,for 
they are in the same seg- 
ment of the circle ; [III.21. 
therefore ' the triangle 
ABD is equiangular to the 
triangle EBG. 
Therefore AD is to DB 

as EG is to GB; [VI. 4. 

therefore the rectangle AD, GB is equal to the rectangle 
DB, EG, [VI. 16. 

Again, because the angle ABE is equal to the angle 
DBG, [Construction, 

and the angle BAE is equal to the angle BDG, for they 
are in the same segment of the circle ; [III. 21. 

therefore the triangle ABE is equiangular to the triangle 
DBG. 

Therefore BA is to ^^ as BD is to DG ; [VI. 4. 

therefore the rectangle BA, DG is equal to the rectangle 
AE, BD. [Vr. 16. 

But the rectangle AD, GB has been shewn equal to 
the rectangle DB, EG; 

therefore the rectangles AD, GB and BA, DG are together 
equal to the rectangles BD, EG and BD, AE ; 
that is, to the rectangle BD, AG. [II. 1. 

Wherefore, the rectangle contained &c. q.e.d. 
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1. A SOLID is that which has leng^th, breadtli, and 
thickness. 

2. That which bounds a solid is a superficies. 

3. A straight line is perpendicular, or at right angles, 
to a plane, when it makes right angles with eyery straight 
line meeting it in that plane. 

4. A plane is perpendicular to a plane, when the 
straight lines drawn in one of the planes perpendicular to 
the common section of the two planes, are perpendicular 
to the other plane. 

6. The inclination of a straight line to a plane is the 
acute angle contained by that straight line, and another 
drawn from the point at wliich the first line meets the 
plane to the point at which a perpendicular to the plane 
drawn from any point of the first linei above the plane, 
meets the same plane. 

6. The inclination of a plane to a plane is the acute 
angle contained by two straight lines drawn from any the 
same point of their common section at right angles to it, 
one in one plane, and the other in the other plane. 

7. Two planes are said to have the same or a like 
inclination to one another, which two other planes have, 
when the said angles of inclination are equal to one 
another. 

8. Parallel planes are such as do not meet one another 
though producea. 
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9. A solid angle is that which is made by more than 
two plane angles, which are not in the same plane, meeting 
at one point 

10. Equal and similar solid figares are such as are 
contained by similar planes equal in number and magni- 
tude* [See tJie Notes!\ 

11. Similar solid figures are such as have all their solid 
angles equal, each to each, and are contained by the same 
number of similar planes. 

12. A pyramid is a solid figure contained by planes 
which are constructed between one plane and one point 
above it at which they meet. 

13. A prism is a solid figure contained by plane figures, 
of which two that are opposite are equal, similar, and par- 
allel to one another ; and the others are parallelograms. 

14. A sphere is a solid figure described hj the rcTolu- 
tion of a semicircle about its diameter, wluch remains 
fixed. 

15. The axis of a sphere is the fixed straight line 
about which the semicircle revolves. 

16. The centre of a sphere is the same vrith that of the 
semicircle. 

17. The diameter of a sphere is any straight line which 
passes through the centre, and is terminated both ways by 
tlie superficies of the sphere. 

18. A cone is a solid figure described by the revolution 
of a right-angled triangle about one of the sides containing 
the right angle, which side remains fixed. 

If the fixed side be equal to the other side containing 
the right angle, the cone is called a right-angled cone ; 
if it l^ less than the other side, an obtuse-angled cone ; 
and if greater, an acute-angled cone. 

19. Th^ axis of a cone Is the fixed straight line about 
which the triangle revolves. 
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20. The base of a cone is the circle described by that 
side containing the right angle which rerolves. 

21. A cylinder is a solid figure described by the revo- 
lution of a right-angled parallelogram about one of its sides 
which remains fixed. 

22. The axis of a cylinder is the fixed straight line 
about which the parallelogram revolves. 

23. The bases of a cylinder are the circles described 
by the two revolving opposite sides of the parallelogram. 

24. Similar cones and cylinders are those whioh bavo 
their axes and the diameters of their bases proportionals. 

25. A cube is a solid figure contained by six equal 
squares. 

26. A tetrahedron is a solid figure contamcd by four 
equal and equilateral triangles. 

27. An octahedron is a solid figure contained by eight 
equal and equilateral triangles. 

28. A dodecahedron is a solid figure contained by 
twelve equal pentagons which are equilateral and equi- 
angular. 

29. An icosahedron is a solid figure contained by 
twenty equal and equilateral triangles. 

A. A parallelepiped is a solid figure contained by six 
quadrilateral figures, of which every opposite two are 
parallel. 



PBOPOSITION 1. THEOREM, 

One part of a straight line cannot he in a plane, and 
anothet*part tcithotU it. 

It it be possible, let AB, part of the straight line 
ABCy be in a plane, and the part JBC without it. 
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Then since the straight 
line -4^ is in the plane, it can ^ 

be produced in that plane; ,- 

let it be produced to D ; and \ ^ 

let any plane pass through the X'^ ^ ^\ 

straight line^ 2>,andbe turned 

about until it pass through the point C. 

Then, because the points B and C are in this plane, the 

straight line ^(7 is in it. [I. B^nition 7. 

Therefore there are two straight lines ABC, ABB in the 

same plane, that have a common segment AB; 

but this is impossible. [I. 11, CoroUary* 

Wherefore, one part qfa straight line &c. q.£.d. 

PROPOSITION 2. THEOREM, 

Two straight lines which cut one another are in one 
plane; and three straight lines which meet one another 
are in one plane. 

Let the two straight lines AB, CD cut one another at 
E: AB and CD shall be in one plane; and the three 
straight lines EC, CB, BE which meet one another, shall 
be in one plane. 

Let any plane pass through the 
straight line EB, and let the plane 
be turned about EB, produced if 
necessary, until it pass through the 
point C 

Then, because the points E 
and C are in this plane, the straight 
line EC is in it ; [I. Definition 7. 
for the same reason, the straight 
line BC is in the same plane ; 
and, by hypothesis, EB is in it. 

Therefore the three straight lines EC, CB, BE are in one 
plane. 

But AB and CD are in the plane in which EB and EC 
ore ; [XI. 1. 

therefore AB and CD are in one plane. 

Wherefore, two straight lines &c q.e.i>. 
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PROPOSITION 8. THEOREM. 

If ttDO planes cut one another their common section 
is a straight line. 

Let two planes ABy BG cut one another, and let BD 
be their common secUou : BD shall be a straight line. 

If it be not, from B to D, draw 
in the plane AB the straight line 
BED, and in the plane BG the 
straight line BED. [Postulate 1. 
Then the two straight lines BED, 
BED have the same extremities, 
and therefore include a space be- 
tween them ; 
but this is impossible. [Axiom 10. 
Therefore BD, the common section of ihe planes AB and 
BG cannot but be a straight line. 

VlhereforQ, if tiDo planes Ike, Q.B.D. 




PROPOSITION 4. THEOREM. 

If a straight line stand at right angles to each of two 
straight lines at the point of their intersection, it shall 
also be at right angles to the plane which passes through 
them, that is, to the plane in which they are. 

Let the straight line EF stand at right angles to each 
of the straight lines AB, GD, at E, 
the point of their intersection: EF 
shall also be at right angles to the 
plsme passing through AB, GD. 

Take the straight lines AE, EB, 
CE, ED, all equal to one another ; 
join AD, GB\ through E draw in 
the plane in which are AB, GD, 
any straight line cutting AD at G, 
and GB at H\ and from any point 
F in EF draw FA, FG, FD, EG. 
FH, FB. 
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Then, because the two sides AE^ ED are equal to the 
two sides BE^ EGy each to each, [CwMtructim, 

and that they contain equal angles AED^ BEC\ [I. 15. 
therefore the base AD is equal to the base B(J^ and the 
angle DAE is equal to the angle EBC. [I. 4. 

And the angle AEG is equal to the angle BEH\ [1. 15. 
therefore the triangles AEG^ BEH have two angles of the 
one equal to two angles of the other, each to each ; 
and the sides EA, EB adjacent to the equal angles are 
equal to one another; {Comiruction, 

therefore EG is equal to EH, and AG \& equal to 
BH, [1. 26. 

And because EA is equal to EB, [Construction. 

and EF is common and at right angles to them, {Hypothem, 
therefore the base AF is equal to the base BF, [I. 4. 

For the same reason CF is equal to DF, 

And since it has been shewn that the two sides DA, 
AF are equal to the two sides CBj BF, each to each, 
and that the base DF is equal to the base CF-, 
therefore the angle 2>^i^is equal to the angle CBF. [I. 8. 

Again, since it has been shewn that the two sides FA, 
AG»re equal to the two sides FB, BH, each to each, 
and that the angle FAG is equal to the angle FBH ; 
therefore the base FG is equal to the base FH [I. 4. 

Lastly, since it has.been shewn that GE is equal to HE, 
and JSF is common to the two triangles FEG, FEH ; 
and the base FG has been shewn equal to the base FH; 
therefore the angle FEG is equal to the a>ngle FEH [I. S. 
Therefore each of these angles is a right angle. [I. Defin. 10. 

In like manner it may be shewn that EF makes right 
angles with every straight line which meets it in the piano 
passing through AB, CD, 

Therefore EF is at right angles to the plane in which are 
AB, CD, [XI. DefinUion 3. 

Wherefore, if a straight line &c. q.e.d. 



15 

,y Google 



226 EUCLID'S ELEMENTS, 



PROPOSITION 5. THEOREM. 

If three straight lines meet all at one point, and a 
straight line stand at right angles to each of them at that 
pointy the three straight lines shall be in one and t?ie same 
plane, 

L6t the straight line AE stand at right angles to each 
of the straight lines BC, BD, BE, at S the point where 
they meet : BG, BD^ BE shall be in one and the same 
plane. 

For, if not, let, if possible, 
BD and BE be in one plane, 
and j8(7 without it ; let a plane 
pass through AB and BG\ 
the common section of this 
plane with the plane in which 
are BD and BE is a straight 
line ; [XI. 3. 

let this straight line be BF, 

Then the three straight lines 

AB, BG, BF are all in one plane, namely, the plane which 

passes through AB and BG, 

And because AB stands at right angles to each of the 
straight lines BD, BE, [Hypothms, 

therefore it is at right angles to the plane passing through 
them; [XI. 4. 

therefore it makes right angles with every straight line 
meeting it in that plane. [XI. Definition 3. 

But ^^ meets it, and is in that plane ; 
therefore the angle ABF is a right angle. 
But the angle ABG is, by hypothesis, a right angle ; 
therefore the angle ABG is equal to the angled jB^ ; [Ax. 11. 
and they are in one plane ; which is impossible. [Axiom 9. 
Therefore the straight line BG is not without the plane in 
which are BD and BE, 

therefore the three straight lines BG, BD, BE are in one 
and the same plane. 

Wherefore, if three straight lines &c. q.b.d. 
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PROPOSITION C. THEOREM, 

If two straight lines he at right angles to the same plane, 
they shaU he parallel to one another. 

Let the straight lines AB, CD be at right angles to the 
same plane : AB shall be parallel to CD. 

Let them meet the plane at the ^^ 
points B, D ; join BD ; and in the plane 
draw DE at right angles to BD ; [1. 11. 
make DE equal to AB ; [I. 8. 

and jom BE, AE, AD. 

Then, because AB is perpendicular 
to the plane, [Hypothesis, 

it makes right angles with every straight 
line meeting it in that plane. [XI. Def. 3. 

But BD and BE meet AB, and are 
in that plane, 

therefore each of the angles ABD, ABE is a right angle. 
For the same reason each of the angles CDB, CDE is a 
right angle. 

And because AB is equal to ED, [Construction. 

and BD is common to the two triangles ABD, EDB, 
the two sides AB, BD are equal to the two sides ED, DB, 
each to each ; 

and the angle ABD is equal to the angle EDB, each of 
them being a right angle ; [Axiom Hi 

therefore the base ^i> is equal to the base EB. [1. 4. 

Again, because AB is equal to ED, [Oonatruction, 

and it has been shewn that BE is equal to DA ; 
therefore the two sides AB, BE are equal to the two sides 
ED, DA, each to each ; 

and the base* AE is common to the two triangles ABE, 
EDA ; 

therefore the angle ABE is equal to the angle EDA. [I. 8. 
But the angle ABE is a right angle, 
therefore the angle EDA is a right angle, 
that is, ED is at right angles to AD, 
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But ED is also at right angles 
to each of the two i?Z>, (72> ; 
therefore ED is at right angles to 
each of the three straight lines BD, 
AD, CD, at the point at which 
they meet ; 

therefore these three straight lines 
are all in the same plane. [XI. 5* 

But ^^ is in the plane in which 
are BD, DA ; [XI. 2. 

therefore AB, BD, CD are in one plane. 
And each of the angles ABD, CDB is a right angle ; 
therefore AB is parallel to CD, [I. 28. 

Wherefore, if two straight lines &c.» q.e.d. 



PROPOSITION 7. THEOREM. 

If two straight lines be parallel, the straight line drawn 
from any point in one to any point in the other, is in the- 
same plane with the parallels. 

Let AB, CD be parallel straight lines, and take any 
point E in one and any point F in the other: the straight 
line which joins E and F shall be in the same plane with 
the parallels. 

For, if not, let it be, if pos- 
sible, without the plane, as 
EOF; andintheplane^^CA 
in which the parallels are, 
draw the straight Une EHF 
from E to F. 

Then, since EGF\& also a 
straight line, [Hypothem, 

the two straight lines EGF, EHF include a space between 
them ; which is impossible. [Axiom 10. 

Therefore the straight line joining the points E and F is 
not without the plane in which the parallels AB, CD are ; 
therefore it is in that plane. 

Wherefore, ifttoo straight lines &c q.e.1). 



A 
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PEOPOSITION 8. THEOREM, 

If two straight lines he parallel, and one of tTiem be at 
right angles to a plane, the other also shall be at right 
angles to the same plane. 

Let AB, CD be two parallel straight lines ; and let one 
of them AB be at right angles to a plane : tie oiher CD 
shall be at right angles to the same plane. 

Let AB, CD meet the plane 
at the points B, i> ; join BD ; 
therefore AB, CD, BD are in 
one plane. [XI. 7. 

In the plane to which AB is Bt 
right angles, draw DB at right 
angles to BD ; [1. 11. 

make DE equal to AB; [I. 3. 
wadiomBB,AB,AD. 

Then, because AB is at right 
angles to the plane, [Hypothesis, 
it makes right angles with every straight line meeting it 
in that plane ; [XI. Ikfinition 3. 

therefore each of the angles ABD, ABE is a right angle. 
.And because the straight line BD meets the parallel 
straight lines AB, CD, 

the angles ABD, CDB are together equal to two right 
angles. [1. 29. 

But the angle ABD is a right angle, [Hypothesis, 

therefore the angle CDB is a right angle ; 
that is, CD is at right angles to BD, 

And because AB is equal to ED, [Construction, 

and BD is common to the two triangles ABD, EDB ; 
the two sides AB, BD are equal to the two sides ED, DB, 
each to each ; 

and the angle ABD is equal to the angle EDB, each of 
them being a right angle ; [Axiom 11. 

therefore the base AD is equal to the base EB, [I. 4. 

Again, because AB is equal to ED, [Gcml/ructvm. 

and BE has been shewn equal to DA, 
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the two sides AB, BE are equal to the two sides ED, DA, 

each to each; 

and the base ^j^ is common to the two 

triangles ABE, EDA ; 

therefore the angle ABE is equal to 

the angle ADE, [I. 8. 

But the angle ABE is a right angle ; 

therefore the angle ADE\& a right angle ; 

that is, ED is at right angles to ^2>. 

Butj^i>isatrightandestoJ?2>,[(7<m«e. 
therefore ED is at right angles to the 
plane which passes through BD, DA^ [XL 4. 

and therefore makes right angles with every straight line 
meeting it in that plane. [XI. De/inkion 3. 

But CD is in the plane passing through BD, DA, because 
all three are in the plane in which are tne parallels AB, CD; 
therefore ED is at right angles to CD, 
and therefore CD is at right angles to ED. 

But CD was shewn to be at right angles to BD ; 
therefore CD is at right angles to the two straight lines 
BD, ED, at the point of their intersection D, 
and is therefore at right angles to the plane passing 
through BD, ED, [XI. 4. 

that is, to the plane to which ^^ is at right angles. 
. Wherefore, ifttco straight lines &c. q.e.d. 
PROPOSITION 9. THEOREM. 

Two straight lines which are each qf them parallel to 
the same straight line, and not in the same plane with it^ 
are parallel to one another. 

Let AB and CD be each of them parallel to EF, and 
not in the same plane with it : 
AB shall be parallel to CD. 

In EF take any point G\ in 
the plane passing tnrough EF 
and A B, drawfrom G the straight 
line GHvX right angles to EF\ 
and in the plane passing through 
EF and CD, draw from G l£e 
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straight line GKdX right angles to EF, [1. 11. 

Then, because EF is at right angles to GH and 
GK, [Canatruction. > 

EFis at right angles to the plane i^G^JT passing through 
them. [XI. 4. 

And EFia parallel to AB ; [Hypothesis. 

therefore AB is at right angles to the plane HGK, [XI. 8. 
For the same reason CD is at right angles to the plane 
HGK, 

Therefore AB and CD are both at right angles to the 
plane HGK, 
Therefore AB is parallel to CD, [XI. 6. 

Wherefore, if two straight lines &c. Q.E.D. 



PROPOSITION 10. THEOREM. 

If two straight lines meeting one another be parallel to 
two others thai meet one another ^ and are not in the same 
plane with the first two, the first two and the other two 
shall contain eqiial angles. 

Let the two straight lines AB^ BCy which meet one an- 
other, be parallel to the two straight lines DE, EF, which 
meet one another, and are not in the same plane with 
AB, BC\ the angle ABC shall be equal to the angle DEF. 

Take BA, BC, ED, EF2^ equal to 
one another, ana join AD, BE, CF. 
AG, DF, 

Then, because AB is equal and 
parallel to DE, 

therefore AD is equal and parallel to 
BE, . [1.33. 

For the same reason, CF is equal 
and parallel to BE, 

Therefore AD and CF are each of 
them equal and parallel to BE, 

Therefore AD is parallel to OF, [XI. 9. 
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and AD is also 

CF. 

Therefore AG S& 

parallel to DF, 

And because 



equal to 

[Axiom 1. 

equal and 

[I. 33. 

AB, BG 



are equal to DE, EF, each 

to each, 

and the base AG\^ equal to 

the base i>i?; 

therefore the angle ABG is 

equal to the angle DEF, [1. 8. 

Wherefore, if two straight lines &c. q.k.i>. 




PROPOSITION 11. PROBLEM, 

To draw a straight line perpendicular to a given plane, 
from a given point without it. 

Let A be the given point without the plane JSi?: it is 
required to draw from the point A a straight line perpen- 
dicular to the plane BH. 

Draw any straight line 
BG in the plane BH, and 
from the pomt A draw AD 
perpendicular to BG. [1. 12. 
Then if -42> be also perpen- 
dicular to the plane J&JET, 
the thing required is done. 
But, if not, from the point 
2>draw, in the plane BII, 
the straight line DE at 
right angles to BG, [1. 11. 
and from the point A draw -4 jP perpendicular to DE, [1. 12. 
AF shall be perpendicular to the plane BH. 

Through F draw 6?^ parallel to BG. [I. 81. 

Then, because BG is at right angles to ED and DA, [Constr, 
BG is at right angles to the plane passing through ED 

[XI. 4. 




and DA. 

And Gffis parallel to BG; 



[Construction, 
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therefore GH is at right angles to the plane passing 
through ED and DA ; [XL 8. 

therefore GH makes right angles with every straight line 
meeting it in that plane. [XI. D^nition 3. 

But ^^ meets it^ and is in the plane passing through ED 
«AdDA; 

therefore GHis at right angles to AF, 
and therefore AF is at right angles to Gff» 

But ^J^ is also at right angles to i>j^; [Constrtietion, 
therefore AF is at right angles to each of the straight 
Imes GH and DE at the point of their intersection ; 
therefore ^^is perpendicular to the plane passing through 
(7^ and DE, that is, to the plane £H. [XI. 4. 

Wherefore, /rom the given point Aj withotU the plane 
BHy the straight line AFhas been draton perpendicular 
to the plane, q.e.f. 



PROPOSITION 12. PROBLEM. 

To erect a straight line at right angles to a given plane, 
from a given point in the plane. 

Let A be the given point in the given ^lane : it is re- 
quired to erect a straight line from the point Ay at right 
angles to the plane. 

From any point B without the 
plane, draw BC perpendicular to 
the plane; [XI. 11. 

and from the point A draw AD 
parallel to BC, [I. 31. 

AD shall be the straight line re- 
quired. 

For, because ^Z>and BCare 
two parallel straight lines, [Corutr. 
and that oiie of them BC is at 

ri^t angles to the given plane, [Conxtruction, 

the other ^i> is also at right angles to the given plane. [XI. 8. 

Wherefore a straight line has been erected at right an- 
gles to a given plane, from a given point in it, q.e.p. 



B 
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PROPOSITION 13. theorem: 

From the same point in a given plane^ there cannot he 
tfco straight lines at right angles to the plane, on the same 
side of it; and there can be but one perpendicular to a 
plane from a point tcithout the plane. 

For, if it be possible, let the two straight lines AB,AO 
be at right angles to a given plane, from the same point A 
in the plane, and on the same side of it. 

Let a plane pass through 
BA, AC; 

the common section of this 
with the given plane is a 
straight line ; [XI. 3. 

let this straight line be DAE, 

Then the three straight Imes AB, AC, DAE are 
all in one plane. 

And because CA is at right angles to the plane, [Hypothesis, 
it makes right angles with every straight line meeting it 
in the plane. [XI. DefinitumZ, 

But DAE meets CA, and is in that plane ; 
therefore the angle CAE is a right angle. 
For the same reason the angle BAE is a right angle. 
Therefore the angle CAEi& equal to the angle BAE\ \AxM. 
and they are in one plane ; 
which is impossible. [Axiom 9. 

Also, from a point without the plane, there can be but 
one perpendicular to the plane. 

For if there could be two, they would be parallel to one 
another, [XL 6. 

Which is absurd. 

Wherefore,/row the sam^ point &c. q.e.d. 
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PROPOSITION 14. THEOREM. 

Planes to which the same straight line is perpendicular 
are parallel to one another. 

Let the straight line AB be perpendicular to each of 
the planes CD and EF: these planes shall be parallel to 
one another. 

For, if not, they will meet one 
{another when produced ; 
let them meet, then their com- 
mon section mil be a straight 
line; 

let GH be this straight line ; in 
it take any point K, and join 
AK, bk: 

Then, because AB is perpen- 
dicular to the plane EF^ [Hyp. 
it is perpendicular to the straight 
line BK which is in that 
plane ; [XI. Definition 8. 

therefore the angle ABKia a right angle. 
For the same reason the angle BAK is a right angle. 
Therefore the two angles ABK, BAK of the triangle 
ABKajcG equal to two right angles; 
which is impossible. [I. 17. 

Therefore the planes CD and EF, though produced, do 
not meet one another ; 
that is, they are parallel. [XI. Bqfinition 8. 

Wherefore, planes &c. q.e.d. 




PROPOSITION. 15. THEOREM, 

If two straight lines which meet one another, be parallel 
to two other straight lines which meet one another, but 
are not in the same plane toith th^ first two, the plane pars- 
ing through these is parallel to the plane passing through 
the others. 
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Let AB, BC, two straight lines which meet one another, 
be parallel to two other straight lines DE^ EF, which meet 
one another, but are not in the same plane with AB, BG\ 
the plane passing through AB, BC, shall be parallel to the 
plane passing through DE, EF, 

From the point B draw BG 
perpendicular to the plane pass- 
ing through DE, EF, [XI. 11. 
and let it meet that plane at G ; 
through G draw G^^ parallel to 
^2>,and 6?^parallelto^^i?'. [1.31. 

Then, because BG is per- 
pendicular to the plane passing 
through 2>^, JKF, [Construction, 

it makes right angles with every straight line meeting it 
in that plane ; [XI. DefinUim 3. 

but the straight lines GH^a^ G^JTmeet it, and are in that 
plane; 

therefore each of the angles BGH and BGK is a right 
angle. 

Now because BA is parallel to ED, [Hypothesis, 

and GHi& paj-allel to ED, [Construction. 

therefore BA is parallel to GH ; [XI. 9. 

therefore the aagles ABG and BGH are together equal 
to two right angles. [I. 29. 

And the angle BGH has been shewn to be a right angle ; 

therefore the angle ABG is a right angle. 

For the same reason the angle CBG is a right angle. 

Then, because the straight line GB stands at right 
angles to the two straight lines BA, BC, at their point of 
intersection B, 

therefore GB is perpendicular to the plane passing through 
^^y ^^' [XI. 4. 

And GB is also perpendicular to the plane passing through 
^^y ^^' [ConsiructUm. 
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But planes to which the same straight line is perpendicular 
areparallel to one another; [XL 14. 

therefore the plane passing through AB, BC. is parallel to 
the plane passmg through DE^ EF, 

Wherefores, if two straight lines &c. q.e.i>. 



PROPOSITION 16. THEOREM. 

If two parallel planes he cut by another plane, their 
common sections with it are parallel. 

Let the parallel planes AB, CD be cut by the plane 
EFHG, and let their common sections with it be EF. 
GH: EF shall be parallel to GH. 

For if not, EF and GH^ being produced, will meet 
either towards jP, H, or towards E^ G. Let them be pro- 
duced and meet towards F, H&t the point K. 

Then, since EFK is in the 
plane AB^ every point inEFK 
IS in that plane ; [XL 1. 

therefore K is in the plane 
AB. 

For the same reason K is in 
the plane CD, 

Therefore the planes AB, CD, 
being produced, meet one an- 
other. 

But they do hot meet, since they are parallel by hypothesis. 

Therefore EF and GH, being produced, do not meet to- 
wards F, H. 

In the same manner it may be shewn that they do not 
meet towards E, G. 

But straight lines which are in the same plane, and which 
being produced ever so far both ways do not meet are 
parallel ; 

therefore EFis parallel to GH. 




Wherefore, if two parallel planes &c. Q.K.D. 
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PROPOSITION 17. THEOREM. 

If two straight lines be cut by parallel planes^ they 
shall he cut in the same ratio. 

Let the straight lines AB and CD be cut by the par 
rallel planes OH, KL, MN, at the points A. A B. and 
C,F,D\ AE shall be to j&5 as OF is to FD. 

Join AC,BD,AD; let 
AD meet the plane JTZ 
at the pomt X; and join 
EX, XF. 

Then, because the two 
parallel planes KL, MN are 
cut by the plane EBDX, 
the common sections EX, 
BD are parallel ; [XI. 16. 
and because. the two pa- 
rallel planes GHy KL are 
cut by the plane AXFC, 
the common sections AC, 
XF are parallel. [XT. 16. 

And, because EX is parallel to BD, a aide of the 
triangle ABD, 

therefore AE is to EB as AX is to XD. [VI. 2. 

Again, because XFi& parallel to ^C, a side of the triangle 
ADC, 

therefore AX is to XD as CF is to FD. [VI. 2. 

And it was shewn that AX is to XD as AE is to EB ; 
therefore AE is to EB as CF is to FD. [V. 11. 

Wherefore, if two straight lines &c. q.b.d. 




PROPOSITION 18. THEOREM. 

If a straight line he at right angles to a plane, every 
plane which passes through it shall he at right angles to 
that plane. 

Let the straight line AB be at right angles to the 
plane CX: every plane which passes through AB shall be 
at right angles to the idane Ck. 
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Let any plane DE 
pan^ through AB^ and 
let C^ be the common 
section of the planes 
JDEy CK\ [XI. 3. 
take any point F in 
CE^ from which draw 
FG, in the plane DE, 
at right angles to 
CE, [1. 11. 

Then, because AB is at right angles to the plane 
CK,i [ffypothesis. 

therefore it makes right angles with every straight line 
meeting it in that plane ; [XI. Definition 8. 

but CB meets it, and is in that plane ; 
therefore the angle ABFi& a right angle. 
But the angle GFB is also a right angle ; [ConsPmetion. 
therefore FG is parallel to AB, [I. 28. 

And AB is at right angles to the plane CIT; [Hypothesis. 
therefore FG is also at right angles to the same plane. [XI. 8. 

But one plane is at right angles to another plane, when 
the straight lines drawn in one of the planes at right 
angles to their common section, are also at right angles to 
the other plane ; [XI. Definition 4. 

and it has been shewn that any straight line FG drawn in 
the plane DE, at right angles to CE, the common section 
of the planes, is at right angles to the other pluie GJT; 
therefore the plane DE is at right angles to the plane CJS^. 

In the same manner it may be shewn that any other 
plane which passes through AB is at right angles to the 
plane (7f . 

Wherefore, if a straight line &c. q.e.d. 



PROPOSITION 19. THEOREM. 

Jf two planes which cut one another he each of them 
perpendicular to a third plane, their common section shall 
be perpendicular to the same plane. 



,y Google 



240 



EUCLID'S ELEMENTS. 




Let the two planes BA. BC be each of them perpen- 
dicular to a third plane, and let BD be the common section 
of the planes BA, BC\ BD shall be perpendicular to the 
third ^ne. 

For, if not, from the point D, 
draw in the plane BAy the straight 
line DE at right angles to ^2>, 
the common section of the plane 
BA with the third plane ; [1. 11. 
and from the point 2>, draw in the 
plane BCy the straight line DF9X 
right angles to (72>, the common 
section of the plane BC with the 
third plane. [1. 11. 

Then, because the plane BA is 
perpendicular to the third plane, [Hypothesis. 

and DE is drawn in the plane BA at right angles to AD 
their conmion section ; [C<mstruction. 

therefore 2>j^is perpendicular to the third plane. [XI. I>rf. 4. 

In the same manner it may be shewti that DF is per- 
pendicular to the third plane. 

Therefore from the i>oint D two straight lines are at 
right angles to the third plane, on the same side of it; 
which is impossible. [XI. 13. 

Therefore from the point 2>, there cannot be any straight 
line at right angles to the third plane, except BD the com- 
mon section of the planes BA, BC; 
therefore BD is perpendicular to the third plane. 

Wherefore, if ttoo planes &c. q.b.d. 



PROPOSITION 20. THEOREM. 

If a solid angle be contained by three plane angles, any 
two qfthem are together greaier than the third. 

Let the solid angle at ^ be contained by the three 
plane angles BAC, CAD, DAB\ any two of them shall be 
together greater than the third. 

^ If the angles BAC, CAD, DAB be all equal, it is 
evident that any two of them are greater than the third. 
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If they are not all equal, let 
BAG be that ande which is not 
less than either of the other two, and 
is greater than one of them» BAD. 

At the point Ay in the straight line 

BAy make, in the plane which passes 

through BA, AC, the angle BAE 

equal to the angle BAD \ [1. 23. 

make AE equal to AD ; [I, 8. 

through E draw BEC cutting AB, AC at the points B^ C; 

ajidiom DB, DC 

Then, because AD is equal to AEy [Construction, 

and AB is common to the two triangles BAD, BAE, 
the two sides BA, AD are equal to the two sides BA, AE, 
each to each ; 

and the angle BAD is equal to the angle BAE; [Constr, 
therefore the base BD is equal to the base BE, [I. 4. 

And because BD, DC are together greater than 
BC, [1. 20. 

and one of them BD has been shewn equal to BE a part 
of BC, 

therefore the other DC is greater than the remaining 
part EC, 

And because AD la equal to AE, [Cotutruciion. 

and AC is common to the two triangles DAC, EACy 

but the base DC is greater than the base EC; 

therefore the angle DAC is greater than the angle 
EAC, [1. 25. 

And, by construction, the angle BAD is equal to the 
angle BAE ; 

therefore the angles BAD, DAC are together greater 
than the angles BAE, EAC, that is, than the angle BAC, 

But the angle BAC is not less than either of the angles 
BAD, DAC; 

therefore the angle BAC together with either of the other 
angles is greater than the third. 

Wherefore, if a solid angle &c. q.e.d. 

18 
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PROPOSITION 21. THEOREM, 

Every solid angle is contained by plane angles, which 
are together less than four right angles. 

First let the solid angle at A be contained bv three 
plane angles BAG, CAD, DAB: these three snail be 
together less than four right angles. 

In the straight lines AB, AC, AD 
take any points B, C, D, and join BC, 
CD, DB. 

Then, because the solid angle at 
B is contained by the three plane 
angles CBA, ABD, DBG, any two 
of them are together greater than the 
third, [XI. 20. 

therefore the angles CBA, ABD are 
together greater than the angle DBG, 

For the same reason, the angles BCA, ACD are together 
greater than the angle DCB, 

and the angles CD A, ADB are together greater than the 
angle BDC, 

Therefore the six angles CBA, ABD, BCA, ACD, CDAy 
ADB are together greater than the three angles DBG, 
DCB, BDC\ 

but the three angles DBG, DCB, BDC are together equal 
to two right angles. [I. 32. 

Therefore the six angles CBA, ABD^ BCA, ACD, GDA^ 
ADB are together greater than two right angles. 

And, because the three angles of each of the triangles 
ABC, ACD, ADB are together equal to two right 
angles, [1. 82. 

therefore the nine angles of these triangles, namely, the 
angles CBA, BAG, ACB, ACD, GDA, GAD, ADB, 
DBA, DAB are equal to six right angles ; 

and of these, the six angles CBA, ACB, ACD, GDA, 
ADB, DBA are greater than two right angles, 

therefore the remaining tliree angles BAG, GAD, DAB, 
which contain the solid angle at A, are together less than ' 
four right angles. 
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Next, let the solid angle at .^ be contained by any 
number of plane angles BAG^ CAD, DAE, EAFy FAB : 
these shall be together less than four right angles. 

Let the planes in which the an- 
gles are, be cut by a plane, and let 
the common sections of it with those 
planes be BCy CD, DE, EF, FB. 

Then, because the solid angle at 
B is contained by the three piano 
angles CBA, ABF, FBG, any two 
of them are together greater than 
the third, [XI. 20. 

therefore the angles CBA, ABF 
are together greater than the angle 
FBa 

For the same reason, at each of the points C, 2>, E, F, the 
two plane angles which are at the bases of the triangles 
having the common vertex A, are together greater than 
the third angle at the same p^int, which is one of the 
angles of the polygon BGDEF, 

Therefore all the angles at the bases of the triangles are 
together greater than all the angles of the polygon. 

Now all the angles of the triangles are together equal 
to twice as many right angles as there are triangles, that 
is, as there ara sides in the polygon BGDEF ; [I. 32. 

and all the angles of the polygon, together with four right 
angles, are also equal to twice as many right angles as 
there are sides in tne polygon; [I. 32, CorolUMry 1. 

therefore all the angles of the triangles are equal to all the 
angles of the polygon, together with four right angles. [Ax, 1. 

But it has been shewn that all the angles at the bases 
of the triangles are together greater than all the angles of 
the polygon; 

therefore the remaining angles of the triangles, namely, 
those at the vertex, which contain the solid angle at Ay are 
together less than lour right angles. 

Wherefore, every solid angle &g. q.e.d. 



16-2 

,y Google 



BOOK XIL 



LEMMA. 



^ffrom the greater of tieo unequal magtiitude^ there 
he tctken more than ite half and from the remainder 
more than its half and so on, there shall at length re- 
main a magnitude less than the smaller qf the proposed 
magnitudes, * 

Let AB and C be two unequal magnitudes, of which 
AB is the greater: if from AB there be taken more than 
its hidf, and from the remainder more than its half, and so 
on, there shall at length remain a magnitude less than (7. 
For C may be multiplied so as at length ^ j^ 

to become greater than AB. 

Let it be so multiplied, and let DE its 
multiple be greater than AB, and let DE 
be divided into DF, FG, GE, each equal 
to a 

From AB take BH, greater than its 
hal^ and from the remain&r AH take HK 
ffreater than its half, and so on, until there 
be as many diyisions in ^^ as in DE ; and 
let the divisions in AB be ^^, KH, HB, 
and the divisions in DE be DF, FG^ GE. 



K 



H 



G 



B C JQ 



Then, because DE is greater than AB ; 
and that EG taken from DE is not greater than its half; 
but -S^ taken from AB is greater than its half; 
therefore the remainder DG is greater than the remainder 
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Again, because DG is greater than AH\ 

and that QF is not greater than the half of DGy but HK 

is greater than the half of AH ; 

therefore the remainder DF is greater than the remainder 

AK. 

But 2>J'iseqnalto(7; 
therefore C7is greater than AK\ 
that is, AK is less than C7. q.e.]>. 

And if only the halves be taken away, the same thing may 
in the same way be demonstrated. 

PROPOSITION 1. THEOREM, 
Similar polygons inscribed in circles are to one another 
as the squares on their diameters. 

Let ABCDEy FGHKL be two circles, and in them 
the similar polygons ABODE, FGHKL \ and let BM, 
GN be the diameters of the circles : the polygon ABODE 
shall be to the polygon FGHKL as the square on BM is 
to the square on GM. 




Join AM, BE, FN, GL. 
Then, because the polygons are similar, 
therefore the angle BAE is equal to the angle GFL, 
and ^^ is to AE mGFU to FL. [VI. D^nUvm 1. 

Therefore the triangle BAE is equiangular to the triangle 
GFL\ [VL6. 

therefore the angle AEB is equal to the angle FLG, 
But the angle AEB is equal to the angle AMBy and the 
angle FLG is equal to the angle FNG ; [III. 21. 

therefore the angle AMB is equal to the angle FNG. 
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And the angle BAM is equal to the angle GFN, for 
each of them ia a right angle. [III. 31. 




Therefore the remaming angles in the triangles AMB^ 
FNG are equal, and the triangles are equiangular to one 
another ; 

therefore BA is to J9Jf as GFi^ to GN, [VI. 4. 

and, alternately, BA is to GF as BM is to GN\ [V. 16. 
therefore the duplicate ratio of BA to GF is the same as 
the duplicate ratio of BM to GN. [V. D^nitim 10, V. 22. 

But the polygon ABODE is to the polygon FGHKL 
in the duplicate ratio of BA to GF\ [VI. 20. 

and the square on BM is to the square on GN in the du- 
plicate ratio of BM to GN ; [VI. 20. 
therefore the polygon ABODE is to the polygon FGHKL 
as the square on BM is to the square on GN [V. 11. 

yfhGreiovQ, similar polygons ^, q.b.d. 



PROPOSITION 2. THEOREM, 

Circles are to one another as the squares on their 
diameters. 

Let ABOD, EFGH be two circles, and BD, FH their 
diameters : the circle ABOD shall be to the circle EFGH 
as the square on BD is to the square on FH. 

For, if not, the square on BD must be to the square on 
FH as the circle ABOD is to some space eitner less 
than the circle EFGH, or greater than it. 

First, if possible, let it be as the circle ABOD is to a 
space S less than the circle EFGH, 
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In the circle EFGHmwsnJbQ the square EFQH. [IV. 6. 
This square shall be greater than half of the circle EFGH, 




For the square EFQH is half of the square which can 
be formed by drawing straight lines to touch the circle at 
the pomts ^, JF; 0,H; 

and the square thus formed is greater than the circle ; 

therefore the square EFGH is greater than half of the 
circle. 

Bisect the arcs EF, FGy GH, HE at the points K, 
Z, Mj N; 

and join EK, KF, FL, LG, GM, MH, HN, NE. Then 
each of the triangles EKF, FLG, GMH, HNE shall 
be greater than half of the segment of the circle in which 
it stands. 

For the triangle EKF is half of the parallelogram 
which can bo formed by drawing a straight line to touch the 
circle at iT, and parallel straight lines through E and F^ 

and the parallelogram thus formed is greater than tho 
segment PEK\ therefore the triangle EKF\& greater than 
half of the segment. 

And similarly for the other triangles. 

Therefore the sum of all these triangles is together greater 
than half of the sum of the segments of the circle in which 
they stand. 

Again, bisect EK, KF^ &c. and form triangles as before ; 

then the sum of these triangles is greater than half of the 
sum of the segments of the circle in which they stand. 
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If this process be continued, and the triangles be sup- 
posed to be taken away, there will at length remain seg- 
ments of circles which are together less than the excess of 
the circle EFGH above the space S, by the preceding 
Lemma. 

Let then the segments EK, KF, FL, LG, GM, MH, 
HN, NE be those which remain, and which are together 
less than the excess of the circle above S', 

therefore the rest of the circle, namely the polygon 
EKFLGMHN, is greater than the space S, 

In the circle^-SC2> describe the i^Xj^otlAXBOCPDB 
similar to the polygon EKFLGMHN. 

Then the polygon AXBOCPDR is to the polygon 
EKFLGMHN as the square on BD is to the square on 
FHy [XIL 1. 

that is, as the circle ABCD is to the space S. [Hyp., V. 11. 

But the polygon AXBOCPDR is less than the circle 

ABCD in wluch it is inscribed, 

therefore the polygon EKFLGMHN is less than the 

space aS'; [V. 14. 

but it is also greater, as has been shewn ; 

which is impossible. 

Therefore the square on BD is not to the square on 
FH as the circle ABCD is to any space less uian the 
circle EFGH 

In the same way it may be shewn that the square on 
FH is not to the square on BD as the circle EFGH is to 
any space less than the circle ABCD, 

Nor is the square on BD to the square on FH as 
the circle ABCD is to any space greater tiian the circle 
EFGH 

For, if possible, let it be as the circle ABCD is to a space 
T greater than the circle EFGH 

Then, inversely, the square on FH is to the square on BD 
as the space Tis to the circle ABCD. 

But as the space T is to the circle ABCD so is the circle 
EFGH to some space, which must be less than the circle 
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ABCD, because, by hypothesis, the space T is greater 
than the circle EFGH, [V. 14. 




Therefore the square on FH is to the square on BD as 

the circle EFOH is to some space less than the circle 

ABCD\ 

which has been shewn to be impossible. 

Therefore the square on BD is not to the square on FH 
as the circle A BCD is to any space greater than the circle 
EFGH. 

And it has been shewn that the square on BD is not 
to the square on FH as the circle ABCD is to any space 
less than the circle EFGH 

Therefore the square on BD is to the square on FHba the 
circle ABCD is to the circle EFGH. 

Wherefore, ctrcles &c. q.e.d. 
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The article Eudeides in Dr Smith's Dictionary of Greek and 
Roman Biography was written by Professor De Morgan ; it 
contains an account of the works of Eaclid, and of the varions 
editions of them which have been published. To that article we 
refer the student who desires full information on these subjects. 
Perhaps the only work of importance relating to Euclid which 
has been published since the date of that article is a work on the 
Porisms of Euclid by Chasles ; Paris, i860. 

Euclid appears to have lived in the time of the first Ptolemy, 
B.C. 323 — 283, and to have been the founder of the Alexandrian 
mathematical school. The work on Geometry known as The 
Elementi of Eudid consists of thirteen books ; two other books 
have sometimes been added, of which it is supposed that Hypsides 
was the author. Besides the Elements, Euclid was the author of 
other works, some of which have been preserved and somejost. 

We will now mention the three editions which are the meet 
valuable for those who wish to read the Elements of Euclid in the 
original Greek. 

(i) The Oxford edition in folio, published in 1703 by David 
Gregory, under the title Ei/xXe^Sov rk tratifitya. ** As an edition 
of the whole of Euclid's works, this stands alone, there being no 
other in Greek." De Morgan, 

(2) Ettclidis Elementorum Lihri sex priore8...edidit Joannes 
Gulidmus Camerer, This edition was published at Berlin in two 
volumes octavo, the first volume in 1824 and the second in 1825. 
It contains the first sit books of the Elements in Greek with a 
Latin Translation, and very good notes which form a mathema- 
tical commentary on the subject. 

(3) Eiiclidis Elementa ex optimis Hhris in usum tironum 
GrcBce edita db Ernesto Ferdinando August, This edition was 
published at Berlin in two volumes octavo, the first volume in 
1826 and the second in 1829. It contains the thirteen books of 
the Elements in Greek, with a collection of various readings. 
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A third volume, \?hich was to have contained the remaining 
works of Euclid, never appeared. ** To the scholar who wants 
<me edition of the Elements we should decidedly recommend this, 
as hringing together ail that has been done for the text of 
Euclid's greatest work. " J)e Morgan. 

An edition of the whole of Euclid's works in the original has 
long been promised by Teubner the well-known German publisher, 
as one of his series of compact editions of Greek and Latin 
authors ; but we believe there is no hope of its early appearance. 

Eobert Simson's edition of the Elements of Euclidf which 
we have in substance adopted in the present work, differs con- 
siderably from the original. The English reader may ascertain 
the contents of the original by consulting the work entitled The 
ElemenU of Euclid with dis9ertation9,..hy James Williamson, 
This work consists of two volumes quarto ; the first volume was 
published at Oxford in 1781, and the second at London in 1788. 
Williamson gives a close translation of the thirteen books of the 
Elements into English, and he indicates by the use of Italics the 
words which are not in the original but which are required by 
our language. 

Among the numerous* works which contain notes on the 
Elements of Euclid we will mention four by whict we have been 
aided in drawing up the selection given in this volume. 

An Examination of the first six Books of Euclid's Elements by 
William Austin... Oxford, 1781. 

Euclid^s Elements of Plane Geometry with copious notes. .,hy 
John Walker. London, 1827. 

The first six books of the Elements of Euclid with a Commen- 
tary. ..hy Dionysius Lardner, fourth edition. London, 1834. 

Short supplementary remarks on the firU six Books of Euclid's 
Elements, by Professor De Morgan, in the Companion to the 
Almanac for 1849. 

We may also notice the following works: 

Geometry f Plane, Solid, and Spherical,. ..London 1830; this 
forms part of the Library of Useful Knowledge. 

Th^orhnes et ProbUm^s de G^omStrie EUmAntaire par Eughne 
Catalan. . . TroitUme Edition. Paris, 1858. 

For the History of Geometry the student is referred to 
Montuola's HisUnre des Mathimatiques, and to Ghasles's Apergu 
historigue »ur Vorigine et le dev^hppement des M4thode$ en G4q» 
mitrie... 
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THE FIRST BOOK 

Definitions, The first seyen definitions have given rise to con" 
Biderable discussion, on v^hich however we do not propose to enter. 
Such a discussion would consist mainly of two subjects, both of 
which are unsuitable to an elementary work, namely, an exami- 
nation of the origin and nature of some of our elementary ideas, 
and a comparison of the original text of Euclid with the substitu- 
tions for it proposed by Simson and other editors. For the former 
subject the student may hereafter consult Whewell's History of 
Scientific Ideas and Mill's Logic, and for the latter the notes in 
Camerer's edition of- the Elements of Euclid. 

We will only observe that the ideas which correspond to the 
words point, line, and surface, do not admit of such definitions as 
will really supply the ideas to a person who is destitute of them. 
The so-called definitions may be regarded as cautions or restric- 
tions. Thus a point is not to be supposed to have any size, but 
only position; a line is not to be supposed to have a.nj breadth op 
thickness, but only length ; a surface is not to be supposed to have 
any thickness, but only length and breadth. 

The eighth definition seems intended to include the cases in 
which an angle is formed by the meeting of two curved lines, or 
of a straight line and a curved line ; this definition however is of 
no importance, as the only angles ever considered are such as are 
formed by straight lines. The definition of a plane rectilineal 
angle is important ; the beginner must carefully observe that no 
change is made in an angle by prolonging the lines which form 
it» away from the angular point. 

Some writers object to such definitions as those of an equi- 
lateral triangle, or of a square, in which the existence of the 
object defined is assumed when it ought to be denionstra/ted. They 
would present them in such a form as the following: if there be 
a triangle having three equal sides, let it be called an equilateral 
triangle. 

Moreover, some of the definitions are introduced prematurely. 
Thus, for example, take the definitions of a right-angled triangle 
and an obtuse-angled triangle ; it is not shewn until I. 17, that 
a triangle cannot have both a right angle and an obtuse angle, 
and so cannot be at the same time right-angled and obtuse- 
angled. And before Axiom 1 1 has been given, it is conceivable 



,y Google 



EUCLIUS ELEMENTS. 253 

that the same angle may be grater than one right angle, and 
less than another right angle, that is, obtuse and acute at the 
same time. 

The definition of a square assumes more than is necessary. 
For if a four-sided figure have all its sides equal and one angle a 
right angle, it may be shewn that aU its angles are right angles ; 
or if a four-sided figure have all its angles equal, it may be shewn 
that they are all rigkb angles, 

PostulaieB. The postulates state what processes we assume 
that we can efiect, namely, that we can draw a straight line 
between two given points, that we can produce a straight line to 
any length, and that we can describe a circle from a given centre 
with a given distance as radius. It is sometimes stated that the 
postulates amount to requiring the use of a tnUer and compasses. 
It must however be observed that the ruler is not supposed to 
be a graduated ruler, so that we cannot use it to measure off 
assigned lengths. And we do not require the compasses for any 
other process than describing a circle from a given point with a 
given distance as radius ; in othi^r words, the compasses may be 
supposed to close of themselves, as soon as one of their points is 
removed from the paper. 

Axioms, The axioms are called in the original Common 
Notions. It is supposed by some writers that Euclid intended 
his postulates to include all demands which are peculiarly geo- 
metrical and his common notions to include only such notions 
as are applicable to all kinds of magnitude as well as to space 
magnitudes. Accordingly, these writers remove the last three 
axioms from their place and put them among the postulates; 
and this transpoHitiun is supported by some manuscripts and 
some versions of the Elements. 

The fourth axiom is sometimes referred to in editions of 
Euclid when in reality more is required than this axiom ex- 
presses. Euclid says, that if A and B be unequal, and C and D 
equal, the sum of A and C is unequal to the sum of B and D, 
What Euclid often requires is something more, namely, that if 
A be greater than B, and C and D be equal, the sum of A and 
C IB greater than the sum of B and D, Such an axiom as this is 
required, for example, in I. 17. A similar remark applies to the 
fiftii axiom. 

In the eighth axiom the words *Hhat is, which exactly fill 
the same space/' have been introduced without the authority of 
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the original Greek. They are objectionable, because linn and 
angle* are magnitudes to which the axiom may be applied, but 
they cannot be said to fill space. 

On the method of guperposUion we may refer to papers by 
Professor ^l^elland in the Transactions of the Jtoyal Society of 
Edinburgh, Vols. xxi. and xxiil. 

The eleventh axiom is not required before J. 14, and the 
twelfth axiom is not required before I. a8 ; we shall not consider 
these axioms until we arrive at the propositions in which they are 
respectively required for the first time. 

The first book is chiefly devoted to the properties of triangles 
and parallelograms. 

We may observe that Euclid himself does not distinguish 
between problems and theorems except by using at the end of 
the investigation phrases which correspond to Q.B.F. and Q.E.D. 
respectively. 

I. 2. This problem admits of eight cases in its figure. For 
it will be found that the given point may be joined with either 
end of the given straight line, then the equilateral triangle may 
be described on either side of the straight line which is drawn, 
and the side of the equilateral triangle which is produced may be 
produced through either extremity. These various cases may be 
left for the exercise of the student, as they present no difficulty. 

There will not however always be eight different straight lines 
obtained which solve the problem. For example, if the point A 
falls on £G produced, some of the solutions obtained coincide ; 
this depends on the fact which follows from I. 32, that the angles 
of all equilateral triangles are equal. 

I. 5. "Join FC," Custom seems to allow this singular ex- 
pression as an abbreviation for "draw the straight line FC," or 
for ** join FioChy the straight Une FG," 

In comparing the triangles £FC, CGB^ the words "and the 
base JSG is common to the two triangles BFG, CGB " are usually 
inserted, with the authority of the original. As however these 
words are of no use, and tend to perplex a beginner, we have 
followed the example of some editors and omitted them. 

A corollary to a proposition is an inference which may be 
deduced immediately from that proposition. Many of the corol- 
laries in the Elements are not in the original text, but intra- 
duced by the editors. 
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It ha? been suggested to demonstrate I. 5 by wperponiton. 
Conceive the isosceles triangle ABO to be taken up^ and then re- 
placed so that AB falls on the old position of ACy and ul(7 falls 
on the old position of AB. Thus, in the manner of 1. 4, we can 
fihew that tiie angle ABC is equal to the angle ACB, 

L 6 is the converse of part of I. 5. One proposition is said td 
be the converse of another when the conclusion of each is the 
hypothesis of the other. Thus in I. 5 the hypothesis is the 
equality of the sides^ and one conclusion is the equality of the 
angles; in I. 6 the hypothesis is the equality of the angles 
and the conclusion is the equality of the sides. When there is 
more than one hypothesis or more than one conclusion to a pro- 
position, we can form more than one converse proposition. For 
example, as another converse of I. 5 we have the following: if 
the angles formed by the base of a triangle and the sides pro- 
duced be equal, the sides of the triangle are equal; thie pro- 
position is true and will serve as an exercise for the student. 

The converse of a true proposition is not necessarily true ; 
the student however will see, as he proceeds, that Euclid shews 
that the converses of many geometrical propositions are true. 

I. 6 is an example of the indirect mode of demonstration, in 
which a result is established by shewing that some absurdity 
follows from supposing the required result to be untrue. Hence 
this mode of demonstration is called the redwtio ad ahsurdum. 
Indirect demonstrations are often less esteemed than direct de- 
monstrations ; they are said to shew that a theorem is true rather 
than to shew why it is true. Euclid uses the reductio ad ahsvr- 
dum chiefly when he is demonstrating the converse of some 
former theorem; see I. 14, 19, 75, 40. 

Some remarks on indirect demonstration by Professor Syl- 
vester, Professor De Morgan, and Dr Adamson will be found in 
the volumes of the Philosophical Magazine for 1852 and 1853. 

I. 6 is not required by Euclid before he reaches II. 4; so that 
1. 6 might be removed from its present place and demonstrated 
hereafter in other ways if we please. For example, I. 6 might be 
placed after I. 18 and demonstrated thus. Let the angle ABO be 
equal to the angle A OB : then the side AB shall be equal to the 
side A O. For if not, one of them must be greater than the other ; 
suppose AB greater than AO. Then the angle A OB is greater 
than the angle ABOt by I. 18. But this is impossible, because 
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the angle ACB is equal to the angle ABOy by hypothesis. Or 
1. 6 might be placed after 1. 26 and demonstrated thus. Bisect the 
angle BA C7 by a straight line meeting the base at D. Then the 
triangles ABD and A CD are equal in all respects, by I. 26. 

I. 7 is only required in order to lead to I. 8. The two might 
be superseded by another demonstration of I. 8, which has been 
recommended by many writers. 

Let ABG, DEP be two triangles, having the sides AB, AO 
equal to the sides DE, DF^ each to each, and the base BO 
equal to the base EF: the angle BAG shall be equal to the angle 
EDF. 

A D 





For, let the triangle BEF be applied to the triangle ABO, 
so that the bases may coincide, the equal sides be conterminous, 
and the yertices fall on opposite sides of the base. Let GBO 
represent the tiiangle DEF thus applied, so that G correflponds 
to D. Join AG. Since, by hypothesis, BA is equal to BG, the 
angle BAG is equal to the angle BGA, by L 5. In the same 
manner the angle GAG is equal to the angle CGA, Therefore 
the whole angle BAG is equal to the whole angle BGG, that is^ 
to the angle EDF, 

There are two other cases ; for the straight line A G may pass 
through B or C, or it may fall outside BC: these cases may be 
treated in ths same manner as that which we have considered. 

I. 8. It may be observed that the two triangles in I. 8 are 
equal in all respects; Euclid however does not assert more than 
the equality of the angles opposite to the base«, and when he 
requires more than this result he obtains it Vy using I. 4. 

I. 9. Here the equilateral triangle DEF is to be described 
on the side remote from A, because if it were described' on the 
same side, its vertex, F, might coincide with A, and then the 
construction would fail. 
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I. II. The corollary was added by Simson* It is liable to 
serious objection. For we do not know how the perpendicular 
£E is to be drawn. If we are to use I. ii we must produce A£^ 
and then we must assume that there is only one way of pro- 
ducing AB, for otherwise we shall not know that there is 
only one perpendicular; and thus we assume what we have to 
demonstrate. 

Simson's corollary might come after I. 13 and be demon- 
strated thus. If possible let the two straight lines ABC, ABD 
have the segment AB common to both« From the point B draw 
any straight line BE. Then the angles ABE and EEC are equal 
to two right angles, by I. 13, anid the angles ^^^and EBD are 
also equal to tw^ right angles, by I. 13. Therefore the an- 
gles ABE and EEC are equal to the angles ABE and EBD, 
Therefore the angle EEC is equal to the angle EBD ; which is 
absurd. 

But if the question whether two straight lines can have a com- 
mon segment is to be considered at all in the Elements, it might 
occur at an earlier place than Simson has assigned to it. For 
example, in the figure to I. 5, if two straight lines could have a 
common segment AB^ and then separate at B, we should obtain. 
two different angles formed on the other side of BC by these 
produced parts, and each of them would be equal to the angle 
BCO, The opinion has been maintained that even in I. i, it is 
tacitly assumed that the straight lines A C and BC cannot have a 
common segment at C where they meet ; see Camerer's Euclid, 
pages 30 and 36. • 

Simson never formally refers to his corollary until XL i. 
The corollary should be omitted, and the tenth axiom should 
be extended so as to amount to the following ; if two straight 
lines coincide in two points they must coincide both beyond and 
between those points. 

I. 12, Here the straight line is said to be oi unlimited lengthy 
in order that we may ensure that it shall meet the circle. . 

Euclid distinguishes between the terms <U right anglet and 
perpendicular. He uses the term at right angles when the straight 
line is drawn from a point in another, as in I. 11; and he uses 
the term perpendicular when the straight line is drawn from a 
point without another, as in I. 12, This distinction however 
is often disregarded by modem writers. 

I. 14. Here Euclid first requires his eleventh axiom« For 

17 
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in the demonstration we have the angles ABC and ABE equal to 
two right angles, and also the angles ABC and ABD equal to 
two right angles ; and then the former two right angles are equal 
to the latter two right angles hy the aid of the eleventh 
axiom/ Many modem editions of Euclid however refer on Zy to 
the first axiom, as if that alone were sufficient ; a similar remark 
applies to the demonstrations of I. 75, and I. 24. In these cases 
we have omitted the reference purposely) in order to avoid per- 
plexing a heginner ; but when his attention is thus drawn to the 
circumstance he will see that the first and eleventh axioms are 
both used. 

We may observe that errors, in the references with respect to 
the eleventh axiom, occur in other places in many modern edi- 
tions of Euclid. Thus for example in III. i, at the step ''there- 
fore the angle FDB is equal to the angle ODB^^ a reference is 
given to the first axiom inAtad of to the eleventh. 

There seems no objection on Euclid's principles to the fol- 
lowing dffttvvMl/ratwii of his eleventh axiom. 

Let ui^ be at right angles to DAC at the point A, and EF 
at right angles to HEQ at the point E\ then shall the angles BAQ 
and FEG be equal. 




Take ahy length A C, and make ili), EH, EO all equal io AC, 
Now apply HEO to DA C, so that H may be on 2), and HO on 
DCf and B and P on the same side of DC] then O will coincide 
with Cj and E with A. Also EF shall coincide with AB] for if 
not, suppose, if possible, that it takes a different position 9M AK, 
Then the angle DAK is equal to the angle HEP, and the angle 
CAK to the angle GEF; but the angles HEP and OEP are equal, 
by hypothesis; therefore the angles DAK and CAK axe equaL 
But the angles DAB and CAB are also equal, by hypothesis; 
and the angJe CAB is greater than the angle CAK; theie- 
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fore the angle DAB is greater than the angle OAK. Much 
more then is the angle DAK greater than the angle OAK, But 
the angle DAK was shewn to be equal to the angle CAK; 
which is absurcL Therefore J^F must coincide with AB\ and 
therefore the angle FEG coincides with the angle BAG, and is 
equal to it. * * 

I. 1 8, I. 19. In order to assist the student in remembering 
which of these two propositions is demonstrated directly and which 
Indirectly, it may be observed that the order is similar to that 
in I. 5 and I. 6. 

I. 20. *' Produs, in his commentaiy) relates, that the Epi- 
cureans derided Prop. 20, as being manifest even to asses, and 
needing no demonstration ; and his answer is, that though the 
truth of it be manifest to our senses, yet it is science which 
must give the reason why two sides of a triangle are greater 
than the third: but the right answer to this objection against 
this and the azst, and some other plain propositions, is, that the 
number of axioms ought not to be increased without neces- 
sity, as it must be if these proportions be not demonstrated." 
Simson, 

I. 41. Here it must be carefully observed that the two 
straight lines are to be drawn from the ends of the side of the 
triangle. If this condition be omitted the two straight lines will 
not necessarily be less than two sides of the triangle. 

I. ai. ''Some authors blame Euclid because he does not 
demonstrate that the two circles made use of in the construction 
of this problem must cut one another: but this is very plain from 
the determination he has given, namely, that any two of the 
straight lines DP, PO, OH, must be greater than the third. 
For who is so dull, though only beginning to leam the Elements, 
as not to perceive that the circle described from the centre F, at 
the distance PD, must meet PH betwixt P and H, because PD 
is less than PU\ and that for the like reason, the circle de- 
scribed from the centre 0, at the. distance (ri7...muBt meet 
DO betwixt D and 0; and that these circles must meet one 
another, because PD and GH are together greater than PG V* 
Simson, 

The condition that B and C are greater than A, ensures that 
the curcle described from the centre G shall not fall entirely 
within the circle described from the centre P; the condition that 
A and B are ^eater than C, ensures that the circle describeil 
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from the centre P shall not fall entirely witliin the circle de- 
soribed from the centre G\ the condition that A and O are 
greater than B, ensures that one of these circles shall not fall 
entirely without the other. Hence the circles must meet. It is 
easy to see this as Simson says, but there is something arbi- 
trary in Euclid's selection of what is to be demoiMtraUd and what 
is to be seen, and Simson's language suggests that he was really 
conscious of this. 

I. 24. In the construction, the condition that DE is to be 
the side which is not greater than, the other^ was added by 
Bimson ; unless this condition be added there will be tii.ree cases 
to consider, for F may fail on EGy or ah(yce EOy or hdow EG, It 
may be objected that even if Simson's condition be added, it 
ought to be shewn that F will fall hdow EG, Simson accordingly 
says '^..it is very easy to perceive, that DG being equal to DP, 
the point 6^ is in the circumference of a circle described from the 
centre D at the distance DF^ and must be in that part of it 
which is above the straight line EF, because DG faUs above DP, 
the angle EDO being greater than the angle EDF" Or we may 
shew it in the following manner. Let H denote the. point of 
intersection of DP and EG, Then, the angle DHG is greater 
than the angle DEG, by I. 16 ; the angle DEG is not hsB than 
the angle DGE, by I. 19; therefore the angle DHG is greater 
than the angle DGM, Therefore DH is less than DG, .by I. 20. 
Therefore DH is less than DP, 

It Simson's condition be omitted, we shall have two other 
cases to consider besides that in Euclid. If F falls on EG, it is 
obvious that EF is less than EG, If P faUs above EG, the Bum 
of DP and EF is less than the sum of DG and EG, by I. si ; and 
therefore EF is less than EG, 

I. 16, It will appear after I. 32 that two triangles which 
have two angles of the one equal to two angles of the other, each 
to each, have also their third angles equal. Hence we are able 
to include the two cases of I. 26 in one enunciation thus ; if tvoo 
triangles have all the angles of the one respectively equaX to all the 
angles of the other, each to each, and have also a side of the one, 
K^ftposite to any angle, equal to the side opposite to the equal angH 
in the other, the triangles shall be equal in all respects. 

The first twenty-six propositions constitute a distinct section 
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of tlie first Book of the Elements. The principal results are 
those contained in Propositions 4, 8, and 26 ; in each of these 
Propositions it is shewn that two triangles which agree in three 
respects agree entirely. There are two other cases which will 
naturally occur to a student to consider besides those in Euclid ; 
namely, (i) when two triangles have the three angles of the one 
respectively equal to the three angles of the other, (2) when two 
triangles have two sides of the one equal to two sides of the other, 
each to each, and an angle opposite to one side of one triangle 
equal to the angle opposite to the equal side of the other triangle. 
In the first of Uiesc two cases the student will easily see, after 
reading I. 29, that the two triangles are not necessarily equal. 
In the second case also the triangles are not necessarily equal, 
as may h& shewn by an example; in the figure of I. 11, suppose 
the straight line FB drawn; then in the two triangles FBE, 
FBD, the side PB and the angle FBCktb common, and the side 
FE is equal to the side FP, but the triangles are not equal in 
all respects. In certain cases, however, the triangles will be 
equal in all respects, as will be seen from a proposition which 
we shall now demonstrate. 

Jf two triangles have two sides of the one equal to two sides of 
the other, each to each, and the angles opposite to a pair of equal 
aides equal; then if the angles opposite to the other pair of equal 
sides he both acute, or both obtuse, or if one of them he a right 
angle, the two triangles are equal in all respects, 

JjQiABC and DBF be 
two triangles; let ^fi be 
equal to DE, and BC equal 
to EP, and the angle A 
equal to the angle D. 

First, suppose the angles 
C and F acute angles. 

If the angle B be equal to the angle E, the triangles A BC, 
DEF are equal in all respects, by I. 4. If the angle B be not 
equal to the angle E, one of them must be greater than the 
other ; suppose the angle B greater than the angle E, and make 
the angle ABQ equal to the angle E. Then the triangles ABQ^ 
DEF are equal in all respects, by I. 26; therefore BQ is equal 
to EF, and the angle EGA is equal to the angle EFD, But the 
angle EFD is acute, by hypothesis ; therefore the angle EGA is 
acute. Therefore the angle BGC is obtuse, by 1. 13. But it has 
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been shewn tliat BG is equal to 
EF) and EF is equal to BC, 
by hypothesis ; therefore BG is 
equal to BC, Therefore the an- 
gle BGC is equal to the angle 
BOG, by I. 5 '; and the angle 
BOG is acute, by hypothesis; 
therefore the angle BGC is acute. 
But BGC was shewn to be ob- 
tuse*^ which is absurd. Therefore the angles ABCj DEF are 
not unequal; that is, they are equal. Therefore the triangles 
A BCf DEF are equal in all respects, by I. 4. 

Next, suppose the angles at C and F obtuse angles. 
The demonstration is similar to the above. 

Lastly, suppose one of the angles a right angle, namely, the 
angle (7. If the angle B be not equal to the angle E, make the 





angle ABG equal to the angle E. Then it may be shewn, as 
before, that BG is equal to BC, and therefore the angle BGC is 
equal to the angle BCG, that is, equal to a right angle. There- 
fore two angles of the triangle BGC are equal to two right 
angles ; which is impossible, by I. 17. Therefore the angles ABC 
and DEF are not unequal; that is, they are equal. Therefore 
the triangles ABC, DEF are equal in all respects, by I. 4. 

If the angles -4 and 2) are both right angles, or both obtuse, 
the angles C and F must be both acute, by I. 17. If ^^ ^ l««a 
than BC, and DE less than EF, the angles at C and i'' must be 
both acute, by I. 18 and I, 17. 

The propositions from I. 28 to J. 34 inclusive may be said 
to constitute the second section of the first Book of the Elements, 
They relate to the theory of parallel straight lines. In I. 29 Euclid 
uses for the first time his twelfth axiom. The theory of parallel 
straight lines has always been considered the great difficulty 
of elementary geometry, and many attempts have been made 
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to overcome this difficulty in a better way than Euclid has done* 
We shall not give an account of these attempts. The student who 
wishes to examine them may consult Camerer's Euclid, Ger- 
gonne's Annates de Mathimatiques, Volumes zv and xvi, the 
work by Colonel Perronet Thompson entitled Geometry tvithout 
Axioms, the article Parallels in the Englisk CyclopcBdia, a me- 
moir by Professor Baden Powell in the second volume of the 
Memoirs of the Ashmalean Society, an article by M. Bouniakofsky 
in the Bvlletin de VAcadimie Imp^riaU, Volume v, St P^ters- 
bourg, 1863, articles in the volumes of the Philosophical 
Magazine for 1856 and 1857, and a dissertation entitled Sur 

un point de Vhistoire de la G6om4trie chez les Grecs par 

A* J' B., Vincent, Paris, 1857. 

Speaking generally it may be said that the methods which 
differ substantially from Euclid's involve, in the first place an 
axiom as diflScult as his, and then an intricate series of proposi- 
tions ; while in Euclid's method after the axiom is once admitted 
the remaining process is simple and clear. 

One modification of Euclid's axiom has been proposed, which 
appears to diminish the difficulty of the subject This consists 
in assuming instead of Euclid's axiom the following ; two inter- 
secting straight lines cannot he both parallel to a third straight line. 
The propositions in the Elements are then demonstrated as in 
Euclid up to I. 28, inclusive. Then, in L 29, we proceed with 
Euclid up to the words, " therefore the angles BOH, GHD are 
less than two right angles.'* We then infer that BGH and GHD 
must meet: because if a straight line be drawn through (r so as to 
make the interior angles together equal to two right angles this 
straight line will be parallel to CD, by I. 28 ; and, by our axiom, 
there cannot be two parallels to CD, both passing through G, 

This form of making the necessary assumption has been 
reconunended by various eminent mathematicians, among whom 
may be mentioned Playfair and De Morgan. By postponing 
the consideration of the axiom until it la wanted, that is, until 
after I. 28, and then presenting it in the form here given, the 
theory of parallel straight lines appears to be treated in the easiest 
maimer that has hitherto been proposed. 

I. 30. Here we may in the same way shew that \i AB and 
EF are each of them parallel to CD, they are parallel to each 
other. It has been said that the case considered in the text is 
80 obvious as to need no demonstratioD ; for if ul^ and CD can 

Digitized by LjOOQIC 




264 NOTES ON 

never meet EF, which lies between them, tLey cannot meet one 
another. 

I. 32. The corollaries to I. 32 were added by Simson. In 
the second corollary it ought to be stated what is meant by an 
exterior angle of a rectilineal figure. At each angular point let 
one of the sides meeting at that- point be produced; then the 
exterior angle at that point is the angle contained between thia 
produced part and the side which is not produced. Either of 
the sides may be produced, for the two angles which can thus bo 
obtained are equal, by I. T5. 

The rectilineal figures to which Eu- 
clid confines hims^ are those in which 
the angles all face inwards ; we may 
here however' notice another class of 
figures. In the accompanying diagram 
the angle A FC faces outwards, and it is 
an angle less than two right angles ,* this 
angle however is not one of the interior "^ 

angles of the figure AEDOF, W© may consider the corre- 
sponding interior angle to be the excess of four right angles 
above the angle AFC', such an angle^ greater than two right 
angles, is called a re-entranJt angle. 

The first of the corollaries to I. 32 is true for a figure which 
has a re-entrant angle or re-entrant angles; but the second 
is not. 

I. 32. If two triangles have two angles of the one equal to 
Wo angles of the other each to each they shall also have their 
third angles equal. This is a very important result, which is 
often required iu the Elements. The student should notice how 
this result is established on Euclid's principles. By Axioms i ( 
and 1 one pair of right angles is equal to any other pair of right 
angles. Then, by I. 33, the three angles of one triangle are 
together equal to the three angles of any other triangle. Then, 
by Axiom ^, the sum of the two angles of one triangle is equal to 
the sum of the two equal angles of the other ; and then, by Axiom ^ 
the third angles are equal. 

After I. 32 we can draw a straight line at right angles to 
a given straight line from its extremity, without producing the 
given straight line. 

Let ^^ be the given straight line. It is required to draw 
from A a straight line at right angles io AB, 
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On il ^ describe the equilateral triangle 
A BC, Produce BO to D, so that CD may be 
equal to CB, Join AD, Then AD shall be at 
right angles to AB. For, the angle GAD'va 
equal to the angle CD A, and the angle CAB 
is equal to the angle CBA, by I. 5. There- 
fore the angle BAD is equal to the two 
angles A BD, BDA, by Axiom 2. Therefore 
the angle BAD is a right angle, by L 33. 

The propositions from I. 35 to I. 48 inclusive may be said 
to constitute the third section of the first Book of the EUmetUg. 
They relate to equality of area in figures which are not neces- 
aarily identical in form. 

I. 35. Here Simson has altered the demonstration given by 
Euclid, because, as he says, there would be three cases to con- 
sider in following Euclid^s method. Simson however uses the 
third Axiom in a peculiar manner, when he first takes a triangle 
from a trapezium, and then another triangle from the same 
trapezium, and infers that the remainders are equal. If the 
demonstration is to be conducted strictly after Euclid's manner, 
three cases must be made, by dividing the latter part of the 
demonstration into two. In the left-hand figure we may suppose 
the point of intersection of BE and DC to be denoted by 0, 
Then, the triangle ABE is equal to the triangle DGF; take 
away the triangle DGE from each; then the figure ABGD is 
equal to the figure EGCF; add the triangle QBC to each; then 
the parallelogram A BCD is equal to the parallelogram EBCP, 
In the right-hand figure we have the triangle AEB equal to the 
triangle DFC; add the figure BE DC to each; then the paiallel- 
ogram A BCD is equal to the parallelogram EBCP, 

The equality of the parallelograms in I. 35 is an equality of 
ftrea, and not an identity of figure. Legendre proposed to use 
the word eqmvdUnt to express the equality of area, and to restrict 
the word equal to the case in which tnagnitudes admit of super- 
position and coincidence. This distinction, however, has not 
been generally adopted, probably because there are few cases in 
which any ambiguity can arise ; in such cases we may say es- 
pecially, equal in areOy to prevent misconception. 

Oresswell, in his Treatise of Geometry, has given a demon- 
stration of I. 55 which shews that the parallelograms may be 
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divided !nto pairs of pieces admitting of superposition and coin- 
cidence ; see also his Preface, pag« x. 

I. 38. An important case of I. 38 is that in which the tri- ' 
angles are on equal bases and have a common vertex. 

I. 40. We may demoxistrate I. 40 without adopting the in- 
direct method; Join BD, CD. The triangles DBC and DEF 
are equal, by I. 38; the triangles ABG «dA DBF 9,r9 equal, by 
hypothesis; therefore the triangles DBC and ij ^(7 are equal, by 
the first Axiom. Therefore AD vi parallel to BC, by I. 39. 
Philosophical Magazine, October 1850. 

I. 44. In I. 44, Euclid does not shew that AH and FG 
will meet. ''I cannot help being of opinion that the construc- 
tion would have been more in Euclid's manner if he had made 
GH equal to BA and then joining HA had proved that HA was 
parallel to GB by the thirty-third proposition.*' WUUam^ion. 

I. 47. Tradition ascribed the discovery of I. 47 to Pytha- 
goras. Many demonstrations have been given of this cele- 
brated proposition ; the following is one of the most interesting. 

Let ABGDy AEFG be any 
two squares, placed so that 
their bases may join and form 
one straight line. Take GH 
and EK each equal to AB, and 
join HC, CK, KF, FH, 

Then it may be shewn that 
the triangle HBC is equal in 
all respects to the triangle FEK^ 
and the triangle EDO to the 
triangle FGH, Therefore the 
two squares are together equiva- 
lent to the figure CEFH. It 
may then be shewn, with the aid of I. 32, that the figure CEPU 
is a square. And the side CHS& the hypotenuse of a right-angled 
triangle of which the sides CB, BH are equal to the sides of the 
two given squares. This demonstration requires no proposition 
of Euclid after I. 32, and it shews how two given squares may 
be cut into pieces which will fit together so as to form a third 
square. Quarterly Journal of Mathematics, VoL I. 

A large number of demonstrations of this proposition are cnl- 
lected in a dissertation by Job. Jos. Ign. Hofihiann, entitled Der 
Fjfthagorische Lehriatz,..,Zweyte.„Ausffabe, Mainz, iSiu 
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THE SECOND BOOK. 



The second boot is devoted to the investigation of relations 
between the rectangles contained by straight lines divided into 
segments in various ways. 

When a straight line is divided into two parts, each part is 
called a segment by Euclid. It is found convenient to extend the 
meaning of the word tegmenty and to lay down the following defi- 
nition. When a point is taken in a straight line, or in the 
straight line produced, the distances of the point from the ends of 
the straight line are called segments of the straight line. When 
it is necessary to distinguish them, such segments are called in- 
ternal or external, according as the point is in the straight hne, 
or in the straight line produced. 

The student cannot fail to notice that there is an analogy 
between the first ten propositions of this book and some element- 
ary facts in Arithmetic and Algebra. 

Let A BOD represent a rectangle which is 4 inches long and 

3 inches broad. Then, by draw- 
ing straight lines parallel to 
the sides, the figure may be 
divided into 11 squares, each 
square being described on a 
side which represents an inch 
in length. A square described 
on a side measuring an inch is 
called, for shortness, a tquare 
inch. Thus if a rectangle is 

4 inches long and 3 inches 
broad it may be divided into 12 square inches; this is expressed 
by saying, that its area is equal to 12 square inches, or, more 
briefly, that it contains 12 square inches. And a similar result 
is easily seen to hold in all similar cases. Suppose, for example, 
that a rectangle is 12 feet long and 7 feet broad; then its ■ 
area is equal to 11 times 7 square feet, that is to 84 square feet; 
this may be expressed briefly in common language thus; if a 
rectangle measures 11 feet by 7 it contains 84 square feet. It 
must be carefully observed that the sides of the rectangle are 
supposed to be measured by the same unit of length. Thus if a 
roctangle is a yard in length, and a foot and a half in breadth, we 
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must express each of these dimensions in terms of the same unit; 
we may say that the rectangle measares 36 inches by 18 inches, 
and contains 36 times 18 square inches, that is, 648 square inches. 

Thus universally, if one side of a rectangle contain a unit of 
length an exact number of times, and if an adjacent side of the 
rectangle also contain the same unit of length an exact number of 
times, the product of these numbers will be the number of square 
units contained in the rectangle. 

Next suppose we have a s^tiare, and let its side be 5 inches in 
length. Then, by our rule, the area of the square is 5 times 
5 square inches; that is 25 square inches. Kow the number 
25 is called in Arithmetic the square of the number 5. And 
universally, if a straight line contain a unit of length an exact 
number of times, the area of the square described <m the straight 
line is denoted, by the square of the number which denotes the 
length of the straight line. 

Thus we see that there is in general a connexion between the 
product of two numbers and the rectangle contained by two 
straight lines, and in particular a connexion between the square of 
a number and the square on a straight line ; and in consequenee 
of this connexion the first ten propositions in EucUd^s Second 
Book correspond to propositions in Arithmetic and Algebra. 

The student will perceive that we speak of the square de- 
scribed on a straight line, when we refer to the geometrical figure, 
and of the square of a number when we refer to Arithmetic. The 
editors of Euclid generally use the words "square described 
wpon" in I. 47 and I. 48, and afterwards speak of the square of 
a straight line. Euclid himself retains throughout the same form 
of expression, and we have imitated him. 

Some editors of Euclid have added Arithmetical or Alge- 
braical demonstrations of the propositions in the second book, 
foimded on the connexion we have explained. We have thought 
it unnecessary to do this, because the student who is acquainted 
with the elements of Arithmetic and Algebra will find no diffi- 
culty in supplying such demonstrations himself, so far as they 
are usually given. We say »o far m they are utually ffiven, 
because these demonstrations usually imply that the sides of 
rectangles can always be expreissed exactly in terms of some! unit 
of length; whereas the student will find hereafter that this is not 
the case, owing to the existence of what are technically called 
incommenmrable magnitudes. We do not enter on this subject. 
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as it would lead us too far from Euclid's £lemen(8 of Geometry, 
with which we are here occupied. 

The iirst ten propositions in the second hook of Euclid may- 
be arranged and enunciated in various ways; we will briefly 
indicate this, but we do not consider it of any importance to dia* 
tract the attention of a beginner with these diversities. 

II. 1 and II. 3 are particular cases of 11. t. 

II. 4 is very important; the following particular case of it 
should be noticed ; the square described on a straight line made vp 
of two equal straight Unes is equal to four times the square described 
on (me of the two equ<il straight lines, 

II. 5 and II. 6 may be included in one enunciation thus ; the 
Irectangle under the sum and difference of tipo straight lines is equal 
to the difference of the squares described on those straight lines; 
or thus, the rectangle contained by two straight lines together with 
the square described on half their differencCj is equal to the square 
described on half their sum, 

II. 7 may be enunciated thus; the square described on a 
straight line which is the difference of two other straight lines is less 
than the sum of the squares described on those straight lines by 
twice the rectangle contained by those straight lines. Then from this 
and II. 4, and the second Axiom, we infer th&t the square described 
on the sum of two straight lines, and the square described on 
their diffkrence, are together double of the sum of the squares 
described on the straight lines; and this enimciation Includes both 
II. 9 and II. lo, so that the demonstrations given of these pro- 
positions by Euclid might be superseded. 

II. 8 coincides with the second form of enunciation which we 
have given to II. 5 and II. 6, bearing in mind the particular case 
of II. 4 which we have noticed. 

11. II. When the student is acquainted with the elements of 
Algebra he should notice that II. 11 gives a geometrical con- 
struction for the solution of a particular quadratic equation. 

II. 13, II. 13. These are interesting in connexion with I. 47 ; 
and, as the student may see hereafter, they are of great import- 
ance in Trigonometry ; they are however not required in any of 
the parts of 'EncMd'' a Elements which are usually read. The 
converse of I. 47 is proved in I. 48; and we can easily shew that 
converses Of II. 12 and II. 13 are true. 

Take the following, which is the converse of II. it; if the 
square^ described on one side of a triangle be greater than t/ie sum 
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of the iqw»res deicribed on the other tteo tides, the angle opponie 
to the first side it obtuse. 

For the angle cannot be a right angle, since the square de- 
scribed on the first side would then be equal to the sum of the 
squares described on the other two sides, by I. 47 ; and the angle 
cannot be acute, since the square described on the first side 
would then be less than the sum of the squares described on the 
other two sides, by II. 13; therefore the angle must be obtuse. 

Similarly we may demonstrate the following, which is the con- 
verse of II. 13 ; if the square described on one side of a triangle 
he less than the sum of the squares described on the other tioo sides, 
the angle opposite to the first side is acute, 

II. 13. Euclid enunciates II. 13 thus; in acute-angled iri- 
angles, &c. ; and he gives only the first case in the demonstration. 
But, as Simson observes, the proposition holds for any triangle ; 
and accordingly Simson supplies the second and third cases. It 
has, however, been often noticed that the same demonstration is 
applicable to the first and second cases ; and it would be a great 
improvement as to brevity and clearness to take these two cases 
together. Then the whole demonstration will be as follows. 

Let ABO be any triangle, and the angle at B one of its 
acute angles ; and, if AC he not perpendicular to BC, let fall on 
BC, produced if necessary, the perpendicular AD from the 
opposite angle: the square on AC opposite to the angle B, shall 
be less than the squares on CB, BA, by twice the rectangle 
CB, BD, 

A A 





First, suppose AC not perpendicular to BC, 

The squares on CB, BD are equal to twice the rectangle 
CB, BD, together with the square on CD, [II. 7. 

To each of these equals add the square on DA, 
Therefore the squares on CB, BD^ DA are equal to' twice the 
rectangle CB, BD, together with the squares on CD, DA, 
But the square on J ^ is equal to the squares on BD, DA, 
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and the square on ACis equal to the squares on CD, DA, 
because the augle BDA is a right angle. [I. 47. 

Therefore the squares on CB, BA are equal to the square on AC, 
together with twice the rectangle CB, BD ; 
that is, the square on AC alone is less than the squareR on 
CB, BA, by twice the rectangle CB, BD, 

Next, suppose AC perpendicular to BC, A 

Then BC is the straight line intercepted be- 
tween the perpendicular and the acute angle 
at B, 

And the square on AB vi equal to the squares 
on AC, CB. [1. 47. 

Therefore the square on AC \b less than the 
squares on AB, BC, by twioe the square on BC, 

II. 14. This is not required in any of the parts of Euclid*s 
Elements which are usually read; it is included in YI. 2a. 



THE THIRD BOOK. 

The third book of the Elements is devoted to properties of 
cbcles. 

Different opinions have been held as to what is, or should be, 
included in the third definition of the third book. One opinion 
is that the definition only means that the circles do not cut in 
the neighbourhood of the point of contactj and that it must be 
shewn that they do not cut elsewhere. Another opinion is that 
the definition means that the circles do not out at all ; and this 
seems the correct opinion. The definition may therefore be pre- 
sented more distinctly thus. Two circles are said to touch inter- 
nally when their circumferences have one or more conmion 
points, and when every point in one circle is within the other 
curcle> except the common point or points. Two circles are said 
to touch externally when their circumferences have one or more 
common points, and when every point in each circle is without 
the other circle, except the common point or points. It is then 
shewn in the third Book that the circumferences of two circles 
which touch can have only one common point. 

A straight line which touches a circle is often called a ton- 
gent to the circle, or briefly, a tangent. 

It in very convenient to have a word to denote a portion of 
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the boundary of a circle, and accordingly we use the word atv. 
Euclid himself uses circumference both for the whole boundary 
and for a portion of it. 

III. I. In the construction, DC is said to be produced to 
E ; this, assumes that D is within the circle, which Euclid demon-- 
Btrates in III. i, 

III. 3. This consists of two parts, each of which is the con- 
verse of the other ; and the whole proposition is the conyerse of 
the corollary in III. i. 

III. 5 and III. 6 should hjive been taken together. They, 
amoimt to this, if the circumferences of two cinlea meet at a point 
they cannot have the same centre, so that circles which have the 
same centre and one point in their circumferences common, must 
coincide altogether. It would seem as if Euclid had made three 
cases, one in which the circles cut, •one in which they touch 
internally, and one in which they touch externally, and had then 
omitted the last case as evident. 

III. 7, III. 8. It is observed by Professor De Morgan that 
in III. 7 it is assumed that the angle FEB is greater than the 
angle F£C, the hypothesis being only that the angle BFB is 
greater than the angle DFC; and that in III. 8 it is cutumed 
that K falls within the triangle BLM, and E without the triangle 
DMF, He intimates that these assumptions may be established 
by means of the following two propositions which may be given 
in order after I. 21. 

The perpendicvZar is the shortest straight line which can he 
drawn from a given point to a given straight line ; and of others 
that which is nearer to the perpendicular is less than the more 
reTnotCf and the converse; and not more than two equal straight 
lines can be drawn from, the given point to the given straight line, 
on^ on each side of the perpendicular. 

Every straight line drawn from the vertex of a triangle to the 
hose is less than the greater of the two sides, or than either of them 
if they he equaL 

The following proposition is analogous to III. 7 and III. 8. 

Jf any point he taken on the circumference of a circle, of all 
the straight lines which can he drawn from it to the circumference, 
the greatest is that in which the centre is ; and of any others, that 
which is nearer to the straight line which passes through the centre 
is always greater than one more rem>ote; and from the same point 
there can be drawn to the circumference two straight lines, and 
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mily tipo, which are equal to one another, one on each side qf the 
greatest line. 

The first two parts of this proposition are contained in 
III. 15; all three parts might be demonstrated in the manner of 
III. 7, and they should be demonstrated, for the third part is 
really required, as we shall see in the note on III. 10. 

III. 9. The point JS might be supposed to fall within the 
angle ADC. It cannot then be shewn that DO is greater 
than DB, and DB greater than DA, but only that either DC 
or DA is less than DB ; this however is sufficient for establish- 
Ing the proposition. 

Euclid has given two demonstrations of III. 9, of which 
Simson has chosen the second. Euclid's other demonstration is 
as follows. Join D with the middle point of the straight line 
AB; then it may be shewn that this straight line is at right 
angles to AB ; and therefore the centre of the circle must lie in 
this straight line, by III. i, Corollary. In the same manner it 
may be shewn that the centre of the circle must lie in the 
straight line which joins D with the middle point of the straight 
line BC. The centre of the circle must therefore be at D, 
because two straight lines cannot have more than one common 
point. 

III. 10. Euclid has given two demonstrations of III. 10, of 
which Simson has chosen the second. Euclid's first demonstra- 
tion resembles his first demonstration of III. 9. He shews that 
the centre of each circle is on the straight line which joins K 
with the middle point of the straight line BG, and also on the 
straight line which joins K with the middle point of the straight 
line BH ; therefore K must be the centre of each circle. 

The demonstration which Simson has chosen requires some 
additions to make it complete. For the point K might be sup- 
posed to fall without the circle DBF, or on its circumference, or 
within it ; and of these three suppositions Euclid only considers 
the last. If the point K be supposed to fall without the circle 
DEF we obtain a contradiction of III. 8 ; which is absurd. If 
the point K be supposed to fall on the circumference of the circle 
DEF we obtain a contradiction of the proposition which we 
have enunciated at the end of the note on III. 7 and III. S ; 
which is absurd. 

What is demonstrated in III. 10 is that the circumferences of 
two circles cannot have more than two common points ; there is 

18 
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nothing in the demonstration which assumes that the drcles eii< one 
another, but the enunciation refers to this case only because 
it is shewn in III. 13 that if two circles tou;A one another, 
their circumferences cannot have more than one common 
point. 

III. II, III. 11. The enunciations as given by Simson and 
others speak of the point of contact ; it is however not shewn 
until IIL 1 3 that there is only one point of contact. It should 
be observed that the demonstration in III. 1 1 will hold even if 
2> and H be supposed to coincide, and that the demonstration 
in III. 12 will hold even if C and D be supposed to coincide. 
We may combine III. 11 and III. 12 in one enunciation thus. 

If two circles touch one another their circumferences cannot 
have a common point out of the direction of the straight line which 
joins the centres, 

III. 13 may be deduced from IIL 7. For GH is the least 
line that can be drawn from O to the circumference of the circle 
whose centre is F, by III. 7. Therefore GH is less than GAy 
that is, less than GD ; which is absurd. Similarly III. 1 2 may 
be deduced from III. 8. 

III. 13. Simson observes, ''As it is much easier to imagine 
that two circles may touch one another within in more points 
than one, upon the same side, than upon opposite sides, the 
figure of that case ought not to have been omitted; but the 
construction in the Greek text would not have suited with this 
figure so well, because the centres pf the circles must have been 
placed near to the circumferences; on which account another 
construction and demonstration is given, which is the same with 
the second part of that which Campanus has translated from the 
Arabic^ where, without any reason, the demonstration is divided 
into two parts." 

It would not be obvious from this note which figure Simson 
Iiimself supplied, because it is uncertain what he means by the 
*' same side" and "opposite sides." It is the left-hand figure 
in the first part of the demonstration. Euclid, however, seems 
to be quite correct in omitting this figure, because he has shewn 
in III. II ihat if 4wo circles touch internally there cannot bd a 
point of contact out of the direction of the straight line which 
joins the centres. Thus, in order to shew that there is only one 
point of contact, it is sufficient to put the second supposed point 
of contact on the direction of the straight line which joins the 
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centres. Accordingly in his own demongtration Euclid con- 
fines himself to the rigbt-hand figure ; and he shews that this 
case cannot exist, because the straight line BD would be a 
diameter of both circles, and would therefore be bisected at two 
different points ; which is absurd. 

Euclid might have used a similar niethod for the second part 
of the proposition ; for as there cannot be a point of contact out 
■ of the straight line joining the centres, it is obviously impossible 
that there can be a second point of contact when the circles 
touch externally. It is easy to see this ; but Euclid preferred a 
, niethod in which there is more formal reasoning. 

We may observe that Euclid*s mode of dealing with the 
contact of circles has often been censured by commentatoi'S, but 
apparently not always with good reason. For example, Walker 
gives another demonstration of III. 13; and says that Euclid's 
is worth nothing, and that Slmson fails ; for it is not proved that 
two circles which touch cannot have any arc common to both 
circumferences. But it is shewn in III. xo that this is impos- 
sible; Walker appears to have supposed that HI. 10 is limited to 
the case of circles which cut. See the note on III. 10. 

IIL 17. It is obvious from the construction in III. 17 that 
two straight lines can be drawn from a given external point to 
touch a given circle ; and these two straight lines are equal in 
length and equally inclined to the straight line which joins the 
given external point with the centre of the given circle. 

After reading III. 3 1 the student will see that the problem 
in III. 17 may be solved in another way, as follows: describe a 
circle on ^^ as diameter; then the points of intersection of this 
circle with the given circle will be the points of contact of the 
two straight lines which can be drawn from A to touch the given 
circle, 

III. 18. It does not appear that III. 18 adds anything 
to what we have already obtained in III. 16. For in III. 16 it 
is shewn, that there is only one straight lino which touches a 
given circle at a given point, and that the angle between this 
straight line and the radius drawn to the point of contact is a 
right angle. 

'. III. 20. There are two assumptions in the demonstration of 
III. 20. Suppose that A is double of B and C double of D ; 
then in the first part it is assumed that the sum of A and C is 
double of the sum of B and />, and in the second part it is aa- 
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sumed th&t the difference of A and C is double of the difference 
of B and D, The former assumption is a particular case of V, i, 
and the latter is a particular case of Y. 5. 

An important extension may be given to III. 20 by intro- 
ducing angles greater than two right angles. For, in the first 
figure, suppose we draw the straight lines BF and CP, Then, 
the angle BE A is double of the angle BFA, and the angle CEA 
is double of the angle CPA ; therefore the sum of the angles 
BE A Mid CEA is double of the angle BFC, The sum of the 
angles BEA and CEA is greater than two right angles ; we will 
call the sum, the re-entrant angle BEC. Thus the re-entrant 
angle BEC is double of the angle BFC. (See note on I. 3^). 
If this extension be used some of the demonstrations in the third 
book may be abbreviated. Thus III. 21 may be demonstrated 
i%ithout making two cases ; III. 22 will follow immediately from 
the fact that the sum of the angles at the centre is equal to four 
right angles; and III. 31 will follow immediately from III. 20. 

III. 2T. In III. 21 Euclid himself has given only the first 
case; the second case has been added by Simson and others. 
In either of the figures of III. 2 1 if a point be taken on the same 
side of BlJ as A , the angle contained by the straight lines which 
join this point to the extremities of BD is greater or Usi than the 
angle BAD^ according as the point is mthin or vnthovi the angle 
BAD; this follows from I. 21. 

"We shall have occasion to refer to IV. 5 in some of the 
remsining notes to the third Book ; and the student is accord- 
ingly recommended to read that proposition at the present 
stage. 

The following proposition is very important. If any number 
of trianr/les be constructed on the same hose and on the same side 
of it, with equal vertical angles, the vertices mil all lie on the cir* 
cvmiference of a segment of a circle. 

For take any one of these triangles, and describe a circle 
round it, by IV. 5 ; then the vertex of any other of the triangles 
must be on the circumference of the segment containing the 
assumed vertex, since, by the former part of this note, the vertex 
cannot be without the circle or within the circle. 

III. 22. The converse of III. 22 is true and very im- 
portant; namely, if two opposite angles of a quadrUatercU be 
together' equal to two right angles, a circle may he circumaeribed 
ahouJt the quadrilateral. For, let A BCD denote the quadrila- 
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teral. Describe a circle round the triangle ABCf by IV. 5. 
Take any point E^ on the circumference of the segment cut off 
by AC, and on the same side of ^(7 as i) is. Then, the angles 
at B and E are together equal to two right angles, by III. 22 ; 
and the angles at B and D are together equal to two right 
angles, by hypothesis. Therefore the angle at E is equal to the 
angle at D, Therefore, by the preceding note i> is on the cir- 
cumference of the same segment as E. 

III. 32. The converse of III. 32 is true and important; 
namely, if a straight line meet a circle, and from the point of 
meeting a straight line he drawn cutting ike cirde, and the angle 
between ike two straight lines he equal to tke angle in the alternate 
segment of the circle, tke straight line which meets the circle shall 
totick the circle. 

This may be demonstrated indirectly. For, if possible, sup- 
pose that the straight line which meets the circle does not touch 
it. Draw through the point of meeting a straight line to touch 
the circle. Then, by III. 33 and the hypothesis, it will follow 
that two different straight lines pass through the same pointy and 
mako the same angle, on the same side, with a third sti-aight 
line which also passes through that point; but this is impos- 
sible. 

III. 35, III. 36. The following proposition constitutes a 
large part of the demonstrations of III. 35 and III. 36. // anif 
point be taken in tke hasCj or tke base produced, of an isosceles 
ti'iangle, ike rectangle contained by ike segments of ike base it] 
equal to tke difference of tke square on ike straigkt line joining 
this poifit to the vertex and the square on the side of the triangle. 

This proposition is in fact demonstrated by Euclid, without 
using any property of the circle ; if it were enunciated and de- 
monstrated before III. 35 and III. 36 the demonstrations of 
tilicse two propositions might be shortened and simplified. 

The following converse of III. 35 and the Corollary of III. 36 
may be noticed. If two straigkt lines AB, CD intersect at O, and 
the rectangle AO, OB be equal to ike rectangle CO, OD, tke circum- 
ference of a circle will pass tkrougk tke four points A, B, C, D. 

For a circle may be described round the triangle ABC, by 
TV. 5 ; and then it may be shewn indirectly, by the aid of 
III. 35 or the Corollary of III. 36 that the cireuraferenco of thia 
circle will also pass through D. 
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THE FOURTH BOOK. 

Thb foartli Book of the Elements consists entirely of problems. 
The first five propositions rehhte to triangles of any kind ; the 
remaining propositions relate to polygons which have all their 
sides equal and all their angles equal. A polygon which has all its 
sides equal and all its angles equ^ is called a regular polygon. 

lY. 4. By a process similar to that in IV. 4 we can describe 
a circle which shall touch one side of a triangle and the other 
two sides produced. Suppose, for example, that we wish to 
describe a circle which shall touch the side BC, and the sided 
AB and AC produced: bisect the angle between AB produced 
and BC, and bisect the angle between AC produced and BO; 
then the point at which the bisecting straight lines meet will be the 
centre of the required circle. The demonstration will be similar 
to that in IV. 4. 

A circle which touches one side of a triangle and the other 
two sides produced, is called an escribed circle of the triangle. 

We can also describe a triangle equiangular to a given tri- 
angle, and such that one of its sides and the other two sides 
produced shall touch a given circle. For, in the figure of IV. 3 
i^ppose AK produced to meet the circle again ; and at the point 
of intersection draw a straight line touching the circle; this straight 
line with parts of NB and NC, will form a triangle, which will 
be equiangular to the triangle MLN, and therefore equiangular to 
the triangle BBF; and one of the sides of this triangle, and the 
other two sides produced, will touch the given circle. 

IV. 5. Simson introduced into the demonstration of IV. 5 
the part which shews that BF and EF will meet. It has also 
been proposed to shew this in the following way: join D£; theu 
the angles EDF and DEF are together less than the angles 
ADF and AEF^ that is, they are together less than two right 
angles; and therefore J)F and EF will meet, by Axiom 12. 
This assumes that ADE and AED are acute angles ; it may how« 
ever be easily shewn that DE is parallel to BC, so that the 
triangle ADE is equiangular to the triangle ABC; and we must 
therefore select the two sides AB and AC such that ABC and 
ACB may be acute angles. 

IV. 10. The vertical angle of the triangle in IV. 10 isi 
easily seen to be thu fifth part of two light angles ; and an it 
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may be bisecied, we can thas divide a right angle geometrically 
into five equal parts. 

It follows from what is given in the fourth Book of the 
Elements that the circumference of a circle can be divided into 
3, 6, 12, 34, ... . equal parts ; and also into 4, 8, 16, 32, ... . 
equal parts ; and also into 5, 10, 20, 40, ... . equal parts; and 

also into 15, 30, 60, 120, equal parts. Hence also 

regular polygons having as many sides as any of these numbers 
may be inscribed in a circle, or described about a circle. This 
however does not enable us to describe a regular polygon of any 
assigned number of sides ; for example, we do not know how to 
describe geometrically a regular polygon of 7 sides. 

It was first demonstrated by Gauss in 1801, in his DUqui' 
giU(mea ArithmeUcce, that it is possible to describe geometrically 
a regular polygon of 2*^+ 1 sides, provided 2*+ i be a prime num* 
ber ; the demonstration is not of an elementary character. As 
an example, it follows that a regular polygon of 17 sides can be 
described geometrically ; this example is discussed in Catalan's 
TMorimet et Problhnes de OSomStrie EUmentaire. 

For an approximate construction of a regular heptagon see 
the Philosophical Magazine for February and for April, 1864. 

THE FIFTH BOOK, 

Thb fifth Book of the Elements is on Proportion^ Much 
has been written respecting Euclid's treatment of this subject; 
besides the Commentaries on the Elements to which we have 
ahready referred, the student may consult the articles Ratio and 
Proportion in the English Cyclopatdia, and the tract on the 
Connesdon of Nurnber and Magnitude by Professor De Morgan. 

The fifth Book relates not merely to length and space, but ta 
any kind of magnitude of which we can form multiples. 

Y. Def, I. The word part is used in two senses in Geometry. 
Sometimes the word denotes any magnitude which is less thau 
another of the. same kind, as in the axiom, the whole ia greater 
than its part. In this sense the word has been used up to ths 
present point, but in the fifth Book Euclid confines the word to 
a more restricted sense. This restricted sense agrees with th&t 
which is given in Arithmetic and Algebia to the term aligut^ 
part, or to the term submultiple. 
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V. Drf. .^. Simson considers that the definitions 3 and 8 are 
''not Eudid's, but added by some unskilful editor." Other com- 
mentators also have rejected these definitions as useless. The 
last word of the third definition should be quaniuplicitjff not 
guantUy; so that the definition indicates that ratio refers to the 
nwnhir of times which one magnitude contains another. See De 
Morgan's Differential and Integral OalculuSf page 18. 

y. Def. 4. This definition amounts to saying that the quan- 
tities must be of the same kind, 

y. Drf. 5. The fifth definition is the foundation of Euclid's 
doctrine of proportion. The student will find in works on Alge- 
bra a comparison of Euclid's definiUon of proportion with the 
simpler definitions which are employed in Arithmetic aud Algebra. 
Euclid's definition is applicable to incomrneiMurable quantities, as 
well as to eommenmrable quantities. 

We should recommend the student to read the first propo- 
sition of the sixth Book immediately after the fifth definition of 
the fifth Book ; he will there see how Euclid applies his defi- 
nition, and will thus obtain a better notion of its meaning and im- 
portance. 

Compound Raiio, Tlie definition of compound ratio was 
supplied by Simson. The Greek text does not give any defini- 
tion of compound ratio here, but gives one as the fifth definitioa 
of the sixth Book, which Simson rejects as absurd and useless. 

y. Deft. 18, 19, 10, The definitions 18, 19, 10 are not pre- 
sented by Simson precisely as they stand in the original. The 
last sentence in definition 18 was supplied by Simson. Euclid 
does not, connect definitions 19 and 20 with definition 18. In 
19 he defines ordinate proportion, and in 10 he defines pertwrbaie 
proportion. Nothing would be lost if Euclid's definition 18 were 
entirely omitted, and the term ex cequali never employed. Euclid 
employs such a term in the enunciations of y. 20, 2r, 11, 33; 
but it seems quite useless, and is accordingly neglected by Simson 
and others in their translations. 

The axioms given after the definitions of the fifth Book are 
not in Euclid ; they were supplied by Simson. 

The propositions of the fifth Book might be divided into four 
sections. Propositions i to 6 relate to the properties of equi- 
multiples. Propositions 7 to 10 and 13 and 14 connect the 
notion of the ratio of magnitudes with the ordinary notions of 
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greaJUr, equals and lest. Propositions ii, 12, 15 and 16 may be 
considered as iniax)duced to shew that, if four quantities of the 
same hind he proportionals they vriU also be proportionals when 
taken alternately. The remaining propositions shew that mag- 
nitudes are proportional by composition, by division, and ex cequo. 

In this division of the fifth Book propositions 13 and 14 are 
supposed to be placed immediately after proposition 10; and 
they might be taken in this order without any change in Euclid's 
demonstrations. 

The propositions headed A, B, C, D, E were supplied by 
Simaon. 

^' i^ ^> 3) 5) ^' These are simple propositions of Arithmetic, 
though they are here expressed in terms which make tbem ap- 
pear less familiar than they really are. For example, Y. i 
''states no more than that ten acres and ten roods make ten times 
as much as one acre and one rood." Be Morgan, 

In y. 5 Simson has substituted another construction for that 
given by Euclid, because Euclid's construction assumes that we 
can divide a given straight line into any assigned number of 
equal parts, and this problem is not solved until VI. 9. 

Y. 18. This demonstration is Simson's. We will give here 
Euclid's demonstration. 

Let AE be to EB t>& CF is to Pi) : AB shall x 
be to BE as CD is to BF, 

For, if not, AB will be to BE as CD is to some 
magnitude less than DF, or greater than DF. 

First, suppose that ^^ is to BE as CD is to 
DG, which is less than DF. 

Then, because AB ii io BE 2a CD \b io DOy 
therefore AE is to -&5 as CO is to GD, [ Y. 17. 
But AE is to ^5 as CF is to FD, [Hypothesis, q p 
therefore CG is to (?i) as Ci^ ia to FD, [Y. 1 r. 
But CG is greater than CF\ [Hypothesis, 

therefore GD is greater than FD, |Y. 14. 

But GD is less than FD ; which is impossible. 

In the same manner it may be shewn that AB \sk not to BE 
as CD is to a magnitude greater than DF, 
Therefore ii 5 is to ^Ji' as GZ> is to DF, 

The objection urged by Simson against Euclid*8 demonstra- 
tion is that ''it depends upon this hypothesis, that to any three 
magnitudes^ two of which, at least, are of the same kind, there 
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mity be a fourth proportional : Euclid does not demon- 
strate it, nor does he shew how to find the fourth proportional, 
before the latfa Proposition of the 6th Book " 

The following demonstration is given by Austin in his Exami- 
naUon of the first tix hooks ofEucliiTs Elements. 

Let ii^ be to ^^ as OP is to Fi> : AB shaU 
be to B^afl aZ> is to DF. 

For, because AE ia to EE ta CF \a io FD, 
therefore, alternately, AE ia to OF as EB ifi 
to FD. [V. i6. 

And as one of the antecedents is to its con- 
sequent so is the sum of the antecedents to the 
sum of the consequents ; [Y. 11, 

therefore as ^^ is to FD so are AE and EB 
together to CF and FD together, B 

that is, ii^ is to Ci) as ^£ is to FD, 
Therefore, alternately, AB is to EB as CD is to FD. [V. 16. 

y. 25. The first step in the demonstration of this proposition 
is "take AO equal to E and CH equal to F" ; and here a refer- 
ence is sometimes given to I. 3. But the magnitudes in the 
proposition are not necessarily straight lines, so that this refer- 
ence to I. 3 should not be given ; it must however be assumed 
that we can perform on the magnitudes considered, an operation 
similar to that which is performed on straight lines in I. 3. Since 
the fifth Book of the Elements treats of magnitudes generally, 
and not merely of lengths, areas, and angles, there is no reference 
made in it to any proposition of the first four Books. 

Simson adds four propositions relating to compound ratio, 
which he disting^hes by the letters F, G, H^ K ', it seems how- 
ever unnecessary to reproduce them as they are now rai-ely read 
and never required. 



THE SIXTH BOOIC 

The sixth Book of the Elements consists of the application of 
the theory of proportion to establish properties of geometric^ 
figures. 

VI. Drf, T. For an important remark bearing on the first 
definition, see the note on YI. 5. 

YI. Def, 2. The second definition is useless^ for Euclid 
makes no mention of reciprocal figures. 
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VI. Def. 4. The fourth definitloD ia strictly only applicable 
to a triangle, because no other figure has a point which can be 
exclusively called its vertex. The altitude of a parallelogram ia 
the perpendicular drawn to the base from any point in the op- 
posite side. 

VI. 1, The enunciation of this important proposition is open 
to objection, for the manner in which the sides may be cut is not 
sufficiently limited. Suppiose, for example^ that ^i> is double of 
DBy and CE double of EA ; the sides are then cut proportionally, 
for each side is divided into two parts, one of which is double of 
the other; but DE is not parallel to B^C, It should therefore 
be stated in the enunciation that the seffments terminated at the 
vertex of the triangle are to be homologous terms in the ratios, that 
is, are to he the antecedents or the consequents of the ratios. 

It will be observed that there are three figures corresponding 
to three cases which may exist ; for the straight line drawn pa- 
rallel to one side may cut the other sides, or may cut the other 
sides when they are produced through the extremities of the base, 
or may cut the other sides when they are produced through the. 
vertex. In all these cases the triangles which are shewn to be 
equal have their vertices at the extremities of the base of the 
given triangle, and have for their common base the straight line 
which is, either by hypothesis or by demonstration, parallel to 
the base of the triangle. The triangle with which these two 
triangles are compared has the same base as they have, and has 
its vertex coinciding with the vertex of the given triangle. 
YI. A, This proposition was supplied by Simson. 
VI. 4- We have preferred to adopt the term ''triangles 
which are equiangular to one another,'" instead of ''equianguhxr 
triangles," when the words are used in the sense they bear in 
t!us proposition. Euclid himself does not use the term equian* 
jiilar trietngle in the sense in which the modem editors use it in 
ilie Corollary to I. 5, so that he is not prevented from using the 
;erni in the sense it bears in the enunciation of YI. 4 and else- 
vhere ; but modem editors, having already employed the term in 
me sense ought to keep to that sense. In the demonstrations, 
^here Euclid uses such language as '' the triangle A EC is equi- 
D^ular to the triangle DEF,'' the modem editors sometimes 
dopt it, and sometimes change it to ''the triangles ABC and 
>EF are equiangular." 

lu VI. 4 the manner in which the two triangles are to be 
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placed is very imperfectly described ; their bases are to be in the 
same straight line and oontigaou9, their vertices are to be on the 
same side of the base, and each of the two angles which have a 
common vertex is to be equal to the remote angle of the other 
triangle. 

By superposition we might deduce VX. 4 immediately from 
VI. 2. 

YI. 5. The hypothesis in YI. 5 involves more than is di- 
rectly asserted ; the enunciation should be, *' if the sides of two 

triangles, taken in order, about each of their angles ;" 

that is, some restriction equivalent to the words taken in order 
should be introduced. It is quite possible that there should be 
two triangles ABC, DEF, such that AB \% io BO 9a DE is to 
EF, and BC to CA as i)/* is to ED, and therefore, by V. ^3, 
ABio AC 9a DF is to EF ; in this case the sides of the triangles 
about each of their angles are proportionals, but not in the same 
order, and the triangles are not necessarily equiangular to one 
another. For a numerical illustration we may suppose the sides 
of one triangle to be 3, 4 and 5 feet respectively, and those of 
another to be 12, 15 and 20 feet respectively. Walker, 

Each of the two propositions YI. 4 and YI. 5 is the convene 
of the other. They shew that if two triangles have either of the 
two properties involved in the definition of similar figures they 
will have the other also. This is a special property of triangles. 
In other figures either of the properties may exist alone, for 
example, any rectangle and a square have their angles equal, but 
not their sides proportional; while a square and any rhombus 
have their sides proportional, but not their angles equal. 

YT. 7. In YI. 7 the enunciation is imperfect ; it should be^ 
'' if two triangles have one angle of the one equal to one angle of 
the other, and the sides about two other angles proportionals, 90 
that the sides svhtending the equal angles are homologous^ then if 
each .....*' The imperfection is of the same nature as that 
which is p<iinted out in the note on VI. 5. Walker, 

The proposition might be conveniently broken up and the 
essential part of it presented thus : if two triangles have two tides 
of the one proportional to two sides of the other, and the angles 
opposite to one pair of homologous sides equal, the angles which are 
opposite tor the other pair of homologous sides shall either be equal, 
or be together equal to two right angles. 

For, the angles included by the proportional sides must bo 
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either equal or unequaL If they are equal, then since the tri- 
angles have two angles of the one equal to two angles of the 
other, each to each, they are equiangular to one another. We 
have therefore only to consider the case in which the angles in- 
cluded hy the proportional sides are unequal. 

Let the triangles ABCt DEP have the angle KiA equal to 
the angle at A and A B io BC as DE is to EPy hut the angle 
ABC not equal to the angle DEFi the angles ACB and DFE 
shall be together equal to two right angles. 
For, one of the angles A BC, 
DEF must be greater than 
the other; suppose ABC the 
greater ; and make the angle 
^^t? equal to the angle DEF. 
Then it may be shewn, as in 
VI. 7, that BG is equal to 
BC, and the angle EGA equal to tbe angle EFD. 
Therefore the angles ACB and DFE are together equal to the 
angles BGC and A GB, that is, to two right angles. 

Then the results enunciated in VI. 7 will readily foUow. For 
if the angles A CB and DFE are both greater than a right angle, 
or both less than a right angle. Or if one of them be a right 
angle, they must be equal. 

VI. 8. In the demonstration of VI. 8, as given by Simson, 
it is inferred that two triangles which are similar to a thii-d 
triangle are similar to each other; this is a particular case of 
VI. 21, which the student should consult, in order to see the 
validity of the inference. 

VI. 9. The word pari is here used in the restricted sense of 
the first definition of the fifth Book. VI. 9 is a particular case 
of VI. 10. 

VI. 10. The most important case of this proposition is that 
in which a straight line is to be divided either inlemally or ex- 
ternally into two parts which shall be in a given ratio. 

The case in which the straight line is to be divided irUemally 
is given in the text ; suppose, for example, that the given ratio is 
that of ^J^ to EC', then A Bis divided at G in the given ratio. 

Suppose, however, that ^Z? is to be divided externally in a 
given ratio; that is, suppose that AB is to be produced so that 
the whole straight line made up oi AB and the part produced 
may be to the part produced in a given ratio. Let the given ratio 
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be that oi ACio CE, Join EB ; through C draw a straight line 
parallel to EB\ then this straight line will meet AB, produce! 
through B, at the required point. 

YI. II. This is a particular case of YI. 12. 

YI. 14. The following is a full exhibition of the steps which 
lead to the result that FB and BO are in one straight line. 

The angle DBF is equal to the angle GBE\ [Hi/pothesis, 

add to each the angle FBE ; 

therefore the angles DBF, FBE are together equal to the angles 
OBE, FBE, [Axiom a. 

But the angles DBF, FBE are together equal to two right 
angles; . [I. 13. 

therefore the angles OBE, FBE are together equal to two right 
angles; [Axiom i. 

therefora FB and BG are in one straight line. [I. 14. 

YI. 15. This may be inferred from YI. 14, since a triangle 
is half of a parallelogram with the same base and altitude. 

It is not difficult to establish a third proposition conversely 
connected with the two involved in YI. 14, and a third propo- 
sition similarly con,versely connected with the two involved in 
YI. 15. These propositions are the following. 

Equal parallelograms which have their sidei reeiprocaUy pro- 
portionalf have their angles equal, each to each. 

Equal triangles which have the sides about a pair of angles 
reciprocally proportional, have those angles equal or together equal 
to two right angles. 

We will take the latter proposition. 

Let ABC, ABE be equal triangles; and let CA be to ^D 
&s AE is to AB: either the angle BAG shall be equal to the 
angle DAE, or the angles BAO aod DAE shall be together equal 
to two right angles. 

[The student can construct the figure for himself.] 

Place the triangles so that CA and AD may be in one straigLt 
line ; then if EA and A B are in one straight line the angle BA O 
is equal to the angle DAE. [!• '5* 

If EA and AB are not in one straight line, produce BA through 
A to F, so that AFmskj be equal to AE; join DF and EF, 

Then because CA is to AD sis AE ia to AB, [Hypothesis, 
and iijPis equal to ^j^, [Construction. 

therefore CA is io AD sj& AF is to A B. [V. 9, Y. 11. 

Therefore the triangle DA Fin equal to the triangle BA C. [YI. 15. 
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But the triangle DAE is equal to the triangle BA C. [ffppoiJiesis, 
Therefore the 'triangle -D^ A' is equal to the iaewagleDAF, [Ax, i. 
Therefore EF is parallel to ^D. [I. 39. 

Suppose now that the angle DAE is greater than the angle 
DAF, 

Then the angle CAEvb equal to the angle AEF, [1. 99. 

imd therefore the angle CAEjb equal to the angle AFE, [I. 5. 
and therefore the angle CAEis equal to the angle EAC. [I. 29, 
Therefore the angles EAC and DAE are together equal to two 
right angles. 

Similarly the proposition may he demonstrated if the angle 
DAE is less than the angle DAF. 

VI. 16. This is a particular case of VI. 14, 

VI. 17. This is a particular case of VI. 16. ^ 

VI. 22. There is a step in the second part of VI. 22 which 
requires examination. After it has been shewn that the figure 
SE is equal to the similar and similarly situated figure NH, it 
is added "therefore PE is equal to GET." In the- Greek text 
reference is here made to a lemma which follows the proposition. 
The word lemma is occasionally used in mathematics to denote 
an auxiliary proposition. From the unusual circumstance of a 
reference to something following, Simson probably concluded 
that the lemma could not be Euclid's, and accordingly he takes 
uo notice of it. 

The following is the substance of the lemma. 

If PE be not equal to GUt one of them must be greater than 
the other; suppose PE greater than Gff» 

Then, because SE and NJU are shnilar fi^ires, PE is to PS 
as (?JEri8 to GN. [VI. Definition r. 

But PE is greater than GH, [Hypothesis. 

therefore PS is greater than GN. [V. 14. 

Therefore the triangle EPS is greater than the triangle 
JIGN. [I. 4, Axiom 9. 

But, because SE and NH are similar figures, the triangle EPS is 
equal to the triangle HGN\ [VI. 20. 

which is impossible. 
Therefore PE is equal to GH. 

VI. 23. In the figure of VI. 23 suppose ED and GE drawn. 
Then the triangle BCD is to the triangle GCE as the parallelo- 
gram AC Uio the parallelogram CF. Hence the result may be 
ojLtended to triangles^ and we have the following theorem. 
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trianglei which have one angle of the one equal to one angle of the 
other, have to one another the ratio which is compounded of the 
ratios of their sides. 

Then VI. 19 is an immediate consequence of this theorem. 
For let ABC and D£F be similar triangles, bo that -45 is to J5C 
as BE is to EF; and therefore, alternately, A B is to BE as BG 
18 to EP, Then, by the theorem, the triangle ABC has to the 
triangle BEF the ratio which is compounded of the ratios of AB 
to BE and of BC to EFy that is, the ratio which is compounded 
of the ratios of BC to EF and of BC to EF. And, from the 
definitions of duplicate ratio and of compound ratio, it follows 
that the ratio compounded of the ratios of BC to EF and of BO 
to EF is the duplicate ratio of BC to EF, 

VI. 25. It will be easy for the student to exhibit in detail 
the process of shewing that BC and CF are in one straight line, 
and also LE and EM ; the process is exactly the same as that in 
I. 45, by which it is shewn that KM and MM are in one straight 
line, and also FG and GL, 

It seems that VI. 25 is out of place, since it separates pro- 
positions so closely connected as VI. 24 and VI. 26. We may 
enunciate VI. 25 in familiar language thus: to make a figure 
which shall have the form of one figure and the size of another, 

VI. 26. This proposition is the converse of VI. 24; it 
might be extended to the case of two similar and similarly 
situated parallelograms which have a pair of angles vertically 
opposite. 

We have omitted in the sixth Book Propositions 27, 28, 29, 
and the first solution which Euclid gives of Proposition 30, as they 
appear now to be never required, and have been condemned as 
useless by various modern commentators; see Austin, Walker, 
and Lardner. Some idea of the nature of these propositions may 
be obtained from the following statement of the problem pro> 
posed by Euclid in VI. 29. AB \» 0, given straight line; it has 
to be produced through 5 to a point 0, and a parallelogram 
described on ^ subject to the following conditions ; the paral- 
lelogram is to be equal to a given rectilineal figure, and the 
parallelogram on the baae BO which can be cut off by a 
straight line through B is to be similar to a given parallelo- 
gram. 

VI. 32. This proposition seems of no use. Moreover the 
enunciation is imperfect. For suppose EB to be produced 
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througli 2) to a point F^ such that DF is equal to i>^; and 
join GF, Then the triangle CDF will satisfy all the conditions 
in Euclid's enunciation, as well as the triangle CI)E\ hut CF 
and CB are not in one straight line. It should be stated that 
the bases must lie on corresponding sides of both the parallels ; 
the bases CF aud BC do not lie on corresponding sides of the 
parallels AB and DC, and so the triangle CDF would not 
lulfil all the conditions, and would therefore be excluded. 

VI. 33. In VI. 33 Euclid implicitly gives up the restriction, 
which he seems to have adopted hitherto, that no angle is to be 
considered greater than two right angles. For in the demon- 
stration the angle BGL may be any multiple whatever of the . 
angle BGC^ and so may be greater than any number of right 
angles. 

VI. B^ C7, 2). These propositions were introduced by 
Simson. The important proposition VI. D occurs in the Me7d\T7 
SiJi^oftj of Ptolemy. 

THE ELEVENTH BOOK. 

In addition to the first six Books of the Elements it is usual 
to read part of the eleventh Book. For an account of the 
contents of the other Books of the Elements the student is 
referred to the article Bucleides in Dr Smith's IHctionary of 
Greek and Roman Biography, and to the article Irrational Quan- 
tities in the English Cydopoedia. We may state briefly that 
Books VII, VIII, IX treat on Arithmetic, Book X on Irra- 
tional Quantities, and Books XI, XII on Solid Geometry. 

XI. Def. 10. This definition is omitted by Simson, and 
justly, because, as he shews, it is not true that solid figures 
contained by the same number of similar and equal plane figures 
are equal to one another. For, conceive two pyramids, which 
have their bases similar and equal, but have different altitudes. 
Suppose one of these bases applied exactly on the other ; then if 
the vertices be put on opposite sides of the base a certain solid is 
formed, and if the vertices be put on the same side of the base 
another solid is formed. The two solids thus formed are con- 
tained by the same number of similar and equal plane figures, 
but they are not equal. 

It will be observed that in this example one of the solids has 
A re-erUrant solid angle; see page 264. It is however true that 
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two eonvex solid figures are equal if tbey are contained by equal 
plane figures similarly arranged; see Catalan's TlUorhme» el 
ProbUmu de GSonUtrie MSmentaire, This result was first demon- 
strated by Cauchy, who turned his attention to the point at^the 
request of Legendre and Malus; see the JoumaZ de VEcoU 
Polytechnique, Cahier i6. 

XI. J>ef. 26. The word tetrahedron is now often used to 
denote a solid bounded by any four triangular faces, that is, a 
pyramid on a triangular base ; and when the tetrahedron is to 
be such as Euclid defines, it is called a regular tetrahedron. 

Two other definitions may conveniently be added. 

A straight line is said to be parallel to a plane when they do 
not meet if produced. 

The angle made by two straight lines which do not meet is 
the angle contained by two straight lines parallel to them, drawn 
through any point. 

XI. 21. In XI. II the first case only is given in the ori- 
ginal. In the second case a certain condition must be intro- 
duced, or the proposition will not be true ; the polygon BCDEP 
must have no re-entrant angle. See note on I. 32. 

The propositions in Euclid on Solid Greometry which are 
now not read, contain some very important results respecting the 
volumes of solids. We will state these results, as they are 
often of use; the demonstrations of them are now usually 
given as examples of the Integral Calculus, 

We have already explained in the notes to the second Book 
how the area of a figure is measured by the number of square 
inches or square feet which it contains. In a similar manner the 
volume of a solid is measured by the number of cubic inches or 
ctibic feet which it contains ; a cubic inch is a cube in which each 
of the faces is a square inch, and a eiibic foot is similarly 
defined. 

The volume of a prism is found by multiplying the number 
of square inches in its base by the number of inches in its 
altitude ; the volume is thus expressed in cubic ruches. Or we 
may multiply the number of square feet in the base by the 
number of feet in the altitude ; the volume is thus expressed in 
cubic feet. By the hose of a prism is meant either of the two 
equalf similar, and parallel Jigures of XI. Definition 13; and the 
altitude of the prism is the perpendicular distance between these 
two planes. 
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The rule for the volume of a prism mvolves the fact that 
prums on equal bases and between the same parallels are equal m 
volume, 

A parallelepiped is a particular case of a prism. The volume 
of a pyramid is one third of the volume of a prism on the same 
hase and having the same altitude. 

For an account of what are called the five regular solids the 
student is referred to the chapter on Polyhedrons in the Treatise 
on Spherical Trigonometry, 

THE TWELFTH BOOK. 

-Two propositions are given from the twelfth Book, as they 
are very important, and are required in the University Examina- 
tions. The Lemma is the first proposition of the tenth Book, 
and is required in the demonstration of the second proposition of 
the twelfth Book. 
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This Appendix consists of a collection of important pro- 
positions which will be found useful, both as affording 
geometrical exercises, and as exhibiting results which are 
often required in mathematical investigations. The student 
will have no difficulty in drawing for himself the requisite 
figures in the cases where they are not given. 
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1. The turn cf the iquare» on t?is nde9 qf a triangle 
is eqwd to twice the square on hajfthe base, together with 
twice the square on the straight line which joins the vertex 
to the middle point qfthe base. 

Let ABC be a triangle ; and lot 2> be the middle point 
of the base AB. Draw CE perpendicular to the base 




meeting it at E\ then E may be either in AB or in AB 
produced. 

First, let E coincide with 2>; then the proposition 
follows immediately from I. 47. 

Next let E not coincide with 2>; then of the two 
angles ADC and BDC^ one must be obtuse and one acuta 
Suppose the angle ADC obtuse. Then, by II. 12, the 
square on AC in equal to the squares on AD, DC, toge- 
ther with twice the rectanele AD, DE; and, by II. 13, the 
square on BC together with twice the rectangle BD, DE is 
equal to the squares on BD, DC. Therefore, by Axiom 2, 
the squares on AC, BC, togetiier with twice the rectangle 
BD, 2>E are equal to the squares on AD, DB, and twice 
the square on DC, together with twice the rectangle 
AD, DE. But AD is equal to DB. Therefore the squares 
on AC, BC are equal to twice the squares on AD, DC 
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.2. If two chorda intersect within a circle^ the angle 
which they include is measured hy half the sum qf the in- 
tercepted arcs. 

Let the chords AB and CD of a circle intersect at E-, 
join AD, 

The angle AEG is equal to the 
angles ADE, and DAE, by 
I. 32; that is, to the angles 
standing on the arcs AC and 
BD, Thus the angle AEC }& 
equal to ^ angle at the cir- 
cumference of the circle stand- 
ing on the sum of the arcs AC 
and BD ; and is therefore equal 
to an angle at the centre of the 
circle standing on half the sum of these arcs. 

Similarly the angle CEB is measured by half the sum 
of the arcs CB and AD, 

3. If two chords produced intersect without a circle^ 
the angle which they include is measured by half the 
difference of the intercepted arcs. 

Let the chords AB and CD of a circle, produced^ in- 
tersect at E; join AD. 

The ande ADCib equal to the angles EAD and AEDj 
by I. 32. Thus the angle AEC is equal to the difference 
of the angles ADC said BAD; that is, to an an^le at the 
circumference of the circle standing on «n arc which is the 





difference of AC and BD\ and is therefore equal to an 
angle at the centre of the circle standing on half the differ- 
ence of these arcs. 
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4. To draw a straight line which shall touch two 
given circles, 

Xet A be the centre of the greater circle, and B the 
centre of the less circle. With centre A, and radius equal 
to the difference of the radii of the given circles, describe 
a circle; from B draw a straight line touching the circle 




80 described at G, Join AC and produce it to meet the 
circumference at D. Draw the radiuB BE parallel to -4Z>, 
and on the same side of ^-5 ; and join DE. Then DE shall 
touch both circles. 

See I. 33, 1. 29, and III. 16 Corollary. 

Since two straight lines can be drawn from B to touch 
the described circle, two solutions can be obtained; and the 
two straight lines which are thus drawn to touch the two 
given circles can be shewn to meet AB^ produced through 
B, at the same point. The construction is applicable when 
each of the given circles is without the other, and also 
when they intersect 

When each of the given circles is without the other we 
can obtam two other solutions. For, describe a circle with 
^ as a centre and radius equal to the sum of the radii of 
the given circles ; and continue as before, exc^t that BE 
and AD will now be on opposite sides of AS, The two 
straight lines which are thus drawn to touch the two given 
circles can be shewn to intersect AB 9X the same point 
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5. To describe a circle which shaU pass through three 
given points not in the same straight line. 

This is solyed in Euclid lY. 5. 

6. To describe a circle which shcdl pass through two 
given points on the same side of a given straight line, and 
touch that straight line. 

Let A and B be the given -j^mis ; join AB and pro* 
duce it to meet the given straight line at C. Make a 
square equal to the rectangle CA, CB (II. 14), and on the 




^ven straight line take CE equal to a side of this square. 
Describe a circle through A, B, E {5); this will be the 
circle required (III. 37). 

Since E can be taken on either side of C, there are two 
solutions. 

The construction fails if AB is parallel to the given 
straight line. In this case bisect ^^ at 2>, and draw DC 
at right angles to AB, meeting the given straight Une at C, 
Tlien describe a circle through A^ B, C, 

7. To describe a circle which sTiall pass through a 
given point and touch two given straight lines. 

Let A be the given point ; produce the given straight 
lines to meet at B, and join AB. Through B draw a 
straight line, bisecting that angle included by the given 
straight lines within which A lies; and in this bisecting 
straight line take any point C. From (7 draw a perpendiouw 
on one of the given straight lines, meeting it at D ; with 
centre C, and radius CDy describe a circle, meeting AB^ 
produced if necessary, at E Join CE\ and through A draw 
a straight line parallel to CE, meeting BC, produced if 
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necessary, at F, The circle described from the centre F, 
with radius FA, will touch the given straight lines. 

For, draw a perpendicular from F on the straight Ime 
BD, meeting it at &. Then CiS: is to /!4 as jB(7 is to BF, 
and CD is to ^6? as BC is to BF (VI. 4, V. 16). There- 
fore CE \%to FA 2A CD \&io FG (V. 11). Therefore 
(7^ is to CD as ^^ is to FG (V. 16). But CE is equal 
to CD ; therefore FA is equal to FG (V. A), 

If ^ is on the straight line BC we determine E as 
before ; then join ED, and draw a straight line through -4 
parallel to Et) meeting BD produced if necessary at G ; 
from G draw a straight line at right angles to BG, and the 
point of intersection of this straight line with BC^ produced 
if necessary, is the required centre. 

As the circle described from the centre C, with the 
radius CD, will meet AB at two points, there are two 
solutions. 

If A is on one of the g^ven straight lines, draw from 
A a straight line at right angles to this given straight 
line; the point of intersection of this straight line with 
either of the two straight lines which bisect the angles 
made by the given straight lines may be taken for the 
centre of the required circle. 

If the two given straight lines are parallel, instead of 
drawing a straight line BC to bisect the angle between 
them, we must diiaw it parallel to them, and equidistant 
from them. 
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8. To describe a circle which shall touch three 
given straight lines, not more than two qf which are 
parallel. 

Proceed as in Euclid IV. 4. If the given straight lines 
form a triangle, four circles can be described, namely, one 
as in Euclid, and three others each touching one side of 
the triangle and the other two sides produced. If two 
of the given straight lines are parallel, two circles can be 
described, namely, one on each side of the third given 
straight hne. 

9. To describe a circle which shall t(mch a given 
circle, and tomh a given straight line at a given point. 

Let A be the given point in the given straight line, 
and (7 be the centre of the given circle. Through G draw 
a straight line perpendicular to the given straight line, 




and meeting the circumference of the circle at B and 2>, 
of which D is the more remote from the given straight 
line. Join AD, meeting the circumference of the circle at 
JS. From A draw a straight line at right angles to the 
given straight line, meeting CE produced at F. Then ^ shall 
be the centre of the required circle, and FA its radius. 

For the angle AEF is equal to the angle CED (1. 16) 
and the angle EAF is equal to the angle CDE (I. 29) 
therefore the angle AEP is equal to the angle EAF 
therefore ^^P is equal to EF (I. 6). 
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In a similar manner another solation may be obtained 
by joining AB, If the given straight line fails without the 
given circle, the circle obtained by the first solation touches 
the given circle externally, and the circle obtained by the 
second solution touches the given circle internally. If the 
given straight line cuts the given circle, both the circles 
obtained touch the given circle externally. 

10. To describe a circle which shall pass through two 
given points and touch a given circle. 

Let A and B be the given points. Take any point C 
on the circumference of the given circle, and describe a 
circle through A, jB, C. If this described circle touches 
the given circle, it is the required circle. But if not, let D 




be the other point of intersection of the two circles. Let 
AB and CD be produced to meet at E ; from E draw a 
straight line touching the given circle at F, Then a circle 
described through A, B, F shall be the required circle. 
See III. 35 and III. 37. 

There are two solutions, because two straight lines can 
be drawn from E to touch the given circle. 

If the straight Hue which bisects ^^ at right angles 
passes through the centre of the given circle, the con- 
struction fails, for AB and CD are parallel. In this case 
F must be determined by drawing a straight line parallel 
to AB so as to touch the given circle. 

Digitized by LjOOQIC 



300 APPMNDIX, 



11. To describe a circle which shall U/uch two given 
straight lines and a given circle. 

Draw two straight lines parallel to the given straight 
lines, at a distance from them equal to ike radios of the 
given circle, and on the sides of them remote from the 
centre of the given circle. Describe a circle touching the 
straight lines thus drawn, and passing through the centre 
of the given circle (7). . A circle having the same centre as 
the circle thus described, and a radius equal to the excess 
of its radius over tiiat of the given cirde, wiU be the re- 
quired circle. 

Two solutions will be obtained, because there are two 
solutions of the problem in 7 ; the circles thus obtained 
touch the given circle externally. 

We mav obtain two circles which touch the given drde 
internally, by dniwing the straight lines parallel to the giren 
straight Imes on the sides of them adjacent to the centre 
of the given circle. 



12. To describe a circle which shall pass through a 
given point and touch a given straight line and a given 
circle. 

We will suppose the given point and the given straight 
line without the circle; other cases of the problem may be 
treated in a similar manner. 

Let A be the given point, and B the centre of the 
given circle. From B draw a perpendicular to the given 
straight line, meeting it at U, and meeting the circum- 
ference of the given circle at D and E, so that D is be- 
tween B and C. Join EA and determine a point jPin EAy 
produced if necessary, sudi that the rectangle EA^ EF 
may be equal to the rectangle EC, ED ; this can be done 
by describing a circle through A, C, 2>, which vdll meet 
EA at the required point (III. 36, Corollary). Describe a 
drde to pass through A and F and touch the given straight 
line (6) ; this shall be the required circle. 
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For, let the circle thus described touch the given 
straight line at Q ; join EQ meeting the given circle at Hy 




and join DH, Then the triangles EHD and ECG are 
similar; and therefore the rectangle EC, ED is equal to 
the rectaMle EO, EH (III. 31, V I. 4, VI. 16). Thus the 
rectangle EA, EF is equal to the rectangle EH^ EG ; and 
therefore ^ is on the circumference of the described 
circle (III. 36, CoroUary). Take K the centre of the 
described circle ; join KG, KH, and BH, Then it may 
be shewn that the angles KHG and EHB are equal 
(I. 29. I. 5). Therefore KHB is a straight line ; and 
thererore the described circle touches the given circle. 

Two solutions will be obtained, because there are two 
solutions of the i>roblem in 6 ; the circles thus described 
touch the given circle externally. 

By joining DA instead of EA we can obtain two solu- 
tions in which the circles described touch the given circle 
internally. 
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13. To describe a circle which shall touch a given 
straight line and two given circles. 

Let A be the centre of the larger circle and B the 
centre of the smaller circle. Draw a straight line parallel 
to the given straight lino, at a distance from it equal to tiie 
radius of the smaller circle, and on the side of it remote 
from A, Describe a circle with A as centre, and radius 
equal to the difference of the radii of the given circles. 
Describe a circle which shall pass through B. touch exter- 
nally the circle just describe(( and also touch the straight 
line which has been drawn parallel to the given straight 
line (12). Then a circle having the same centre as the 
second described circle, and a radius equal to the excess 
of its radius over the radius of the smaller given circle, 
will be the required curcle. 

Two solutions will be obtained, because there are two 
solutions of the problem in 12 ; the drdes tiius described 
touch the given circles externally. 

We may obtain in a similar manner circles which toudi 
the given circles internally, and also circles which touch 
one of the given circles internally and the other exter- 
nally. 



14. Let A he the centre qf a circle^ and B th>e centre 
qf a larger circle ; let a straight line be drawn touching 
the former circle at C and the latter circle at D, and 
meeting AB produced through A at T, From T draw 
any straight line meeting the smaller circle at K and L, 
and the larger circle at M and N ; so that the Jive letters 
T, K, L, M, N are in this order. Then the straight lines 
ABl, KC, CL, LA shall be respectively parallel to the 
straight lines BM, MD, DN, NB; and the rectangle 
TK, TN shall be equal to the rectangle TL, TM, and 
equal to the rectangle TO, TD. 

Join AC, BD, Then the triangles 7!^aand TBD are 
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equiangular ; and therefore TA is to jTi? as <4(7 is io BD 
(Y I. 4, V. 16), that is, as -4ir is to -5-af. 




Therefore the triangles TAK and TBM are similar 
(VL 7); therefore the angle TAK is equal to the angle 
TBM] and therefore AK is parallel to BM. Similarly 
AL is parallel to BN. And because AK is parallel to 
BM and ^(7 parallel to BD, the angle CAK is equal 
to the angle DbM\ and therefore the angle CLK is equal 
to the angle DNM (III. 20) ; and therefore CL is parallel 
to2)iV: Similarly CiT is parallel to 2>Jf. 

Now TM is to TZ) as T2> is to TN (III. 37, VI. 16) ; 
and TM\a to r2> as rJT is to 7^(7 (VI. 4); therefore MT 
is to TC as 77) is to TN\ and therefore the rectangle 
TK, TNSa equal to the rectangle TO, TD. Similarly ttio 
rectangle TL^ TM is equal to the rectangle TC, TD, 

If each of the given circles is without the other we 
may suppose the straight line which touches both circles 
to meet ^^ at T "between A and B, and the above results 
will all hold, provided we interchange the letters JT and L ; 
so that the five letters are now to be in the following 
order, Z, K, T, M, N. 

The point jTis called a centre qf similitude of the two 
circles. 



,y Google 



304 



APPENDIX. 



15. To describe a circle which shaU pass through a 
given point and touch two given circles. 

Let ^ be the centre of the smaller circle and B the 
centre of the larger circle ; and let E be the given point. 




Draw a straight line touching the former circle at G and 
the latter at D, and meeting the straight line AB^ pro- 
duced through A, at T. Join TE and divide it at /* so 
that the rectangle TE, TF may be equal to the rectangle 
TC, TD, Then describe a drde to pass through E and F 
and touch either of the given circles (10); this shall be the 
required circle. 
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For suppose that the circle is described so as to touch 
the smaller given circle ; let G be the point of contact; we 
hare then to shew that the described circle will also 
touch the larger given circle. Join TG, and produce it 
to meet the larger given circle at H. Then the rectangle 
TG, THis equal to the rectangle TC, TD (14) ; therefore 
the rectangle TG, TH is equal to the rectangle TE, TF\ 
and therefore the described circle passes through H, 

Let be the centre of this circle, so that OGA is a 
straight line ; we have to shew that OHB is a straight 
line. 

Let TG intersect the smaller circle again at K\ then 
AK is parallel to BIT {14) ; therefore the angle AKT is 
equal to the angle BHG ; and the angle A KG is equal to the 
angle AGK, which is equal to the angle OGH, which is 
equal to the angle OHG. Therefore the angles BHG and 
OHG together are equal to AKT and AKG together ; 
that is, to two right angles. Therefore QHB is a straight 
line. 

Two solutions will be obtained, because there are two 
solutions of the problem in 10. Also, if each of the given 
circles is without the other, Wo other solutions can be 
obtained by taking for T the point between A and B 
where a straight line touching the two given circles meets 
AB, The various solutions correspond to the circum- 
stance that the contact of circles may be external or 
internal. 

16. To describe a circle which shall touch three given 
circles. 

Let -4 be the centre of that circle which is not greater 
than either of the other circles; let B and C be the centres 
of the other circles. With centre B, and radius equal to 
the excess of the radius of the circle with centre B over 
the radius of the circle with centre A, describe a circle. 
Also with centre C, and radius equal to the excess of the 
radius of the circle with centre V over the radius of the 
circle with centre A^ describe a circle. Describe a cilxsle 
to touch externally these two described circles and to pass 
through A (15). Then a circle having tiie same centre as 
the last described circle, and having a radius equal to 
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the excess of its radius over the radius of the circle with 
centre A, will touch externally the three given circles. 

In a similar way we may describe a circle touching 
internally the three given circles, or touchii^ one of them 
externally and the two others internally, or touching one of 
them intemallyand the two others externally. 

17. In a given indefinite straight line it is required 
to find a point such that the sum of its distances from 
two given points on the same Me of tJie straight line 
shall he the least possible. 




Let A and B be the two given points. From A draw 
a perpendicular to the given straight line meeting it at C; 
and produce ^(7 to D so that CD may be equal to AC. 
Join DB meeting the given straight line at E. Then E 
shall be the required point. 

For, let F be anj^ other point in the given straight line. 
Then, because -4(7 is equal to />(7, and EC is common to 
the two triangles ACE^ DCE; and that the right angle 
ACE is equal to the right angle DCE; therefore AE is 
equal to DE. Similarly, .^iP is equal to DP, And the 
sum of DP and PB is greater than BD (I, 20) : therefore 
the sum of AP and PS is greater than BD; that is, the 
sum of AP and PB is greater than the sum of DE and 
EB; therefore the sum of AP and PB is greater than 
the sum of AE and EB, 
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18. The perimeter qf an Uoiceles triangle is less than 
that qf any other triangle qf equal area standing an the 
same base. 

Let ABC be an isosceles 
triangle; AQC any other tri- 
angle equal in area and stand- 
ing on tne same base AC, 

Join BQ ; then BQ is paral- 
lel to ^(7(1. 39). 

And it will follow from 17 
that the sum of ^Q and QC 
is greater than the sum of AB 
andBa 

19. if a polygon be not equilateral a polygon mtxy be 
found qfthe same number ^sides^ and equal in area^ bui 

hatfing a less perimeter. 





For, let CD, DE be two a4jacent unequal sides of 
the polygon. Join CE, Through D draw a straight line 
parallel to CE, Bisect CE at L ; from L draw a straight 
fine at right andes to CE meetinjf the straight line drawn 
tiirouffh D at K, Then by removing from Sie given jpoly- 
gon we triangle CDE and applying the triangle CKM, 
we obtain a polygon having the same number of sides 
as the given polygon, and equal to it in area, but having 
a less perimeter (18). 
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20. A afid B are two given poinU on the same side of 
a given straight line, and AB proditced meets the given 
straight line a^ C ; of all points in the given straigM line 
on each side qf C, it is required to determine thai at 
which AB subtends the greatest angle. 

Describe a cirde to pass through A and By and to 
touch the given stniight line on that side of € which is to 
be considered (6). Let /> be the point of contact: D 
shall be the required point 




For, take any other point E in the given straifi^ht line, 
on the same side of (7 as 2> is ; draw MA, EB ; then one 
at least of these straight lines will cut the circumference 
ADB. 

Suppose that BE cuts the circumference at F\ join AF, 
Then the angle AFB is equal to the angle ADB (III. 21); 
and the angle AFB is greater than the angle AEB (1. 16) ; 
therefore the angle ADB is greater than die angle AEB. 



21. A and B are two given points within a circle; 
and AB is drawn and produced both ways so a* to divide 
the whole circumference into two arcs; it is required to 
determine the point in each qf these arcs at which AB 
subtends the greatest angle- 
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Describe a circle to pass through A and B and to touch 
the circumference considered TlO) : the point of contact 
will be the required point. Tne demonstration is similar 
to that in the preceding proposition. 



22. A and B are two given points withotU a given 
circle ; it is required to determine the points on the cir- 
cuwference qf the given circle at which AB stU>tends the 
greatest and least angles. 

Suppose that neither AB nor AB produced cuts the 
given cuxjle. 

Describe two circles to pass through A and B, and to 
touch the given circle (10) : the point of contact of the 
circle which touches the given circle externally will be tho 
point where the angle is greatest, and the point of contact 
of the circle which touches the given circle intemdly will 
be the point where the angle is least The demonstration 
is similar to that in 20. 

If AB cuts the given circle, both the circles obtained 
by 10 touch the given circle internally ; in this case the 
angle subtended hy AB at a point of contact is less than 
iJhe angle subtended at any other point of the circumference 
of the given circle which is on the same side of AB. Here 
the angle is greatest at the points where AB cuts the 
drcle, and is tiiere equal to two right angles. 

If AB produced cuts the given circle, both the circles 
obtained by 10 touch the given circle externally ; in this 
case the angle subtended by AB at a point of contact is 
greater than the angle subtended at any other point of 
the drcumference of the ffiven circle which is on the 
same side of AB, Here tne angle is least at the points 
where AB produced cuts the circle, and is there zero. 
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23. ff there he four magnitudes such that the first is 
to the seoonA as the third is to the fourth; then shaU the 
first together with the second he to the excess of the first 
ahcfee the second as the third together with the fourth is to 
the excess of the third above the fourth. 

For, the first together with the second is to the second 
as the uiird together with the fourth is to the fourth (V. 18). 
Therefore, alternately, the first together with the second is 
to the thnrd together with the fourth as the second is to 
the fourth (V. 16). 

Similarly, by Y . 17 and Y. 16, the excess of the first 
aboye the second is to the excess of the third above the 
fourth as the second is to the fourth. 
Therefore, by Y. 11, the first together with the second is 
to the excess of the first aboye the second a^ the thiid 
together with the fourth is to the excess of the third aboye 
the fourth. . 

24. The straight lines drawn at right angles to the 
sides qf a triangle flrom the points qf bisection qfthe side^ 
meet at the same point. 

Let ABChe a triangle; bisect BC&t 2>, and bisect CA 
at E; fix)m 2> draw a straight line at right angles to BC^ 
and from E draw a straight line at ri^t angles to CA% 




let these straight lines meet at G^ : we have then to shew 
that the straight line which bisects ^^ at right angles 
also passes through G. From the triangles BDG and 
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CDG we can shew that BG is equal to CG ; and from the 
triangles CEG and AEG we can shew that CG is equal to 
AG ; therefore BG is equal to AG. Then if we draw a 
straight line from G to the middle point of AB we 
can shew that this straight line is at ri^t angles io AB: 
that is, the line which bisects AB at right angles passes 
through G. 



25. The straight lines drawn from the angles qf a 
triangle to the points qf bisection qf the opposite sides 
meet at the same point. 

Let ABG be a triangle ; bisect BC at 2>, bisect CA at 
Ey and bisect AB at F\ join BE and CF meeting at G ; 




joi] 
lint 



oin AG and GD: then AG and GD shall lie in a straight 
* le. 

The triangle BE A is equal to the triangle BEC, and 
the triangle GEA is equal to the triangle GEO (I. 38) ; 
therefore, by the third Axiom, the triangle BGA is equal 
to the triangle BGG. 
Similarly, the triangle CGA ia equal to the triangle CGB. 

Therefore the triangle BGA is e<iual to the triangle CGA, 
And the triangle BGD is equal to the triangle CGD (1. 38) ; 
therefore the triangles BGA and BGD together are equal 
to the triangles CGA and CGD together. Therefore the 
triangles BGA and BGD together are equal to half the 
triangle ABC, Therefore G must fall on the straight line 
AD ; that is, ^G^ and GD lie iu a straight line. 
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26. Ttie straight lined which bisect the angles qf a 
triangle meet at the same point. 

Let ABC be a triangle; bisect the angles at B and O 




hj straight lines meeting at G; join AG : then AG shall 
bisect the angle at A. 

From G draw GD perpendicular to BC, GE perpen- 
dicular to CA^ and GF perpendicular to -4-0. 

From the triangles BGF and BGD we can shew that 
GF is equal to GD ; and from the triangles CGE and 
CGD we\»n shew that 6r-^ is equal to GD\ therefore GF 
is equal to GE, Then from the triangles AFG and AEG 
we can shew that the angle FAG is equal to the angle 
EAG, 

The theorem may also be demonstrated thus. Produce 
AG to meet BG at H, Then AB is to BH as AG is to 
GH, and ^(7 is to Off as ^G^ is to GH (VI. 3); there- 
fore -4-ff is to BH as ^C is to CH(y^, 11) ; therefore AB 
is to .4(7 as J?i7 is to CH (Y. 16) ; therefore the straight 
line AH bisects the angle at A (VI. 3). 

27. 2^^ tv^o sides of a triangle he prodticed through 
the base; then th^ straight lines which bisect th>e two 
exterior angles thtis formed^ and the straight line which 
bisects the vertical angle of the triangle, meet €tt the same 
paint. 

This may be shewn like 26 : if we adopt the second 
method we shall have to use VI. A, 
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23. The perpendiculars drawn frrnn the angles of a 
triangle on the opposite sides meet at the same point. 

Let JBG be a triangle ; and first suppose that it is not 
obtuse angled From B draw BE perpendicular to CA ; 




B G 



from O draw OF perpendicular to AB ; let these perpen- 
diculars meet at G ; join ^46?, and produce it to meet BG 
at D : then AD shall be perpendicular to BC, 

For a circle will go round AEGF {Note on III. 22) ; there- 
fore the angle FAG is equal to the angle FEG (III. 21). 
And a circle will go round BGEF{IU. 31, Note on III. 21) ; 
therefore the angle FEB is equal to the angle FGB, 
Therefore the angle BAD is equal to the ande ^GF, And 
the angle at B is conmion to me two trian^es BAD and 
BGF, Therefore the third angle BDA is equal to the 
third angle BFG (Note on I. 32). But the angle BFG is 
a right angle, by construction ; therefore the angle BDA is 
a right angla 

In the same way the theorem may be demonstrated 
when the triangle is obtuse angled. Or this case may be 
deduced from what has been already shewn. For suppose 
the angle at A obtuse, and let the perpendicular from B 
on the opposite side meet that side produced at E, and let 
the perpendicular from G on the opposite side meet that 
mde produced at F; and let BE and GF be produced to 
meet at G, Then in the triangle BGG the perpendiculars 
JBF and GE meet at A ; therefore by the former case the 
straight line GA produced will be perpendicular to BG, 
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29. If from any point in the circumference qf the 
circle described round a triangle perpendiculart be drawn 
to the sides of the triangle^ tfie three points qf intersection 
are in the sa/me straight line. 

Let ABC be a triangle^ P buy point on the drcam- 
ference of the circumscribing circle; from P draw PD, 




PE, PF perpendiculars to the sides BC, CA, AB respec- 
tively : DyE^F shall be in the same straight lina 

[We will suppose that P is on the arc cut off by AB, on 
the opposite side from C, and that j^ is on CA produced 
through A ; the demonstration will only have to be slightly 
modified for any other figure.] 

A circle will go round PEAF {Note on III. 22) ; there- 
fore the angle PFE is equal to the angle PAE (III. 21). 
But the angles PAE and PAC are together equal to two 
right angles (I. 13); and the angles PAC and PBG are 
together equal to two right angles (III. 22). Therefore 
the angle Pu4J^ is equal to the angle PBC\ therefore the 
angle PFE is equal to the angle PBC 

Again, a circle will go round PFDB {Note on III.' 21) ; 
therefore the angles PFD and PBD are together equal 
to two right angles (III. 22). But the angle PBD has 
been shewn eq^l to the anrfe PFE, Therefore the angles 
PFD and PFE are together equal to two right angles. 
Therefore EF«dA FD are in the same straight une. 
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30. ABC is a triangle, and O is the paint qf inter- 
section of the perpendiculars from A, B, C ow the opposite 
tides of the triangle: the circle which parses through the 
middle points cf OA, OB, OC wUl pass through the feet 
vf the perpendiculars and through the middle points qf 
ike sides of the triangle. 

Let D, E, F hQ the middle points of OA, OB, OC 
regpectiyely ; let 6^ be the foot of the perpendicular from 
A on BC, and H the middle point of BC. 




Then OBG is a right-angled triangle and E is the 
middle point of the hypotenuse OB ; therefore EG is equal 
to E0\ therefore the angle EGO is equal to the angle 
EOG, Similarly, tiie angle FGO is equal to the angle 
FOG. Therefore the angle FGE is equal to fche angle 
FOE. But the angles FOE and BAG are together equal 
to two right angles; therefore the angles FGE and BAG 
are together equal to two right angles. And the angle BAG 
is equal to the angle EDF, because ED, DF are parallel 
to ^^, ^ C7 (VI. 2). Therefore the angles FGE and EDF 
are together equal to two right angles. Hence 6r is on the 
drcuimerence of the cirde which passes through D, E, F 
{Note on III. 22). 

Again, FH is parallel to OB, and EH parallel to OG; 
therefore the angle EHF is equal to the angle EGF. 
Therefore ffia also on the circumference of the circle. 
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Similarly, the two points in each of the other sides of 
the triangle ABC may be shewn to be on the drcmn- 
ference of the circle. 

The circle w^iich is thus shewn to pass through these 
nine points may be called the Nine points circle: it has 
some curious properties, of which we will now give two. 

The radius of the Nine points circle is half of the 
radius of the circle described round the original triangle, 
. For the triangle DEF has its sides respectiyely halves 
of the sides of the triangle ABG^ so that the triangles are 
similar. Hence the radius of the circle described round 
DEF is half of the radius of the circle described round 
ABC, 

If ^ he the centre of the circle described round the 
triangle ABC, the centre of t?ie Nine points circle is the 
middle point cf SO. 

For HS is at right angles to BC^ and therefore parallel 
to GO, Hence the straight line which bisects HG at right 
angles must bisect SO, And H and G are on the circum- 
ference of the Nine points circle, so that the straight line 
which bisects HG at right angles must pass through the 
centre of the Nine pointe circle. Similarly, from tiie other 
sides of the triangle ABC two other straight lines can be 
obtained, which pass through the centre of the Nine points 
circle and also bisect SO. Hence the centre of the Nine 
points circle must coincide with the middle point of SO, 

We may state that the Nine points circle of any triangle 
touches the inscribed circle and the escribed circles of the 
triangle: a demonstration of this theorem will be found 
in the Nouvelles Annales de Mathhnatiques for 1842, 
page 196. For the history of this theorem see the volume 
of the same Journal for 1863, page 562. 

31. If two straight lines bisecting two angles of a tri- 
angle and terminated at the opposite sides be equcU, the 
bisected angles shall be equal, 

• Let ABC be a triangle; let the straight line BD bisect 
the angle at B, and be terminated at the side AC\ and 
let the straight line CE bisect the angle at C, and be ter- 
minated at the side^^; and let the straight line BD be 
equal to the straight line CE\ then the angle at B shall be 
equal to the angle at C, 
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For, let BD and CE meet at O ; then if the angle OBC 
be not equal to the angle OCB^ one of them must be 
greater than the other ; let the angle OBC be the greater. 
Then, because CB and BD are equal to BC and CE, each 
to each; but the angle CBD is greater than the angle 
BCE\ therefore CD is greater than BE (I. 24). 

On the other side of the base BC make the triangle 
BCF equal to the triangle CBEy so that BF may be equal 
to CE, and CF equal to BE (I. 22); and join DF, 

Then because BF is equal to BD, the angle BFD is 
equal to the angle BDF, And the angle OCD is, by hy- 
pothesis, less than the angle QBE ; and the an^le COD is 
equal to the angle BOE; therefore the angle ODC is 
greater than Uie angle OEB (I. 32), and therefore tlie 
angle ODC is greater than the angle BFC 

Hence, by taking away the equal angles BDF and 
BFD, the angle FDC is greater than the angle DFC ; 
and therefore CFis greater than CD (I. 19) ; therefore BE 
is greater than CD. 

But it was shewn that CD is greater than BE; which 
js absurd. 

Therefore the angles OBC and OCB are not unequal, 
that is, they are equal; and therefore the angle ABC is 
equal to the angle ACB, 

[For the history of this theorem see Lady's and Oeiu 
tleman^s Diary for 1859, page 88.J 
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32. If a quadrUcUeral figure does not admit ofhamng 
a circle described round it, tJie sum of the rectangles con- 
tained by t'he opposite sides is greater than the rectangle 
contained by the diagonals. 

Let ABCD be a quadrilateral figare which does not 
admit of having a circle described round it ; then the rect- 
angle AB, DC, together with the rectangle BC, AD, shali 
be greater than the rectangle AC, BD, 




For. make the angle ABE equal to the angle DBC, 
and the angle BAE equal to the angle BDG\ then the 
triangle ABE is similar to the triangle BDC (VI. 4) ; 
therefore -45 is to ^^ as DB is to DC ; and therefore the 
rectangle AB, DC is equal to the rectangle AE, DB, 

Join EC Then, since the angle ABE is equal to the 
angle DBC, the angle CBE is equal to the angle DBA. 
And bec»Eiuse the triangles ABE and DBC are similar, AB 
is to DB as BE is to J5(7; therefore the triangles ABD 
and EBC are similar (VI. 6) ; therefore CB is to CE as 
DB is to DA] and therefore the rectangle CB, DA is 
equal to the rectangle CE, DB, 

Therefore the rectangle AB, DC, together with the 
rectangle BC, AD is equal to the rectangle AE, BD 
together with the rectangle CE, BD ; that is, equal to the 
rectangle contained by BD and the sum of AE and EC, 
But the sum of AE and EC is greater than AC (I. 20); 
therefore the rectangle AB, DC, together with the rect- 
angle BC, AD is greater than the rectangle AG, BD. 
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33. JIfthe rectangle contained by the diagonals qf a 
quadrilateral be eqtuil to the sum of the rectangles con- 
tained by the opposite sides, a circle can be described round 
the quadrilateral. 

This is the converse of VI. D; it can be demonstrated 
indirectly with the aid of 32. 

34. It is required to find a point in a given straigM 
line, such that the rectangle contained by its distances from, 
two given points in the straight line may be equal to the 
rectangle contained by its distances from two other given 
points in the straight line. 

Let A, By Cf B he four given points in the same 
straight line: it is required to find a point in the straight 




line, such that the rectangle contained by its distances 
from A and B may be equal to the rectangle contained by 
its distances from C and D, 

On AD describe any triangle AED; and on CB de- 
scribe a similar triande CFB, so that CF is parallel to 
AEyWud BF to DE; join EF, and let it meet the given 
straight line at O, Then O shall be the required point. 

For, OE is to 0^ as OF is to OC (VI. 4); therefore 
0^ is to Oi^ as 0^ is to OC (V. 16). Similarly OE is to 
OFm OD is to OB. Therefore O^ is to OC as 02> is to 
OB (V. 11). Therefore the rectangle OA, OB is equal to 
the rectangle 0(7, OD. 

Digitized by LaOOQ IC 



320 APPENDIX, 

The figure will vary slightly according to the situation 
of the fo«r given points, but corresponding to an assi^ed 
situation there will be only one point such as is required. 
For suppose there could be such a point P, besides l^e 
point which is determined by the construction given 
above ; and that the points are in tne order Ay (7, i>, B, O, P. 
Join PEj and let it meet CF, produced at G ; join BG. 
Then the rectangle P-4, PB is, by hypothesis, equal to the 
rectangle PC, PD ; and therrfore PA is to PC as PD is 
toP5. ButP^i8toPC7asPJ5istoPG^(VL2);there. 
fore PB is to P5 as PJST is to PG (V. 11) ; therefore BG 
is parallel to BE, 

But, by the construction, BF is parallel to EB\ there- 
fore BG and BF are themselves psutdlel (I. 30) ; wliich is 
absurd. Therefore P is not such a point as is required. 

ON GEOMETRICAL ANALYSIS. 

35. The substantives analysis and sywthesisy and the 
corresponding adjectives analptical and synthetical, are of 
frequent occurrence in mathematics. In general analysts 
means decomposition, or the sepsu'ating a whole into its 
parts, and synthesis means composition, or making a whole 
out of its parts. In Geometry however these words are 
used in a more special sense. In synthesis we begin with 
results already established, and end with some new result; 
thus, by the aid of theorems already demonstrated, and 
problems already solved, we demonstrate some new theo- 
rem, or solve some now problem. In analysis we begin 
with assuming the truth of some theorem or the solution of 
some problem, and we deduce from the assumption con- 
sec^uences which we can compare with results already esta- 
blished, and thus test the validity of our assumption. 

36. The propositions in Euclid's Elements are all ex- 
hibited synthetically; the student is only employed in ex- 
amining the sounchiess of the reasoning by which each 
successive addition is made to the collection of geometrical 
truths already obtained ; and there is no hint given as to 
the manner in which the propositions were originally dis- 
covered. Some of the constructions and demonstrations 
appear rather artificial, and we are thus naturally induced 
to enquire whether anv 'rules can be discovered by which- 
we may be guided easily and naturally to the investigation 
of new propositions. 
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37. Geometrical analysis has sometimes been described 
in language which might lead to the expectation that 
directions could be given which would ^ enable a student 
to proceed to the demonstration of any proposed theorem, 
or the solution of any proposed problem, with confidence of 
success ; but no such directions can be given. We will 
state the exact extent of these directions. Suppose tiiat a 
new theorem is proposed for investigation, or a new 
problem for trial Assume the truth of the theorem or the 
solution of the problem, and deduce consequences from 
this assumption combined with results whidi have been 
already established. If a consequence can be deduced 
which contradicts sonle result already established, this 
amounts to a demonstration that our assumption is inad- 
missible ; that is, the theorem is not true, or the problem 
cannot be solved. If a consequence can be deduced which 
coincides with some result already established, we cannot 
say that the assumption is inadmissible ; and it may happen 
that by starting from the consequence which we deduced, 
and retracing our steps, we can succeed in giving a syn- 
thetical demonstration of the theorem, or solution of the 
problem. These directions however are very vague, be- 
cause no certain rule can be prescribed by which we are to 
combine our. assumption witn results already established ; 
and moreover no test exists by which we can ascertain 
whether a valid consequence which we have drawn from 
an assumption will enable us to establish the assumption 
itself. That a proposition may be false and yet furnish 
consequences which are true, can be seen from a simple 
example. Suppose a theorem were proposed for investi- 
gation in the following words ; one angle qfa triangle is to 
another as the side opposite to the first angle is to the side 
opposite to the other. If this be assumed to be true we 
can immediately deduce Euclid's result in I. 19 ; but from 
Euclid's result in I. 19 we cannot retrace our steps and 
establish the proposed theorem, and in fact the proposed 
theorem is false. 

Thus the only definite statement in the directions 
respecting Geometrical analysis is, that if a consequence 
can be deduced from an assumed proposition whicn con- 
tradicts a result already establishe(^ that assumed propo- 
sition must be false. 

21 
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38 We may mention, in particular, that a consequence 
would contradict results already established, if we could 
shew that it would lead to the solution of a problem 
already given up as impossible. There are three famous 
problems which are now admitted to be beyond the power 
of Geometry ; namely, to find a straight Ime equal m length 
to the drcumference of a given circle, to trisect any given 
angle, and to find two mean proportionals between two 
given straight Unes. The grounds on which the geometrical 
solution of these problems is admitted to be impossible 
cannot be explained without a knowledge of the higher 
parts of mathematics ; the student of the Elements may 
however be content with the feet that mnumerable attempts 
have been made to obtein solutions, and that these attempts 
have been made in vain. 

The first of these problems is usually referred to as 
the Quadrature of tU Circle. For the history of it tiie 
student should consult the article in the Erigluh Vyd^ 
pcedia under that head, and also a series of papers m the 
AthencBum for 1863 and ' subsequent years, entitled a 
Budget of Paradoxe9, by Professor De Morgan. 

For approximate solutions of the problem we may 
refer to Davies's edition of Hutton's Course qf Mathe- 
matics, Vol. I. page 400, the Lad^s and Gentleman^g 
Diary for 1865, page 86, and the Philosophical Magazine 
for April, 1862. 

The third of the three problems is often referred to as 
the Duplication qf the Cube, See the note on VI. 13 in 
Lardner's Euclid, and a dissertation by C. H. Biering en- 
titled Historia Problematis CuU Duplicandi.,.llmmsEij 
1844. 

We will now give some examples of Geometrical ana- 
lysis. 

39. From two given points it is required to draw to 
the same point in a given straight line, two straight lines 
equally inclined to the given straight line. 

Let A and B be the given points, and CD the given 
straight line. 

Suppose AE and EB to be the two straight lines 
equally inclined to CD. Draw BF perpendicular to CD, 
and produce AE and BF to meet at G. Then the angle 
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BED is equal to the angle AEC, by hypothesis ; and the 
angle AEOia equal to the angle DEG (1. 15). Hence the 




triangles BEF and GEF are equal in all respects (I. 26) ; 
therefore FG is equal to FB, 

This result shews how we may synthetically solve the 
problem. Draw BF perpendicular to CD, and produce 
it to G^, so that FG may oe equal to FB; then join AG, 
and AG will intersect CD at the required point. 

40. To divide a given straight line into two parts 
such that the difference of the squares (m the parts may he 
eqtuil to a given square. 

Let AB be the given straight 

line, and suppose C the required ^ j= — — = 

point. ^ C B 

Then the difference of the 
squares on AC and BC is to be equal to a given square. 
But the difference of the squares on AC and BC is equal 
to the rectangle contained oy ^eir simi and difference; 
therefore this rectangle must be equal to the given square. 
Hence we have the following svnthetical solution. On AB . 
describe a rectangle equal to the given square (1. 45); then 
the difference oi AC and CB will be equal to the side 
of the rectangle adjacent to AB, and is therefore known. 
And the sum of ^C and CB is known. Thus AC and CB 
are known. 

It is obvious that the given square must not exceed the 
square on AB, in order that the problem may be possible. 

There are two positions of C, if it is not specified which 
of the two segments AC and CB is to be greater than the 
other ; but only one position, if it is specific. 
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In like manner we may solve the problem, to produes 
a given straight line so that the sqtiare <m the vohde 
straight line made up qf the given straight line and the 
part produced, may exceed the square an the part pro- 
duced hy a given square, which is not less than the square 
on the given straight line. 

The two problems may be combined in one enunciation 
thus, to divide a given straight line internally or exter- 
nally so thai the difference of the squares on the segments 
may be equal to a given square. 

41. To find a point in the circumference of a given 
segment cf a circle^ so that the straight lines which join 
the point to the extremities of the straight line on which 
the segment stands may he together equal to a given 
straight line. 




Let ACB be the circumference of the* given segment, 
and suppose C the rec^uired point, so that tne sum ot AU 
and C^ is equal to a given straight line. 

Produce AG to Z> so that CD may be equal to CB; 
and join BB. 

Then ^Z> is equal to the given straight line. And the 
anffle ACB is equal to the sum of the angles CBB and 
CBD (I. 32), that is, to twice the angle CBB (1. 5). There- 
fore the angle ABB is half of the angle in me given s^- 
ment Hence we have the following synthetical solution. 
Describe on AB a segment of a circle containing an angle 
equal to half the angle in the given segment With A as 
centre, and a radius equal to the given straight line, 
descrioe a circle. Join A with a point of intersection or 
this circle and the segment which has been described ; this 
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joining straight line will cut the circumference of the 
given segment at a point which solves the problem. 

The given straight line must exceed AB and it must 
not exceed a certain straight line which we will now deter- 
mine. Suppose the circiunference of the given segment 
bisected at E : join AE, and produce it to meet the cir- 
cumference of the described segment at E, Then AE is 
equal to EB (III. 28), and EB is equal to EF for the 
same reason that GB is equal to CD. Thus EA, EB, EF 
are all equal ; and therefore E is the centre of the circle 
of which ADB is a segment ^III. 9). Hence AF is the 
longest straight line which can be drawn from A to the cir- 
cimiference of the described segment; so that the given 
straight line must not exceed twice AK 

42. To describe an isosceles tHangle having each of 
the angles at the base double of the third angle. 

This problem is solved in IV. 10 ; we may suppose the 
solution to have been discovered by such an analysis as the 
following. 

Suppose the triangle ABD such a 
triangle as is required, so that each of 
tlie angles at B and D is double of the 
angle at A* 

Bisect the angle at D by the straight 
line DC, Then the angle ADC is equal 
to the angle at A ; therefore CA is 
equal to CD, The angle CBD is equal 
to the angle ADB, by hypothesis ; the angle CDB is equal 
to the angle At A ; therefore the third angle BCD is equal 
to the third angle ABD (I. 32). Therefore BD is equal 
to CD (I. 6) ; and therefore BD is equal to AC, 

Since the angle BDC is equal to the angle at A, the 
straight line BD will touch at D the circle described 
round the triangle ACD {Note on III. 32). Therefore the 
rectangle AB, BC is equal to the square on BD (III. 36). 
Therefore the rectangle AB, BC is equal to the square 
on^a 

Therefore AB is divided at (7 in the manner required 
in II. 11. 

Hence the synthetical solution of the problem is evident. 
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43. To imcribe a iquare in a given triangle. 

Let^-SCbetho 
given triangle, and 
suppose DEFG the 
required square. 
Draw AH perpen- 
dicular to bC^ and 
J[ir parallel to jSC; 
and let iBJP produc- 
ed meet Ak at K, 
Then EG is to GF 
as BA is to AK, and BQ is to GD as JK4 is to AH (VI. 4). 
But GF\A equal to (ri>, by hypothesis. 
Therefore -5-4 is to -^-K' as -5-4 is to AH (V. 7, V. 11). 
Therefore AHi% equal to AKi^, 7). 

Hence we have the following synthetical solution. Draw 
AK parallel to BG^ and equal to AH\ and jom BK. Then 
BK meets -4 (7 at one of the comers of the required square, 
and the solution can be completed. 

44. Through a given point between two given straight 
lines, it is required to draw a straight line, such thcU the 
rectangle contained by the parts between the given point and 
the given straight lines may be equal to a given rectangle. 

Let P be the given point, 
and AB and AC the given 
straight lines ; sui)pose MPN 
the required straight line, so 
that the rectangle MP, PN 
is equal to a given rectangle. 

Produce AP to Q, so that 
the rectangle AP, PQ may 
be equal to the given rect- 
ande. Then the rectangle 
MPy PN is equal to the 
rectaftgle AP, PQ. Therefore a circle will go round 
AMQN (Note on III. 36). Therefore the angle PNQ is 
equal to the angle PAM (III. 21). 

Hence we have the following synthetical solutioa Pro- 
duce AP to Q, so that the rectande AP, PQ may be 
equal to the given rectangle; describe on PQ a segment 
of a circle contaming an angle equal to the angle PAM\ 
join P with a point of interaection of this circle imd AC\ 
the straight line thus drawn solves the problem. , 
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45. In a given circle it is required to inscribe a tri- 
angle so that two sides may pass thr<mgh two given points, 
and the third side be parallel to a given straight line. 




Let A and B be the given points, and CD the given 
straight line. Suppose PAIN to be tibe required triangle 
inscnbed in the given circle. 

Draw iV!^ parallel to AB; join JSM, and produce it if 
necessary to meet AB at F, 

If the point F were known the problem might be con- 
sidered solved. For ENM is a known angle, ana therefore 
the chord EM is known in magnitude. And then, since F 
is a known point, and EM is a known magnitude^ the posi- 
tion of M becomes known. 

We have then only to shew how JP is to be determined. 
The angle MEN is equal to the angle MFA (I. 29). The 
angle MEN is equal to the angle MPN (III. 21). Hence 
MAF and BAP are similar triangles (VI. 4). Therefore 
MA is to AF as BA is to AP, Therefore the rectangle 
MA, AP is e^ual to the rectangle BA, AF fVL 16). But 
since ^ is a given point the rectangle MA, AP is known; 
and AB is known; thus AF is determined. 
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Draw iVJ? parallel to AB, aad determine the point F 
aa in the preceding problem. We shall then hare to de- 
scribe in tne giren cucle a triangle EMN so that two of 
its fsii^eB may pass through given points, F and C^ and the 
third side be parallel to a given straight line AB, Hiis 
can be done by the preceding problem. 

This example and the preceding are taken from the 
work of Catalan already cited The present problem is 
sometimes called Cagtillon^s and sometimes Gramer^g; the 
history of the general researches to which it has given rise 
will be found in a series of papers in the Mathenuaiciany 
Vol. in. by the late T. S. Davies. 

ON LOCI. 

47. A loctis consists of all the points which satisfy cer- 
tain conditions and of those points alone. Thus, for exam- 
ple, tho locus of the points which are at a given dJRtMWft 
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from a given point is the surface of the sphere described 
from the given point as centre, with the given distance as 
radius; for all the points on this surface, and no other 
points, are at the given distance from the given point. If 
we restrict ourselves to all the points in a fixed plane which 
are at a given distance from a given point, the locus is the 
circumference of the circle described from the given point 
as centre, with the given distance as radius. In future we 
sh£dl restrict ourselves to loci which are situated in a fixed 
plane, and which are properly called plane loci. 

Several of the propositions in Euclid furnish ^ood examr 
pies of loci. Thus the locus of the vertices of all triangles 
which are on the same base and on the same side of it, and 
which have the same area, is a straight line parallel to the 
base ; this is shewn in I. 37 and I. 39. 

Again, the locus of the vertices of all triangles which 
are on the same base and on the same side of it, and which 
have the same vertical an^le, is a segment of a circle de- 
scribed on the base ; for it is shewn in III. 21, that all the 
points thus determined satisfy the assigned conditions, and 
it is easily shewn that no other points do. 

We will now give some example& In each example we 
ought to shew not only that all the points which we indi- 
cate as the locus do fulfil the assigned conditions, but that 
no other points do. This second part however we leave to 
the student in all the examples except the last two; in 
these, which are more difficulty we have given the complete 
investigation. 

48. Required the locus of points which are equidis- 
tant Jrom two given points, 

li^tA BiidB be the two given points; join^^; and 
draw a straight line through the middle point of AB at 
right angles to ^^; then it may be easily shewn that this 
straight line is the required locus. 

49. Required the locus qf the vertices of all triangles 
on a given base AB, such that ths square on the side ter- 
minated at A may exceed the square on the side termi- 
nated at B, by a given square. 

Suppose C to denote a point on the required locus ; from 
C draw a perpendicular on the given base, meeting it, pro- 
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dnced if necessary, at D. Then the square on ^C is equal 
to the squares on ^Z> and 6^Z>, and the square on BV is 
equal to the squares on BD and CD (I. 47) ; therefore the 
square on AG exceeds the square on BC by as much as the 
square on ^Z> exceeds the square on BD. Hence 2> is a 
fixed point either inAB ot in AB produced through B^ (40). 
And uie required locus is the straight line drawn through 
D, at right angles to AB. 

60. Required the loctis qf a point such thM the straight 
lines drawn from it to touch two given circles may be 
egrual. 

Let A be the centre of the greater circle, B the centre 
of a smaller circle ; and let P denote any point on the re- 
quired locus. Since the straight lines drawn from P to 
touch the given circles are equal, the squares on these 
straight lines are equal. But the squares on PA and PB 
exceed these equal squares by the squares on the radii of 
the respective circles. Hence the square on PA exceeds 
the square on PB, by a known square, namely a square 
equal to the excess of the square on the radius of the circle 
of which ^ is the centre over the square on the radius of 
the circle of which B is the centre. Hence, the required 
locus is a certain straight line whidi is at right an^es to 
AB (49). 

Tnis straight line is called the radical axis of the two 
circles. « 

If the given circles intersect, it follows from III. 36, 
that the straight Une which is the locus coincides with the 
produced parts of the common chord of the two circles. 

51. Required the locus qf the middle points qf all 
the chords of a circle which pass through a fixed point. 
Let A be the centre of the given circle ; B the fixed 
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circle. Describe a circle round PAD, and also a circle 




round PBC) then OP touches each of these circles (III. 37) ; 
therefore the angle OP A is equal to the angle PDA, 
and the angle OpB is equal to the angle PCB (III. 32). 
But the angle OPB is equal to the angles OP A and APB 
together, and the angle PCB is equal to the angles CPD 
and PDA together (I. 32). Therefore the angles OPA 
and APB together are equal to the angles CPD and 
PDA together; and the angle OPA has been shewn equal 
to the angle PDA ; therefore the angle APB is equal to 
the angle CPD. 

We have thus shewn that any point on the circumference of 
the circle satisfies the assigned conditions; we shall now 
shew that any point which satisfies the assigned conditions 
is on the circumference of the circle. 

For take any point Q which satisfies the required con- 
ditions. Descnbe a circle round QADy and also a circle 
round QBC These circles will touch the same straight 
line at Q; for the angles AQB and CQD are e^ual, and 
the converse of III. 32 is true. Let this straight hne which 
touches both circles at Q be drawn ; and lot it meet the 
straight line containing the four given points at R. Then 
the rectangle RA, RD is equal to the rectangle RB, RC; 
for each is equal to the square on RQ (III. 36). Therefore 
R must coincide with O (34) ; and therefore RQ must be 
equal to OK, Thus Q must be on the circumference of the 
circle of which is the centre, and OiT the radius. 
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65. Required the locus of the vertices (^ all the tri- 
angles ABO tohich stand on a given hose AB, and have 
the side AC to the side BC in a constant ratio. 

If the sides AO and BC are to be equal, the locus is 




the straight line which bisects AB at right angles. We 
will suppose that the ratio is greater than a ratio of equal- 
ity; so that AGis to be the greater side, 
bivide AB at D so that AJD is to DB in the given ratio 
(YI. 10); and produce AB to J^, so that AE is to EB in 
the given ratio. Let P be any point in the required locus ; 
join PD and PE. Then PJ) bisects the angle APB, and 
PE bisects the angle between BP and AP produced. 
Therefore the angle DPE is a right angle. Therefore P is 
on the circumference of a circle described on DE as dia- 
meter. 

We have thus shewn that any point which satisfies the 
assigned conditions is on the circumference of the circle 
described on DE as diameter ; we shall now shew that any 
point on the circumference of this circle satisfies the as- 
signed conditions. 

Let Q be any point on the circumference of this cirde, 
QA shall be to QB in the assigned ratio. For, take O the 
centre of the circle ; and join QO, Then, by construction^ 
AE is to EB as AI) is to DB, and therefore, alternately, 
AE is to AD as EB is to DB; therefore the sum of AE 
and AD is to their difference as the sum of EB and DB is 
to their difference (23) ; that is, twice ^0 is to twice DO as 
twice DO is to twice BO ; therefore ^0 is to DO as DO is 
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to B0\ that is, ^0 is to OQ as 00 is to OB, Therefore 
the triangles ACQ and QOB are similar triangles (VI. 6) ; 
and therefore ^Q is to Q5 as QO is to BO. This shews 
that the ratio of AQ to BQ is constant; we have still to 
shew tiuit this ratio is the same as the assigned ratio. 

We have already shewn that ^0 is to DO as DO is to 
BO'y therefore, the difference of ^0 and DO is to DO as 
the difference of DO and BO \b U> BO (V. 17); that is, 
AD is to DO as BD is to BO; therefore AD is to BD as 
DO is to BO; that is, AD ia to DB m QO iB to BO. 
This shews that the ratio of QO to BO is the same as the 
n8«igncd ratio. 



ON MODERN GEOMETRY. 



56. We have hitherto restricted ourselves- to Eaclid's 
Elements, and propositions which can be demonstrated 
by strict adherence to Euclid's methods. In modem times 
various other methods have been introduced, and have 
led to numerous and important results. These methods 
mav be called semi-geometrical, as they are not confined 
within the limits of the ancient pure geometry; in fact 
the power of the modem methods is obtained chiefly by 
combining arithmetic and algebra with geometry. The 
student who desires to cultivate this part of mathematics 
may consult Townsend's C/iapters on the Modem Geo- 
metry of the Point, Line, and Cirde. 

We will give as specimens some important theorems, 
taken from what is called the theory of transversals. 

An;^ line, straight or curved, which cuts a system of 
other fines is call^ a transversal; in the examples which 
we shall give, the lines will be straight lines, and the sys- 
tem will consist of three straight lines forming a triangle. 

We will give a brief enunciation of the theorem which 
we are about to prove, for the sake of assisting the memory 
in retaining the result ; but the enunciation will not be 
fUlly comprehended until the demonstration is completed. 
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57. ly a straight line ctU the sidesj or the sides pro- 
dticed, of a triangle^ the product of three segments in 
order is equal to the prodttct of the other three segments. 

Let ABC bo a triangle, and let a straight line be drawn 
cutting the side BC at i>, the side CA at E, and the side 
AB produced through B at F. Then BD and DC are 




called segments of the side BG^ and CE and EA are called 
segments of the side CA, and also AF and FB are called 
segments of the side AB, 

Through A draw a straight line parallel to BCy meeting 
/>JP produced at H, 

Then the triangles CED and EAH are equiangular to one 
another; therefore AH is to CD as AE is to EC (VI. 4). 
Therefore the rectangle AH, EC is equal to the rectangle 
CD,AE{Yl,\Q), 

Again, the triangles FAHvoidi FBD are equiangular to 
one another ; therefore ^ZT is to BD as J^^ is to FB (VI. 4). 
Therefore the rectangle AH, FB is equal to the rectangle 
BD, FA (VI. 16). 

.Now suppose the straight lines represented by numbers 
in the manner e^lained in the notes to the second Book of 
the Elements. We have then two results which we can ex- 
press arithmetically: namely, the product AH. EC is equal 
to the product CD.AE; and the product AH.FB is equal 
to the prodtict BD.FA. 

Therefore, by the principles of arithmetic, the product 
AH, EC. BD.FA is equal to the product ^^.i^A(72>. -4 j&, 
and therefore, by the principles of arithmetic, the product 
BD . CE. AFis equal to the product DC. EA . FB, 

This is the result intended by the enunciation giyen 
above. Each product is made by three segments, one from 
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evei-y side of the triangle : and the two segments which ter- 
minated at any angular point of the triangle are never in the 
same product Thus if we begin one j)roduct with the seg- 
ment jBD, the other segment of the side BC, namely DGy 
occurs in the other product ; then the segment CE occurs 
in the first product, so that the two segments CD and CE, 
which terminate at Cy do not occur in the same product ; 
and so on. 

The student should for exercise draw another figure 
for the case in which the transversal meets all the sides 
produced, and obtain the same result, 

58. Conversely, it may be shewn by an indirect proof 
that if the product BD.CE,AF be equal to the product 
DC,EA,FBy the three points Z>, E, F lie in the same 
straight line. 

59. If three straight lines he drawn through the 
angular points of a triangle to the opposite sides, and 
meet at the same point, the product qf three segments in 
order is equal to th^ product of the other three segments. 

Let ABC be a triangle. From the angular points to 
the opposite sides let the straight lines AOD, BOE, COF 
be (&awn, which meet at the point : the product 
AF.BD.CE shall be equal to the product FB.DC.EA. 

For the triangle ABD is cut by the transversal FOO^ 
and therefore by the theorem in 57 the following products 
are equal, AF. BC. DO, and FB. CD.OA. 




Again, the triangle ACD is cut by the. transversal 
EOB, and therefore by the theorem in 67 the followini' 
products are equal, AO.DB, CE and OD.BCEA, 
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Therefore, by the principles of arithmetic, the following 
products are equal, AF. BC , DO . AO , DB . CE and 
FB.CD,OA.OD,BC. EA. Therefore the following 




products are equal, AF . BD , CE a,nd FB.DG.EA. 
We have supposed the point to be within the triangle; 
if be without the triangle two of the points D, E, F will 
fall on the sides produced. 

60. Conversely, it may be shewn by an indirect proof 
that if the product AF. BD . CE be equal to tiie product 
FB.DC.EA, the three straight lines AD, BE, CFmoQt 
at the same point. 

61. "We may remark that in geometrical problems the 
following terms sometimes occur, used in the same sense as 
in arithmetic ; namely arithmetical progression^ geometri- 
cal progression, and harmonical progression. A proposi- 
tion respecting harmonical progression, which deserves 
notice, will now be given. 

62. Let ABC he a triangle; let the angle A he hisected 
hy a straight line which meets BC at D, and let the ex- 
terior angle at A he hisected hy a straight line which meets 
BCy produced through C,atE: then BD, BC, BE shall 
he in harmonical progression. 
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For BD is to Z>Cas BA is to AC (VI. 3) ; and BE is 
to EC ?ia B A is to AC(Yl. A). Therefore BDiato DC 
BS BE IB to EC {V, II). Therefore BD is to BE as Z>C is 
to EC(y. 16). Thus of the three straight lines BD.BC, 
BE, the first is to the third as the excess of ihe second 
over the first is to the excess of the third over the second. 
Therefore BD, BC, BE are in harmonical progression. 

This result is sometimes expressed by saying that BE 
is divided harmonically at D and C. 



^2-2 
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I. 1 to 15. 

^1. On a given straight line describe an isosceles tri- 
angle haying each of the sides equal to a given straiglit 
line. 

2. In the fisnre of I. 2 if the diameter of the smaller 
circle is the radius of the larger, shew where the given 
point and the vertex of the constructed triangle wul be 
situated. 

i- 3. If two straight lines bisect each other at right an- 
gles, anj point in either of them is equidistant from the 
extremities of the other. 

-f 4. If the angles ABO and ACS at the base of an 
isosceles triangle be bisected by the straight lines B£t, 
CS>,shew that DBG mil be an isosceles triangle. 

4* 5. BAG is a triangle having the angle B double of the 
angle A, It BD bisects the angle B and meets AC^XtD, 
shew that BD is equal to AD, 

6. In the figure of I. 6 if FG and BG meet at H 
shew that FH^xA GHbto equal. 

7. In the fipire of I. 6 if FC and BG meet at ff, 
shew that AH bisects the angle BAG. 

8. The sides ^^, ^2>ofa quadrilateral ABCD are 
equal, and tlie diagonal ^(7 bisects the angle BAD: shew 
that tiie sides GB and GD are equal, and mat the diagonal 
AG bisects the angle BGD. 

9. AGB, ADB are two triangles on tlie same side of 
ABj such that AG v& equal to BD, and ^Z> is equal to 
^(7. and AD and BG intersect at O: shew that the tri- 
angle AOB is isosceles. 

\ 10. The opposite angles of a rhombus are equaL 

11. A diagonal of a rhombus bisects eadi of the angles 
through which it passes. 
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*^12. If two isosceles triangles are on the same base the 
straight line joining their vertices, or that straight line 
produced, will bisect the base at right angles. 

13. Find a point in a given straight line such that its 
distances from two given points may be equal. 

14. Througji two given points on opposite sides of a 
given straight line draw two straight lines which shall meet 
in that given straight line, and include an angle bisected 
by that given straight lina 

15. A given angle BAC is bisected ; if CA is produced 
to G and the angle BAG bisected, the two bisecting lines 
are at right angles. 

16. if four straight lines meet at a point so that the 
opposite angles are equal, tiiese straight Hnes are two and 
two in the same straight line. 



I. 16 to 26. 

17. ABC is a triangle and the angle A is bisected ^y 
a straight line which meets BC at D ; shew that BA is 
greater than BD, and CA greater than CD, 

18. In the figure of I. 17 shew that ABC and ACB 
are together less than two right angles, by joining A to any 
point in BC 

19. ABCD is a quadrilateral of which AD is the 
longest side and BC tne shortest ; shew that the angle 
ABC IB greater than the angle ADC, and the Bugle BCD 
greater than tiie angle BAD. 

20. If a straight line be drawn through A one of J^he 
angular points of a square, cutting one of the opposite sides, 
and meeting the other produced at E, shew that AF is 
greater than the diagonal of the square. 

21. The perpendicular is the shortest straight line 
that can be drawn from a given point to a given straight 
line; and of others, that which is nearer to tho perpen- 
dicular is less than the more remote; and two, and only 
two, equal straight lines can be drawn from the given point 
to the given straight line, one on each side of the perpen- 
dicular. 

22. The sum of tho distances of any point from the 
l^ree angles of a triangle is^eater than half the sum of 
the sides of the triangle. 
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23. The four sides of auy quadrilateral are together 
greater than the two diagonals together. 

24. The two sides of a triangle are together greater 
than twice the straight line drawn from the vertex to tiie 
middle point of the base. 

. 25. If one angle of a triangle is equal to the sum of 
the other two, the triangle can be divided into two isosceles 
triangles. 

26. If the angle C7of a triangle is equal to the sum 
of the angles ^ and B, the side ^^ is equal to twice the 
straight line joining G to the middle point ofAB. 

27. Construct a triangle, having given the base, one of 
the angles at the base, and the sum of the sides. 

28. The perpendiculars let fall on two sides of a tri- 
angle from any point in the straight line bisecting the angle 
between them are equal to each other. 

29. In a given straight line find a point such that the 
perpendiculars drawn from it to two given straight lines 
shall be equal. 

30. Through a given j^oint draw a straight line' efuch 
that the perpendiculars on it from two given points may be 
on opposite sides of it and equal to each other. 

31. A straight line bisects the angle .^ of a triangle 
ABC: from B a perpendicular is drawn to this bisecting 
straight Hue, meeting it at i>, and BD is produced to meS 
ACot -4(7 produced at B : shew that BD is equal to D£, 

32. AB, AG ore any two straight lines meeting at A : 
through any point P draw a straight line meeting them at B 
and F, such that AE may be equal to AF, 

33. Twt) riffht-angled triangles have their hypotenuses 
equal, and a side of one equal to a side of the other; show 
that they are equal in all respects. 



I. 27 to 31. 

34. Any straight line parallel to the base of an iso- 
sceles triangle makes equal angles with the sides. 

3.5. If two straight lines A and B are respectively 
parallel to two others G and D, shew that the inclination of 
-4 to ^ is equal to that of (7 to Z>. 

36. A straight line is drawn terminated by two parallel 
straight lines ; through its middle point any straight line is 
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drawn and terminated by the parallel straight lines. Shew 
that the second straight lino is bisected at the middle point 
of the first. 

37. If through an^ point equidistant from two parallel 
straight lines, two straignt lines be drawn cutting the pa- 
rallel straight lines, they will intercept equal portions of 
these paraliel straight lines. 

38. If the straight line bisecting the exterior angle of 
a triangle be parallel to the base, shew that the triangle is 
isosceles. 

39. Find a point ^- in a given straight line CD, such 
that if AB be drawn to B from a giyen point A^ the angle 
ABC will be equal to a given angle. 

40. If a straight line be drawn bisecting one of the 
angles of a triangle to meet the opposite side, the straight 
lines drawn from the point of section parallel to the other 
9ides, and terminated by these sides, will be equal. 

41. The side BC of a triangle ABC is produced to a 
point jD; the angle ACB is bisected by the straight line 
CE which meets AB at E, A straight line is drawn 
through E parallel to BC, meeting AC 9A, F, and the 
straight line oisecting the exterior angle ACD at G, Shew 
that EF\% equal to FG. 

42. ^^ is the hypotenuse of a right-angled triangle 
ABC: find a point D m AB such that DB may be equal 
to the perpendicular from D on AC 

43. ABC is an isosceles triangle : find points Z>, E in 
the equal sides ABj AC such that BD, DE, EC may all 
be equal. 

44. A straight line drawn at right angles to BC 
the base of an isosceles triangle ABC cuts the side AB at 
D and CA produced at E\ shew that A ED is an isosceles 
triangle. 

I. 32. 

45. From the extremities of the base of an isosceles 
triangle straight lines are drawn perpendicular to the sides; 
shew that the angles made by them vfith the base are each 
equal to half the vertical angle. 

46. On the sides of any triangle ABC equilateral tri- 
angles BCDj CAEy ABFare described, all external: shew 
that tiie straight lines AD, BE, CF are all equal. 
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47. What is the magnitude of an angle of a regnlar 
octagon? 

48. Through two given points draw two straight lines 
forming with a straight line given in position an equilateral 
triangle. 

49. If the straight lines bisecting the angles at the 
base of an isosceles triangle be produced to meet, tiiey will 
contain an angle equal to an exterior angle of the triangle. 

60. A is the vertex of an isosceles triangle ABCy and 
BA is produced to />, so that ^2> is equal te BA ; and 
DC IS drawn : shew that BCD is a right angle. 

61. ABC is a triangle, and the exterior angles at B 
and C are bisected by the straight lines BD, CD respec- 
tively, meeting at D : shew that the angle BDC together 
with half the angle BAC make up a right angle. 

62. Shew that any angle of a triangle is obtuse, right, 
or acute, according as it is greater than, equal to, or less 
than the other two angles of the triangle taken together. 

63. Construct an isosceles triangle having the vertical 
angle four times each of the angles at the base. 

64. In the triangle ABC the side BC is bisected at B 
and AB at G ; AE is produced to ^ so that EF is eaual 
to AE. and CG is produced to ^ so that GH is equal to 
CG : skew that FB and HB are in one straight line. 

66. Construct an isosceles triangle which shall liave 
one-third of each angle at the base equal to half the verticai 
angle. 

^. AB, AC are two straight lines given in position: 
it is required to find in them two points P and Q, such 
that, PQ being joined; AP and PQ may together be equal 
to a given straight line, and may contain an angle equal to 
a given angle. 

67. Straight lines are drawn through the extremities of 
the base of an isosceles triangle, making angles with it on 
the side remote from the vertex, each equal to one-third of 
one of the equal angles of the triangle and meeting the 
sides produced: shew that three of the triangles thus 
formed are isosceles. 

68. AEB, CED are two straight lines intersecting at 
M ; straight lines AC, DB are drawn forming two triangles 
ACE, BEDy the angles ACE, DBE are bisected by the 
straight lines CF, BF, meeting at F, Shew that the angle 
CFB is equal to half the sum of the angles EAG, EDB. 
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59. The strai^t line joining the middle point of the 
hypotenuse of a nght-angled triangle to the right angle is 
equal to half the hypotenuse. 

60. From the angle ^ of a triangle ABC a perpen^ 
dicular is drawn to the opposite side, meeting it, produced 
if necessary, at i>; from the angle B a perpendicular is 
drawn to the opposite side, meeting it, produced if neces- 
sary, at El shew that the straight lines which join D and 
E to the middle point of AB are equal. 

61. From the angles at the hase of a triangle perpen- 
diculars are drawn to the opposite sides, produced if neces- 
sary : shew that the straight line joining tne points of inter- 
section will be bisected by a perpendicvdar drawn to it from 
the middle point of the base. 

62. In the figure of 1. 1, if {7 and H be the points of 
intersection of the circles, and AB be produced to meet 
one of the circles at iT, shew that CHk is an equilateral 
triangle. 

63. The straight lines bisecting the angles at the base 
of an isosceles triangle meet the sides at J> and E\ shew 
that DE is parallel to the base» 

64. AB, JO are two giyen straight lines, and P is a 
nven point in the former: it is required to draw through 
P a straight line to meet AC at Q, so that the angle APQ 
may be three times the angle AQP. 

65. Construct a right-angled triangle, having given the 
hypotenuse and the sum of the sides. 

Q^. Construct a right-angled triangle, haying given the 
hypotenuse and the difference of the sides. 

67. Construct a right-angled triangle, having given the 
hypotenuse and the perpendicular from the rignt angle 
on it. 

68. Construct a right-angled triangle, having given the 
perimeter and an angle. 

69. Trisect a rip^ht an^le. 

70. Trisect a given finite straight line. 

71. From a given point it is required to draw to two 
parallel straight lines, two equal straight lines at right 
angles to each other. 

72. Describe a triangle of given perimeter, having its 
angles equal to those of a given triangle. 
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I. 33, 34. 

73. If a quadrilateral have two of its opposite sides 
parallel, and the two others equal but not parallel, any two 
of its opposite angles are together equsu to two right 
angles. 

74. If a straight line which joins the extresiities of two 
equal straight lines, not parallel, make the angles on the 
same side of it equal to each other, the straight line which 
joins the other extremities will be parallel to the first. 

75. No two straight lines drawn from the extremities 
of the base of a triangle to the opposite sides can possibly 
bisect each other. 

76. If the opposite sides of a quadrilateral are equal it 
is a parallelogram. 

77. If the opposite angles of a quadrilateral are equal 
it is a parallelogram. 

78. The diagonals of a parallelogram bisect each other. 

79. If the diagonals of a quadrilateral bisect each other 
it is a parallelogram. 

80. If the straight line joining two opposite angles of 
a parallelogram bisect the angles the four sides of the pa- 
rallelogram are equal. 

81. Draw a straight line through a given point such 
that the part of it intercepted between two given parallel 
straight lines may be of given length. 

82. Straight lines bisecting two adjacent angles of a 
parallelogram intersect at right angles. 

83. Straight lines bisecting two opposite angles of a 
parallelogram are either parallel or coincident. ' 

84. If the diagonals of a parallelogram are equal all its 
angles are equal. 

85. Find a point such that the perpendiculars let fall 
from it on two given straight. lines shall be respectively 
equal to two given straight lines. How many sucn points 
are there? 

86. It is required to draw a straight line which shall 
be equal to one straight line and paralM to another, and be 
termmated by two given straight lines. 

87. On the sides AB, BC, and CD of a parallelogram 
ABCD three equilateral triangles are descnbed, that on 
BC towards the same parts as the pax^elogram, and those 
on AB, CD towards the opposite parts: shew that the 
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distances of the yertices of the triangles on AB^ CD from 
that on BC are respcctiyely equal to the two diagonals of 
the parallelogram. 

88. If the angle between two adjacent sides of a paral- 
lelogram be increased, while their lengths do not alter, the 
diagonal through their point of intersection will diminish. 

89. Ay B, C are three points in a straight line, such 
that AB is equal to BCi shew that the sum of the perpen- 
diculars from A and C on any straight line which does not 
pass between A and C is double the perpendicular from B 
on the same straight line. 

90. If straight lines be drawn from the angles of any 
parallelogram perpendicular to any straight line which is 
outside the parallelogram, the sum of those from one pair 
of opposite angles is equal to the sum of those from the 
other pair of opposite angles. 

• 91. If a six-sided plane rectilineal figure have its op- 
posite sides equal and parallel, the three straight lines join- 
ing the opposite angles will meet at a point. 

92. AB, AC are two given straight lines; through a 
ffiven pH>int E between them it is required to draw a straight 
Bne GEH such that the intercepted portion GH shidl be 
bisected at the point E. 

93.. Inscribe a rhombus within a given rhombus, so 
that one of the angular points of the inscribed figure may 
bisect a side of the other. 

94. ABCD is a parallelogram, and Ey F, the middle 
points of AD and BC respectively; shew that BE and DF 
trill trisect the diagonal AC 



^ I. 35 to 45. 

95. ABCD is a quadrilaterd having BC parallel to 
AD ; shew that its area is the same as that of the parallelo- 
gram which can be formed by drawing through the middle 
point of DC a straight line parallel to AB, 

96., ABCD is a quadrilateral having BC parallel to 
ADf E is the middle point of DC; shew that the triangle 
AEB is half the quadrilateral. 

97. Shew that any straight line passing through the 
middle point of the diameter of a parallelogram and termi- 
nated by two opposite sides, bisects the parallelogram. 
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98. Bisect a parallelogram by a straight line drawii 
through a given point within it. 

99. Construct a rhombus equal to a given parallelo- 
gram. 

100. If two triangles have two sides of the one equal 
to two sides of the other, each to each, and the sum of the 
two angles contained by these sides equal to two right an- 
gles, the triangles are equal in area. 

101. A straight hue is drawn bisecting a parallelogram 
ABCD and n^eeting AD at ^ and ^(7 at >: shew that 
the triangles EBF and CED are equal. 

102. Shew that the four triangles into which a paral- 
lelogram is divided bv its diagonals are equal in area. 

103. Two straight lines AB and CD intersect at Ey 
and the triangle AEC is equal to the triangle BED : shew 
that BCiB piu^lel to AD. 

104. ABCD is a parallelogram; from any point I* in 
the diagonal BD the straight lines PA, PC are drawn. 
Shew that the triangles PAB and PCB are equal. 

105. If a triangle is described having two of its sidea 
equal to the diagonals of any quadrilateral, and the in-- 
duded angle equal to either of the anp^les between tiiese 
diagonals, then the area of the triangle is equal to the area 
of uie quadrilateral 

106. The straight 1*5^ e which joins the middle points of 
two sides of any triangle is parallel to the base. 

107. Straight lines joining the middle points of ad- 
jacent sides of a quadrilateral form a parallelogram. 

108. D, E are the middle points of the sides AM, AO 
of a triangle, and CD, BE intersect at F\ shew that the 
triangle BFC is equal to the quadrilateral ADFE, 

109. The straight line wmch bisects two sides of any 
triangle is half the base. 

110. In the base AC oi b, triangle take any point D ; 
bisect AD, DC, AB, BC at the pomts E, F, G, U respec- 
tively: shew that EG is equal and parallel to FH, 

111. Given the middle points of the sides of a triangle^ 
construct the triangle. 

112. If the middle points of any two sides of a trian^e 
be joined, the triangle so cut off is one quarts of the wh^e. 

113. The sides AB, AC oi^ given triangle ABC are 
bisected at the ^ints E,F\ 2k perpendicular is drawn from 
.^ to the opposite side, meeting it at D, Shew that Uie 
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an^e FDE is equal to the angle BAC Shew also that 
AFDE is half the triangle ABC 

114. Two triangles of eqnal area stand on the same 
base and on opiK>site sides: shew that the straight line 
joining their vertices is bisected by the base or ue base 
produced. 

115. Three parallelograms which are equal in all re- 
npects are placea with their equal bases in the same straight 
line and contiguous ; the extremities of the base of the first 
are j(»ned with the extremities of the side opposite to the 
base of the third, towards the same parts : shew that the 
portion of the new parallelogram cut off by the second is 
one half the area of any one of them. 

116. ABCD is a parallelognun ; from D draw any 
straight line DFG meeting BC at F and AB produced at 
G\ ofraw AF and CO: shew that the triangles ABFy 
CFG are equal. 

117. ABC is a given triangle: construct a triangle of 
equal area, having for its base a given straight line AD, 
comciding in position with AB, 

118. ABC is a given triangle: construct a triangle of 
equal area, having its vertex at a given point in j9(7and its 
base in the same straight line as AB. 

119. ABCD is a given quadrilateral: construct ano- 
ther quadrilateral of eoual area having AB for one side, 
and for another a straight line drawn through a given point 
in 02) parallel to ^^. 

120. ABCD is a quadrilateral: construct a triangle 
whose base shall be in tne same straight line as AB, vertex 
at a given point P in CD, and area equal to that of the 
given quadrilateral. 

121. ABC is a given triangle: construct a triangle of 
equal area, having its base in the same straight line bbAB, 
and its vertex in a given straight line parallel to AB, 

122. Bisect a given triangle by a straight line drawn 
through a g^ven point in a side. 

123. Bisect a given quadrilateral by a straight line 
drawn through a given angular point 

124. If throue^h the point O within a parallelogram 
ABCD two straight lines are drawn parallel to the sides, 
and the paralleloerams OB and OD are equal, the point O 
is in the diBgowIAC, 
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I. 46 to 48. 

125. On the sides -4(7, BC of a triangle ABO, squares 
ACDEy BCFH are described: shew Qiat the straight 
lines AF and BD are equal 

126. The square on the side subtending an acute an- 
gle of a triangle is less than the squares on the sides 
containing the acute angle. 

127. The square on the side subtending an obtuse an- 
gle of a triangle is greater than the squares on the sides 
containing tiie obtuse angle. 

128. If the square on one side of a triangle be less 
tiian the squares on the other two sides, the angle contained 
by these sides is an acute angle; if greater, an obtuse 
angla 

129. A straight line is drawn parallel to tiie hypotenuse 
of a right-angled triangle, and each of the acute angles is 
joined with the points where this straight line intersects 
the sides respectiyely opposite to them: shew that the 
squares on the joining straight lines are together equal to 
the square on the hypotenuse and the square on the straight 
line drawn parallel to it. 

130. If any point P be jomed to -4, 5, C, D, the an- 
gular points of a rectangle, the squares on PA and PCbto 
together equal to the squares on PB and PD, 

131. In a right-angled triangle if the square on one of 
the sides containing tiie right an^le be three times the 
s<q[uare on the other, and from the right angle two straight 
lines be drawn, one to bisect the opposite side, and the 
other perpendicular to that side, these straight lines drridQ 
the right angle into three equal parts. 

132. If ABC bo a triangle whose angle .4 is a right 
angle, and BE, CF be drawn bisecting the opposite sides 
respectiyely, shew that four times the sum of the squares 
on BE and CF\& equal to five times the s<]pare on JBC, 

133. On tile hypotenuse BC^ and the sides CAyAB of 
a right-angled trianrfe ABC, squares BDECy AF, and 
AG are described: aaew that the squares on DG and EF 
are together equal to fire times the square on BC. 
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II. Itoll. 

134. A straight line is diyided into two parts ; shew 
that if twice the rectangle of the parts is equal to the sum 
of the squares described on the. parts, the straight line is 
bisected. 

135. Divide a given straight line into two parts such 
that the rectangle contained by them shall be the greatest 
possible. 

136. Construct a rectangle equal to the difference of 
two given squares. 

137. Divide a given straight line into two parts such 
that the sum of the squares on the two parts may be the 
least possible. 

138. Shew that the square on the sum of two straight 
lines together with the square on their difference is double 
the squares on the two straight lines. 

139. Divide a given straight line into two parts such 
that the sum of their squares shall be equal to a given 
Square. 

140. Divide a given straight line into two parts such 
that the square on one of them may be double the square 
on the other. 

141. In the figure of II. 11 if CH\>e produced to meet 
BF at X, shew that CL is at right angles to BF, 

142. In the figure of II. 11 if BE and CH meet at O, 
shew that ^O is at right angles to CH. 

143. Shew that in a straight line divided as in II. 11 
the rectangle contained by the sum and difference of the 
parts is equal to the rectangle contained by the parts. 

II. 12 to 14. 

144. The square on the base of an isosceles triangle is 
equal to twice tne rectangle contained by either side and 
by the straight line intercepted between the perpendicular 
let fall on it from the opposite angle and the extremity of 
the base. 

145. In any triangle the sum of the squares on the 
sides is equal to twice the square on half the Dase> together 
with twice the square on the straight line drawn from the 
vertex to the middle point of the base. 
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146. ABC is a triangle having the sides AB and AC 
equal; ^i AB is produced beyond the base to 2> so that 
BD is equal to AB, shew that the square on CD is equal 
to the square on AB, together with twice the square 
mBC. 

147. The sum of the squares on the sides of a paral- 
lel(>gram is equal to the suni of the squares on the 
diagonals. 

148. The base of a triangle is given and is bisected by 
the centre of a given circle : ff the vertex be at any point 
of the circumference, shew that the sum of the squares on 
the two sides of the triangle is invariable. 

149. In any quadrilateral the squares on the diagonals 
are together ej^ual to twice the sum of the squares on the 
straight lines joining the middle points of opposite sides. 

150. If a circle be described round the point of inter- 
section of the diameters of a parallelogram as a centre, 
shew that the sum of the squares on the straight lines 
drawn from any point in its circumference to the four an- 
gular points of the parallelogram is constant 

151. The squares on the sides of a quadrilateral are 
together greater than the squares on its diagonals by four 
times the square on the straight line joining the middle 
points of its diagonals. 

152. In Ad the diameter of a circle take two points C 
and D equally distant from the centre, and from any point 
E in the circumference draw EC, ED: shew tliat the 
squares on EC and ED are together equal to the squares 
on ^(7 and AD. 

153. In BC the base of a triangle take D such that 
the squares on AB and BD are together equal to the 
squares on ^Cand CD, then the middle point of AD will 
be equally distant from B and G. 

154. The square on any straight line drawn from the 
vertex of an isosceles triangle to uie base is less than the 
square on a side of the triangle by the rectangle contained 
by the segments of the base. 

155. A square BDEC is described on the hypotenuse 
BC of a right-angled triangle ABC: shew that the squares 
on DA and AUwQ together equal to the squares on EA 
^dAB. 

166. ABC is a triangle in which C' is a right angle, 
and DE is drawn frpm a point D in. AC perpendicular to 
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AB: show that the rectangle AB, AE is equal to the 
rectangle AC^ AD, 

157. If a straight line be drawn through one of the 
angles of an equilateral triangle to meet the opposite side 
produced, so that the rectangle contained by the whole 
straight line thus produced and the part of it produced is 
equal to the square on the side of the triangle, shew that 
the square on the straight line so drawn will oe double the 
square on a side of the triangle. 

158. In a triangle whose vertical angle is a right angle 
a straight line is drawn from the vertex perpendiciuar 
to the base : shew that the square on this perpendicular is 
equal to the rectangle contained by the segments of the 
base. 

159. In a triangle whose vertical angle is a right angle 
a straight line is drawn from the vertex perpendicular to 
the base: shew that the square on either of tne sides adja- 
cent to the right angle is equal to the rectangle contained 
by the base and the segment of it adjacent to that side. 

160. In a triangle ABC the angles B and C are acute : 
if E and F be the points where perpendiculars from tho 
opposite angles meet the sides AC^ ABy shew that the 
square on BC is equal to the rectangle AB, BF, together 
with the rectangle AC, CE, 

161. Divide a ^ven straight line into two parts so that 
the rectangle contamed by them may be equal to the square 
described on a given straight line which is less than half 
the straight line to be divided. 

III. 1 to 15. 

y^ 162. Describe a circle with a given centre cutting a 
given circle at the extremities of a diameter. 

^ 163. Shew that the straight lines drawn at ri^ht angles 
to the sides of a quadrilateral inscribed in a cvcle from 
their middle points intersect at a fixed point. 

\^ 164. If two circles cut each other, any two parallel 
straight lines drawn through the points of section to cut 
the circles are equal. 

\ 165. Two circles whose centres are A and B intersect 
at C\ through C two chords DCE and FCG are drawn 
equally inclined io AB and terminated by the circles: 
shew that DE and FG are equal. 

23 
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166. Through either of the points of intersection of 
two ^ven circles draw the greatest possible straight line 
terminated both ways by the two circumferences. 

167. If from any point in the diameter of a circle 
straight lines are drawn to the extremities of a parallel 
chord, the squares on these straight lines are together equal . 
to the squares on the segments into which the diameter is ^ 
divided. 

168. A and B are two fixed points without a circle 
PQR ; it is required to find a point P in the circumfer- 
ence, so that the sum of the squares described on ^jP and 
BP may be the least possible. 

169. If in any two given circles which touch one an- 
other, there be drawn two parallel diameters, an extremity 
of each diameter, and the point of contact, shall lie in the 
same straight line. 

170. A circle is described on the radius of another 
circle as diameter, and two chords of the larger circle are 
drawn, one through the centre of the less at right angles to 
tiie common diameter, and the other at right angles to the 
first through the point where it cuts the less circle. Shew 
that these two chords have the segments of the one equal 
to the segments of the other, each to each. 

171. Through a given point within a circle draw the 
shortest chord. 

172. O is the centre of a circle, P is any point in its 
drcumference, PN a perpendicular on a fixea diameter : 
shew that the straight line which bisects the angle OPN 
always passes through one or the other of two fix^ points. 

173. Three circles touch one another externally at the 
points -4, J9, G\ from A, the straight lines AB^ -4(7 are 
produced to cut the circle BC at D and E: shew that DE 
IS a diameter of BC, and is parallel to the straight line « 
joining the centres of the other circles. , 

174. Circles are described on the sides of a qnadri- . 
lateral as diameters : shew that the common chord of any ' 
a<iyacent two is parallel to the common chord of the otJier , 
two. 

175. Describe a circle which shall touch a given circle, ' 
have its centre in a given straight line, and pass through a i 
given point in the given straight line. 
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III. 16 to 19. 

] 76. Shew that two tangents can be drawn to a circle 
from a given external point, and that they are of equal 
length. 

f 177. Drawjmrallel to a given straight line a straight 
line to touch a given circle. 

178. Draw perpendicular to a given straight line a 
straight line to touch a given circle. 

179. In the diameter of a circle produced, determine 
a point so that the tangent drawn from it to the circum- 
ference shall be of given length. 

> 180. Two circles have the same centre: shew that all 
chords of the outer circle which touch the inner circle are 
equal. 

181 . Through a given point draw a straight line so that 
the part intercepted by the circumference of a given circle 
shall be equal to a given straight line not greater than the 
diameter. 

182. Two tangents are drawn to a circle at the oppo- 
site extremities of a diameter, and cut off from a third 
tangent a portion AB\ if C be the centre of the circle 
shew that ACS is a right angle. 

^ 183. Describe a circle that shall have a given radius 
and touch a given circle and a given straight line. 

184. A circle is drawn to touch a given circle and a 
^ven straight line. Shew that the points of contact are 
always in the same straight line with a fixed point in the 
circumference of the g^ven circle. 

185. Draw a straight line to touch each of two given 
circles. 

186. Draw a straight line to touch one given circle so 
that the part of it- contained by another given circle shall 
be equal to a given straight line not greater than the dia- 
meter of the latter circle. 

187. Draw a straight line cutting two given circles so 
that the chords intercepted within the circles shall have 
^yen lengths. ^ 

188. A quadrilateral is described so that its sides 
touch a circle: shew that two of its sides are together 
equal to the other two sides. 

189. Shew that no parallelogram can be described 
about a cirde except a rhombus. 
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190. ABDy ACE are two straight lines tonching a 
circle at B and (7, and if DE be joined DE is equal to BD 
and CE together: shew that DE touches the circle. 

191. If a quadrilateral be described about a circle the 
angles subtended at the centre of the circle by any two 
opposite sides of the figure are together equal to two 
right angles. 

192. Two radii of a circle at right angles to each other 
when produced are cut by a straight line which touchy Uie 
circle: shew that the tangents drawn from the points of 
section are parallel to each other. 

193. A straight line is drawn touching two circles: 
shew that the chords are parallel which join the points of 
contact and the points where the straight line through the 
centres meets the circumferences. 

194. If two circles can be described so that each 
touches the other and three of the sides of a quadrilateral 
figure, then the difiference between the sums of the opposite 
sides is double the common tangent drawn across the quad- 
rilateral. 

195. AB is the diameter and C the centre of a semi- 
circle : shew that the centre of any circle inscribed in 
the semicircle is equidistant from C and from the tangent 
to the semicircle parallel to ^^. 

196. If from any point without a circle straight lines 
be drawn touching it, the an^le contained by the tangents 
is double the angle contained by the straight line joining 
the points of contact and the diameter drawn through one 
of them. 

197. A quadrilateral is bounded by the diameter of a 
circle, the tangents at its extremities, and a third tangent: 
shew that its area is equal to half that of the rectangle con- 
tained by the diameter and the side opposite to it. 

198. If a quadrilateral, having two of its sides paralle], 
be described about a circle, a straight line drawn through 
the centre of the circle, parallel to either of the two pai^ 
lei sides, and terminated by the other two sides, shall be 
equal to a fourth part of the perimeter of the figure. 

199. A series of circles touch a fixed straight line at 
a fixed point : shew that the tangents at the points where 
they cut a parallel fixed straight line all touch a fixed cirdaL 

200. Of all straight lines which can be drawn from twa 
given points to meet in the convex circumference of a 
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given circle, the sum of the two is least which make equal 
angles with the tangent at the point of concourse. 

201. C is the centre of a given circle, CA a radius, B 
a point on a radius at right angles to GA ; join AB and 
produce it to meet the circle again at D, and let the tan- 
{rent at D meet CB produced at Ex shew that BDE is an 
isosceles triangle. 

202. Let the diameter BA of a circle be produced to 
-P, so that AP equals the radius; through A draw the 
tangent AED, and from P draw PEC touching the circle 
at G and meeting the former tangent at E\ join BC and 
produce it to meet AED at D ; then will the triangle 
DEC be equilateral. 



III. 20 to 22. 

203. Two tangents AB, AC are drawn to a drcle ; 
D is any point on the circumference outside of the triangle 
ABC: shew that the sum of the angles ABD and ACD 
is constant. 

204. P, Q are any points in the circumferences of two 
segments described on the same straight line ABy and on 
the same side of it ; the angrles PAQ, PBQ are bisected 
by the straight lines AB^ BR meeting at R : shew that the 
angle ARB is constant 

205. Two segments of a drcle are on the same base 
AB, and P is any point in the circumference of one of the 
segments ; the straight lines APD, BPC are drawn meet- 
ing the circumference of the other segment at D and C; 
^(7 and BD are drawn intersecting at Q. Shew that the 
angle AQB is constant. 

206. APB is a fixed chord passing through P a point 
of intersection of two circles AQP, PBR; and QPR is 
any other chord of the circles passing through P: shew 
that AQ and RB when produced meet at a constant 
angle. 

207. AQB is a triangle; C and D are points in BO 
and AO respectively, such that the angle GDC is equal to 
the angle OBA : shew that a circle may be described 
round the quadrilateral ABCD, 
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208. ABCD is a quadrilateral inscribed in a circle, and 
the sides AB, CD when produced meet at O : shew that 
the triangles AOCy BOD are eauiangular. 

209. Shew that no parallelogram except a rectangle 
can be inscribed in a circle. 

210. A triangle is inscribed in a circle: shew that the 
«um of the angles in the three segments exterior to the 
triangle is equS to four right angles. 

211. A quadrilateral is inscribed in a circle: shew 
that the sum of the angles in the four segments of the circle 
exterior to the quadrilateral is equal to six right angles. 

212. Divide a circle into two parts so that the angle 
contained in one segment shall be equal to twice the angle 
contained in the other. 

213. Divide a circle into two parts so that the angle 
contained in one segment shall be equal to five times Ui9 
angle contained in the other. 

214. If the angle contained by lany side of a quadri- 
lateral and the adjacent side produced, be equal to the 
opposite angle of the quadrilateral, shew that any side of 
the quadrilateral will subtend equal angles at. the opposite 
angles of the quadrilateral. 

215. If any two consecutive sides of a hexagon inscribed 
in a circle be respectively parallel to their opposite sides, 
the remaining ddes are parallel to each other. 

216. Af By C, D are four points taken in order on the 
circumference of a circle ; the straight lines AB, CD pro- 
duced intersect at P, and AD, BC at Q : shew that the 
straight lines which respectively bisect the angles APC, 
AQC are perpendicular to each other. 

217. If a quadrilateral bo inscribed in a circle, and a 
straight line be drawn making equal angles with one pair 
of opposite sides, it will make equal angles with the other 
pair. 

218. A quadrilateral can have one circle inscribed in 
it and another circumscribed about it: shew that the 
straight lines joining the optposite points of contact of the 
inscribed circle are perpendicular to each other. 

III. 23 to 30. 

219. The straight lines joining the extremities of tlie 
chords of two equal arcs of a circle, towards the same parts 
are parallel to each other. 
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220. The straight lines in a circle which join the ex- 
tremities of two parallel chords are equal to each other. 

221. ^^ is a common chord of two circles ; through G 
any point of one circumference straight lines CADy VBE 
are drawn terminated by the other circumference: shew 
that the arc DE is invariable. 

222. Through a point C in the circumference of a circle 
two straight lines ACB, DCE are drawn cutting the circle 
at B and E: shew that the straight line which oisects the 
angles ACE, DCB meets the circle at a point equidistant 
from B and E. 

, 223. The straight lines bisecting any angle of a quadri- 
lateral inscribed in a circle and the opposite exterior angle, 
meet in the circumference of the circle. 

224. AB is a diameter of a circle, and 2) is a giyen 
point on the circumference : draw a chord £>E on one side 
of AB so that one arc between the chord and diameter 
may be three times the other. 

225. From A and B two of the angular points of a 
triangle ABC, straitjht lines are drawn so as to meet the 
opposite sides at P and Q in given equal angles: shew- 
that the straight line joining P and Q will be of the same 
length in all triangles on the same base AB, and having 
vertical angles equal to C. 

226. If two equal circles cut each other, and if through 
one of the points of intersection a straight line be drawn 
terminated by the circles, the straight lines joining its 
extremities with the other point of intersection are equal 

227. OA, OB, OC are three chords of a circle; the 
angle AOB is equal to the angle BOC, and OA is nearer 
to the centre than OB. From B 2k perpendicular is drawn 
on OA, meeting it at P, and a perpenaicukr on OC pro- 
duced, meeting it at Q : shew that AP i& equal to CQ. 

228. ^^ is a given finite straight line; through 
A two indefinite straight lines are drawn equally inclined 
to AB ; any circle passing tlirough A and JS meets these 
straight lines at L and M. Shew that if AB be between 
AL and AM the sum of ^Z and AM is constant ; if AB 
be not between AL and AM the difference of AL and AM 
is constant. 

229. AOB and COD are diameters of a circle at right 
angles to each other; ^ is a point in the arc AC, and 
EPG is a chord meeting COD at F, and drawn in such a 
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diroctiou that EF is equal to the radius. Shew that the 
arc BG is equal to three times the arc AE. 

230. The straight lines which bisect the vertical angles 
of all triangles on the same base and on the same side of 
it, and having equal vertical angles, ail intersect at the 
same point 

231. If two circles touch each other intemaUy, any 
chord of the ^eater circle which touches the less shall 
be divided at the point of its contact into segments which 
subtend equal angles at the point of contact of the two 
circles. 



III. 31. 

232. Right-angled triangles are described on the same 
hypotenuse: shew that the angular points opposite the 
hypotenuse all lie on a circle described on the hypotenuse 
as diameter. 

233. The circles described on the equal sides of an 
isosceles triangle as diameters, will intersect at the middle 
point of the b^e. 

234. The greatest rectangle which can be inscribed in 
a circle is a square. 

235. The hypotenuse ^^ of a right-angled triangle 
ABC is bisected at />, and EDF is drawn at right angles 
to ABy and DE and DF are cut off each equal to DA ; 
CE and CF are joined : shew that the last two straight 
lines will bisect tiie angle C and its supplement respec- 
tively. 

236. On the side AB of any triangle ABC as diameter 
a circle is described; EF is a diameter parallel to BC: 
shew that the straight lines EB and FB bisect the interior 
and exterior angles at B, 

237. U ADf CEhe drawn perpendicular to the sides 
BCy AB of a triangle ABC^ and DE be joined, shew that 
the angles ADE and ACE are equal to each other. 

238. If two circles ABC, ABD intersect at A and B, 
and ACy AD be two diameters, shew that the straight 
line CD will pass through B, 

239. If O be the centre of a circle and OA a radius 
and a circle be described on OA as diameter, the circum- 
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•erence of tbis circle will bisect any chord drawn through 
t from A to meet the exterior circle. 

240. Describe a circle touching a given straight line at 
I. given point, such that the tangents (&awn to it from two 
,dven points in the straight line may be parallel. 

241. Describe a circle with a given radius touching a 
^ven straight line, such that the tangents drawn to it 
rom two given points in the straight line may be parallel. 

242. If from the angles at the base of any triangle 
)erpendiculars are drawn to the opposite sides, produced 
f necessary, the straight line joining the points of inter- 
lection will be bisected by a perpendicular mtiwn to it from 
he centre of the base. 

243. ^i> is a diameter of a circle ; B and (7 are points 
►n the circumference on the same side of AD^ a perpen- 
licular from D on BC produced through (7, meets it at ^ : 
hew that the square on ^i> is greater than the sum of the 
quares on AB, BC^ CD, by twice the rectangle BC, CE. 

244. AB is the diameter of a semicircle, P is a point 
»n the circumference, PM is jjerpendicular to ^-5; on 
iM, BM as diameters two semicircles are described, and 
iP, BP meet these latter circumferences ^iQ,R\ shew 
hat QR will be a common tangent to them. 

245. AB^ A C are two straight lines, B and C are given 
(Oints in the same ; BD is dravm perpendicular \xi AC, 
nd DE perpendicular to AB ; in like manner CF is drawn 
erpendicular to AB, and FQ to -4(7. Shew that EQ is 
arallel to BC 

246. Two circles intersect at the points A and B, from 
^hich are drawn chords to a point Cin one of the circum- 
)rences, and these chords, produced if necessary, cut the 
ther circumference at D and E\ shew that the straight 
ne DE cuts at right angles that diameter of the circle 
\BC which passes through C 

247. If squares be described on the sides and hy- 
otenuse of a right-angled triangle, the straight line joining 
le intersection of the diagonals of the latter sc^uare with 
le right angle is perpendicular to the straight line joining 
le intersections of the diagonals of the two former. 

248. C is the centre of a given circle, CA a straight 
ne less than the radius; find the point of the drcum- 
reuce at which CA subtends the greatest angle. 
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249. AB is the diameter of a semicircle, D and E are 
any two points in its circumference. Shew that if the 
chords joining A and B with D and E each way intersect 
at i^'and (?, wien FG produced is at right angles io AB. 

250. Two equal circles touch one another externally, 
and througli the point of contact chords are drawn, one 
to each circle, at right angl^es to each other: shew that 
the straight line joining the other extremities of these 
chords is equal and parallel to the straight line joining the 
centres of the circles. 

251. A circle is described on the shorter diagonal of a 
rhombus as a diameter, and cuts the sides ; and the points 
of intersection are joined crosswise with the extremities of 
that diagonal: shew that the parallelogram thus formed 
is a rhombus with angles equal to those of the first 

262. If two chords of a circle meet at a right angle 
within or without a circle, the squares on their segments 
are together equal to the squares on the diameter. 



III. 32 to 34. 

253. B is a point in the circumference of a circle, whose 
centre is G; Pa, a tangent at any point P, meets CB 
produced at A, and PD is drawn perpendicular to GB: 
shew that the straight line PB bisects the angle APD, 

254. If two circles touch each other, any straight line 
drawn through the point of contact will cut off similar seg- 
ments. 

255. AB\^ any chord, and ^2> is a tangent to a circle 
at A. DPQ is any straight line parallel to ABy meeting 
the circumference at P and Q. Shew that the triangle 
PAD is equiangular to the triangle QAB. 

256. Two circles ABDUy ABG, intersect each other 
at the points A, B ; from B a straight line BD is drawn in 
the one to touch the other ; and from A any chord what- 
ever is drawn cutting the circles at G and H\ shew that 
BG is parallel to DH, 

257. Two circles intersect at A and B. At A the 
tangents AG, AD are drawn to each circle and terminated 
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by the circumference of the other. If CBy BD be jomed, 
shew that AB or AB produced, if necessary, bisects the 
angle CBD, 

258. Two circles intersect at A and -B, and through 
P any point in the circumference of one of them the 
chords PA and PB are drawn to cut the other circle at 
C and D : shew that CD is parallel to the tangent at P. 

259. If from any point in the circumference of a circle 
a chord and tangent be drawn, the perpendiculars dropped 
on them from the middle point of the subtended arc are 
equal to one another. 

260. AB is any chord of a circle, P any point on the 
circumference of the circle ; PM is a perpendicular on AB 
and is produced to meet the circle at Q ; and ANia drawn 
pei^pendicular to the tangent at P : shew that the triangle 
iVL4if is equiangular to the triangle PAQ, 

261. Two diameters A OB, COD of a circle are at 
right angles to each other; P is a point in the circum- 
ference ; the tangent at P meets COD produced at Q, 
and AP, BP meet the same line at -K, S respectively: 
shew that RQ is equal to SQ 

262. Construct a triangle, having given the base, the 
vertical angle, and the point in the base on which the per- 
pendicular falls. 

263. Construct a triangle, having given the base, the 
vertical angle, and the altitude. 

264. Construct a triangle, having given the base, the 
vertical angle, and the length of the straight line drawn 
from the vertex to the middle point of the base. 

265. Having given the base and the vertical angle of a 
triangle, shew that the triangle wHl be greatest when it is 
isosceles. 

266. From a given point A without a circle whose 
centre is drsiW a strai^t line cutting the circle at the 
points B and C, so that tibe area BOC may be the greatest 
possible. 

267. Two straight lines containing a constant angle 
always pass through two fixed points, their position being 
otherwise unrestricted : shew that the straight line bisect- 
ing the angle always passes through one or other of two 
fixed points. 

268. Given one angle of a triangle, the side opposite 
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it, and the sum of the other two sides, construct the 
trianijle. 

III. 35 to 37. 

269. If two circles cut one another, the tangents drawn 
to the two circles from any point in the conmion chord 
produced are equal. 

270. Two circles intersect at A and B: shew that AB 
produced bisects their common tangent. 

271. li AD, CE are drawn perpendicular to the sides 
BC, AB of fi triangle ABC, shew that the rectangle con- 
tained by BC and BD is equal to the rectangle contained 
by BA and BE. 

272. If through any point in the common chord of two 
circles which intersect one another, there be drawn any two 
other chords, one in each circle, their four extremities shall 
all lie in the circumference of a circle. 

273. From a given point as centre describe a circle 
cutting a given straight line in two points, so that the rect- 
angle^ contained by their distances from a fixed point in the 
straight line may be equal to a given square. 

274. Two circles A BCD, EBCF, having the common 
tangents AE and DF, cut one another at B and C, and 
the chord BC is produced to cut the tangents at G and H: 
sliew that the square on GH exceeds the square on AE or 
DF by the square on BC. 

275. A series of circles intersect each other, and are 
such that the tangents to them from a fixed point are 
equal: shew that the straight lines joining the two points 
of intersection of each pair will pass through this point. 

276. ABC is a right-angled triangle ; from any point 
D in the hypotenuse BC a straight line is drawn at right 
angles to Bu, meeting CA at E and BA produced at F: 
shew that the square on DE is equal to the difiference of 
the rectangles BD, DC and AE, EC', and that the square 
on DF is equal to the sum of the rectangles BD, DC and 
AF, FB. 

277. It is required to find a point in the straight line 
which touches a circle at the end of a given diameter, such 
that when a straight line is drawn from this point to the 
other extremity of the diameter, the rectangle contained 
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by the part of it without the circle and the part within the 
circle may be equal to a given square not greater than that 
on tiie diameter. 



IV. 1 to 4. 

278. In lY. 3 shew that the straight lines drawn 
through A and B to touch the circle will meet. 

279. In IV. 4 shew that the straight lines which bisect 
the angles B and G will meet. 

280. In IV. 4 shew that the straight line DA will 
bisect the angle at A. 

281. If the circle inscribed in a triangle ABC touch 
the sides AB\ AC 2A, the points i>, E, and a straight line 
be drawn from A to the centre of the circle meeting the 
circumference at Gy shew that the point G is the centre of 
the circle inscribed in the triangle ADE. 

282. Shew that the straight lines joining the centres of 
the circles touching one side of a triangle and the others 
produced, pass through the angular points of the triangle. 

283. A circle touches the side JuC of a triangle ABC 
and the other two sides produced : shew that the distance 
between the points of contact of the side BC with this 
circle and with the inscribed circle, is equal to the differ- 
ence between the sides AB and AC. 

284. A circle is inscribed in a triangle ABC, and a 
triangle is cut off at each angle by a tangent to the circle. 
Shew that the sides of the three triangles so cut off are 
together equal to the sides of ABC, 

285. D is the centre of the circle inscribed In a tri- 
angle BAC, and ADia produced to meet the straight lino 
drawn through B at right angles to BD at O : shew that O 
is the centre of the circle which touches the side BC and 
the sides AB, AC produced. 

286. Three circles are described, each of which touches 
one side of a triangle ABC, and the other two sides pro- 
duced. If 2) be the point of contact of the side BC, E that 
of AC, and F that of AB, shew that AE is equal to BD, 
BF to CE, and CD to AF, 

287. I)escribo a circle which shall touch a given circle 
and two given straight lines which themselves touch the 
given circle. 
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288. If the threo points be joined in which the circle 
inscribed in a triangle meets the sides, shew that the re* 
suiting triangle is acute angled. 

289. Two opposite sides of a qnadrilateral are toge- 
ther equal to the other two, and each of the angles is less 
than two right angles. Shew that a circle can be inscribed 
in the quadrilateral. 

290. Two circles HPL, KPM, that touch each other 
externally, have the common tangents HK, LM\ HL and 
KM bein^ joined, shew that a circle may be inscribed in 
the quadrilateral HKML, 

291. Straight lines are drawn from the andes of a 
triangle to the centres of the opposite escribed circles: 
shew that these straight lines intersect at the centre of the 
inscribed circle. 

292. Two sides of a triangle whose perimeter is con- 
stant are given in position : shew that the third side 
always touches a certain circle. 

293. Given the base, the vertical angle, and the radius 
of the inscribed circle of a triangle, construct it. 

IV. 6 to 9. 

294. In IV. 6 shew that the perpendicular from F on 
jBCwill bisect ^(7. 

295. If DE be drawn parallel to the base BG of a 
triangle ABC^ shew that the circles described about the 
triangles ABC ^xA ADEYi^y^ a common tangent. 

296. If the inscribed and circumscribed circles of a 
triangle be concentric, shew that the triangle must be 
equilateral. 

297. Shew that if the straight line joining the centres 
of the inscribed and circumscribed circles of a triangle 
passes through one of its angular points, the triangle is 
isosceles. 

298. The common chord of two circles is produced to 
any point P ; PA touches one of the circles at -4, PBG is 
any chord of the other. Shew that the circle which passes 
through A^ B, and C touches the circle to which PA is 
a tangent. 

299. A quadrilateral ABCD is inscribed in a circle, 
and AD^ BU atq produced to meet at E: shew that the 
circle described about the triangle ECD will have the 
tangent at E parallel to AB. 
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300. Describe a circle which shall touch a given stra'.ght 
line, and pass through two given points. 

301. Describe a circle which shall pass through two 
giyen points and cut off from a given straight line a chord 
of given length. 

302. Describe a circle which shall have its centre in a 
given straight line, and cut off from two given straight 
Bnes chords of equal given length. 

303. Two triangles have equal bases and ec^ual vertical 
angles : shew that the radius of the circumscribing circle 
of one triangle is equal to that of the other. 

304. Describe a circle which shall pass through two 
given points, so that the tangent drawn to it from another 
given point may be of a given length. 

305. C is the centre of a circle; CA, CB are two 
radii at right angles; from B any chord BP is drawn 
catting CA at N\ a circle being described round ANP, 
shew that it will be touched by BA, 

306. AB and CD are parallel sti^aight lines, and tho 
straight lines which join their extremities intersect at E\ 
shew that the circles described round the triangles ABE^ 
CDE touch one another. 

307. Find the centre of a circle catting off three equal 
chords from the sides of a triangle. 

308. If be the centre of the circle inscribed in the 
triangle ABCy and ^6> be produced to meet the circum- 
scribed circle at F, shew that FB, FO, and FC are all 
equal. 

309. The opposite sides of a quadrilateral inscribed in 
a circle are produced to meet at JP and Q, and about the 
triangles so formed without the quadrilateral, circles are 
described meeting again at B : shew that P, R, Q are in 
one straight line. 

310. The angle ACB of any triangle is bisected, and 
the base AB is bisected at right angles, by straight lines 
which intersect at D: shew that the angles ACS, ADB 
are together equal to two right angles. 

311. ACDB is a semicircle, AB being the diameter, 
and the two chords ADj BC intersect at E: shew that if 
a circle be described round ODE it will cut the former at 
right angles. 

Digitized by LjOOQIC 



368 EXERCISES IN EUCLID. 

312. The diagonals of a given quadrilateral ABCD 
intersect at O: shew that the centres of the circles de- 
scribed about the triangles OAB, OBC, OCD, ODA, will 
lie in the angular' points of a parallelogram. 

313. A circle is described round the triangle ABC; 
the tangent at C meets AB produced at D ; the circle 
whose centre is D and radius £>C cuts AB at E: shew 
that EC bisects the angle ACB. 

314. ABfAC&re two straight lines given in position; 
BCis a straight line of given length ; D, E are the middle 
points of ABy AC ; DE, EE sre drawn at right angles to 
AB, ^(7 respectively. Shew that ^^will be constant for 
all positions of BC 

315. A circle is described about an isosceles triangle 
ABC in which AB As equal to AC; from A a strai^t 
line is drawn meeting the base at I> and the circle at E: 
shew that the circle which passes through B, D, and E, 
touches AB, 

316. AC is & chord of a given circle ; B and D are 
two given points in the chord, both within or both without 
the circle: if a circle be described to pass through B and 
D, and touch the given circle, shew that AB and CD 
subtend equal angles at the point of contact 

317. A and B are two points within a circle : find the 
point P in the circumference such that if PAH, PBK be 
drawn meeting the circle at EL and K^ the chord HK shall 
be the greatest possible. 

318. The centre of a given circle is equidistant from 
two given straight lines : describe another circle which shall 
touch these two straight lines and shall cut off from the 
given circle a segment containing an angle equal to a given 
angle. 

319. is the centre of the curcle circumscribing a 
triangle ^jB(7; i>, E, i^the feet of the perpendiculars from 
Ay By Con the opposite sides : shew that OA, OB, OC are 
respectively perpendicular to EEy FDy DE, 

320. If from any point in the circumference of a given 
circle straight lines be drawn to the four angular points 
of an inscribed square, the sum of the squares on the four 
straight lines is double the square on the diameter. 
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321. Shew that no rectangle except a square can be 
described about a circle. 

322. Describe a circle about a given rectangle. 

323. If tangents be drawn through the extremities of 
two diameters of a circle the parallelogram thus formed 
will bo a rhombus. 



IV. 10. 

324. Shew that the ande ACD in the figure of IV. 10 
18 equal to three times the angle at the vertex of the 
triangle. 

325. Shew that in the figure of IV. 10 there are two 
triangles which possess the required property: shew that 
there is also an isosceles triangle whose equal angles are 
ejieh one third part of the third angle. 

326. Shew that the base of the triangle in IV. 10 is 
equal to the side of a regular pentagon inscribed in the 
smaller circle of the figure. 

327. On a given straight line as base describe an isos- 
celes triangle having the third angle treble of each of the 
angles at the base. 

328. In the figure of IV. 10 suppose the two circles to 
cut again at E: then DE is equal to DC, 

329. If A be the vertex and BD the base of the con- 
structed triangle in IV. 10, D being one of the two points 
of intersection of the two circles employed in the construc- 
tion, and E the other, and ^4^ bo drawn meeting BD pro- 
duced at Gj shew that GAB is another isosceles triangle 
of the same kind. 

330. In the figure of IV. 10 if the two equal chords 
of the smaller circle be produced to cut the larger, and 
these points of section be joined, another triangle will be 
formed having the property required by the proposition. 

331. In the figure of IV. 10 suppose the two circles to 
cut again at E ; join AE, CE, and produce AE, BD to 
meet at G : then CDGE is a parallelogram. 

332. Shew that the smaller of the two circles employed 
in the figure of IV. 10 is equal to the circle described 
round the required triangle. 

24 
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333. In the figure of IV. 10 if AF be the diameter of 
the smaller circle, DF is equal to a radius of the circle 
which circumscribes the triangle ^C7>. 



IV. 11 to 16. 

334. The straight lines which connect the angular 
points of a regular pentagon which are not adjacent inter- 
sect at the angular points of another regular pentagon. 

335. ABCDE is a regular pentagon; join AG and 
BE, and let BE meet ACa.t F; shew that ACia equal to 
the sum of ^^ and BF. 

336. Shew that each of the triangles made by joining 
the extremities of adjoining sides of a regular pentagon is 
less than a third and greater than a fourth of the whole 
area of the pentagon. 

337. Shew how to derive a regular hexagon from an ' 
equilateral triangle inscribed in a circle, and from the con- 
struction shew that the side of the hexagon equals the 
radius of the circle, and that the hexagon is doable of the 
triangle. 

338. In a given circle inscribe a triangle whose angles 
are as the numbers 2, 5, 8. 

339. If ABCDEF is a regular hexagon, and AC, BD, 
CE^ DF^ EA, FB be joined, another hexagon is formed 
whose area is one third of that of the former. 

340. Any equilateral figure which is inscribed in a | 
circle is also equiangular. ' 



VI. 1,2. 

341. Shew that one of the triangles in the figure of 
IV. 10 is a mean proportional between the other two. 

342. Through 2>, any point in the base of a triangle 
ABC, straight lines DE, DF are drawn parallel to Sie 
sides AB^ AC, and meeting the sides at E,F\ shew that 
the triangle AEF is a mean proportionai 1>Btween the tri- 
angles FED, EDC. 
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343. Perpendiculars are drawn from any point within 
an e(|uilateral triangle on the three sides : shew that their 
sum 18 invariable. 

344. Find a point within a triangle such that if straight 
lines be drawn from it to the three angular points the tri- 
angle will be divided into three equal triangles. 

345. From a point E in the common base of two tri- 
aisles ACB, ADB, straight lines are drawn parallel to 
AC, AD, meeting BC, BD at /l G' : shew that FG is par- 
allel to CD, 

346. From any point in the base of a triangle straight 
lines are drawn parallel to the sides : shew that the inter* 
section of the diagonals of every parallelogrsun so formed 
lies in a certain straight line. 

347. In a triangle ^^(7 a straight line^2> is drawn 
perpendicular to the straight line BD which bisects the 
angle B : shew that a straight line drawn from D parallel 
tojG?(7w;ilbisect^(7. 

348. ABC is a triangle ; any straight line parallel to 
B€ meets -4^ at 2> and ^ (7 at ^ ; join BE and CD meet- 
ing at F: shew that the triangle ADF is equal to the 
triangle AEF. 

349. ABC is a triangle; any straight line parallel to 
BC meets AB at D and ACsktE; join BE and CD meet- 
ing at F: shew that if A F he produced it will bisect BC. 

350. If two sides of a quadrilateral figure be parallel 
to each other, any straight line drawn parsdlel te them will 
cut the other sides^ or those sides produced, proportion- 
ally. 

351. ABC is a triangle ; it is required to draw from 
a given point P, in the side AB, orAB produced, a straight 
line to ACy or AC produced, so that it may be bisected by 
BC. 



VI. 3, A. 

352. The side BC of a triangle A BC is bisected at 2>, 
and the angles ADB, ADC are bisected 1^ the straight 
lines DE, DF, meeting AB, AC &t E, F respectively : 
shew that EF is parallel to BC. 

353. AB is a diameter of a circle, CD is a chord at 
right angles to it, and E is any point in CD ; AE and BE 

24—2 
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are drawn and produced to cut the circle at F and Gi 
shew that the quadrilateral CFDG has any two of its 
adjacent sides in the same ratio as the remaining two. 

354. Apply YI. 3 to solve the problem of the trisec- 
tion of a finite straight line. 

355. In the circumference of the circle of which AB is 
a diameter, take any point P; and draw PC, PD on 
opposite sides of AP^ and equally inclined to it, meeting 
AB at Cand D : shew that AG\a to 5(7 as AD is to BD. 

356. AB \&9k straight line, and D is any point in it : 
determine a point P'waAB produced such that P^ is to 
PB as i>^ is to DB, 

357. From the same point A straight lines are drawn 
making the angles BAC^ VAD, DAE each equal to half a 
right angle, and they are cut by a straight line BCDE, 
which makes BAE an isosceles triangle : shew that BCw 
DE is a mean proportional between BE and CD. 

358. The angle -4 of a triangle ABC is bisected by 
AD which cuts the base at />, and O is the middle point 
of BC: shew that OD bears the same ratio to OB that the 
difference of the sides bears to thdr sum. 

359. AD and AE bisect the interior and exterior 
angles at ^ of a triangle ABC, and meet the base at 
D and JS; and O is the middle point of BC\ shew that 
OB is a mean proportional between OD and OE, 

360. Three points D, E, F in the sides of a triangle 
^56^ being joined form a second triangle, such that any 
two sides make equal angles with the side of the former at 
which they meet: shew that AD, BE, CF are at right \ 
angles to BC, CA, AB respectively. J 



VI. 4 to 6. 

361. If two triangles be on equal bases and betweeA 
the same parallels, any straight line parallel to their base* 
will cut off squal areas from the two triangles. ^ 

362. ABand CD are two parallel straight lines ; E ii 
the middle point of CD ; AC and BE meet at F, and At 
and BD meet at G : shew that FG is parallel to AB, 

363. AjB, C are three fixed points in a straight Imej 
any straight line is drafwn through C; shew that the pef 
^^endioulars on it from A and B are in a constant ratio. 
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364. If the perpendiculars from two fixed points on a 
straight line passing between them be in a given ratio, the 
straight line must pass through a third fixed point. 

365. Find a straight line such that the perpendiculars 
on it from three giyen points shall be in a given ratio to 
each other. 

366. Through a given point draw a straight line, so 
that the parts of it intercepted between that point and 
perpendiculars drawn to the straight line from two other 
given points may have a given ratio. * 

367. A tangent to a circle at the point A intersects 
two parallel tangents at B, C, the points of contact of 
which with the circle are i>, E respectively ; and BE, CD 
intersect at Fx shew that AF i& parallel to the tangents 
BD.CE. 

368. P and Q are fixed points ; AB and CD are fixed 
parallel straight lines ; any straight line is drawn from P 
to meet AB at M, and a straight line is drawn from Q 

Parallel to PM meeting CD at N : shew that the ratio of 
' Jf to QN is constant, and thence shew that the straight 
line through M and iV passes through a fixed i)oint 

369. Shew that the diagonals of a quadrilateral, two 
of whose sides are parallel and one of them double of tha 
other, cut one another at a point of trisection. 

370. A and B are two points on the circumference of a 
circle of which C is the centre ; draw tangents at A and B 
meeting at T; and from A draw AN perpendicular to 
CB : shew that BTia to BCmBNib to NA. 

371. In the sides AB, ^C of a triangle ABC are 
taken two points Z>, E, such that BD is equal to CE; 
DEy BC are produced to meet at F\ shew that AB is to 
ACdi&EF\%XjoDF, 

372. If through the vertex and the extremities of the 
base of a triangle two circles be described intersecting 
each other in the base or base produced, their diameters 
are proportional to the sides of the triangle. 

373. Find a point the perpendiculars from which on 
the sides of a given triangle shall be in a given ratio. 

374. On ABj AC, two adjacent sides of a rectangle, 
two similar triangles are constructed, and perpendiculars 
are drawn to AB, AC irom the angles which they subtend, 
intersecting at the point P. If AB, AC hQ homologous 
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ffldeii, shew that P is in all cases in one of the diagonals of 
the rectangle. 

375. in the figure of I. 43 shew that if EG and FH 
be produced they will meet (mAC produced. 

376. APB and CQD are parallel siiuight lines, and 
AP is to P^ as i>Q is to QC\ shew that the. straight 
lines PQ, AC, BDy produced if necessary, will meet at a 

Soint : shew also that the straight lines PQ, AD^ BC, pim- 
uced if necessary, will meet at a point. 

377. ACB is a triangle, and the side AG \» produced 
to i> so that CD is etjual U> AC, and BD is joined : if any 
straight line drawn parallel U> AB cuts the sides AG, GB, 
and from the points of section straight lines be drawn 
parallel to DB, shew that these straight lines will meet 
AB at points equidistant from its extremities. 

378. if a circle be described touching externally two 
given circles, the straight line passing through the points 
of contact will intersect the straight line passing through 
the centres of the given circles at a fixed point. 

379. D is the middle point of the side BG of a tri- 
angle ABCy and P is any point in AD ; through P the 
straight lines BPE, CPF are drawn meeting the other 
sides at ^, P: shew that i^Pis parallel to BG. 

380. AB is the diameter of a circle, E the middle 
point of the radius OB ; on AE, EB as diameters circles 
are described ; PQL is a common tangent meeting the 
circles at P and Q, and AB produced at L : shew that 
BL is equal to the radius of the smaller circle. 

381. ABCDE is a regular pentagon, and AD^ BE 
Intersect at O : shew that a side of the pentagon is a mean 
proportional between AG and AD, 

382. ABCD is a parallelogram ; P and Q are points 
in a straight line parallel to AB ; PA and QB meet at 
Bf and PD and QC meet at S; shew th^t RS is parallel 
to^Z>. 

383. A and B are two given points ; AG hnd BD are 
perpendicular to a given straight line CD ; AD and BC 
intersect at E, and ^Pis perpendicular to CD : shew that 
AF and BF make equal angles with CD. 

384. From the angular points of a parallelogram ABCD 
perpendiculars are drawn on the diagonals meeting them at 
JS; P, Gy H respectively : shew that EFGH is a parallelo- .| 
gram similar to ABCD, 
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385. If at a given point two circles intersect, and their 
centres lie on two fixed straight lines which pass through 
that point, shew that whatever be the magnitude of the 
circles their common tangents will always meet in one (k 
two fixed straight lines which pass through the given point. 



VI. 7 to 18. 

386. If two circles touch each other, and also touch 
a given straight line, the part of the straight line between 
the points of contact is a mean proportional between the 
diameters of the circles. 

387. Divide a given arc of a circle into two parts, so 
that the chords of these parts shall be to each otner in a 
given ratio. 

388. In a g^ven triangle draw a straight line parallel 
to one of the sides, so that it may be a mean proportional 
between the segments of the base. 

389. ABC is a triangle, and a perpendicular is drawn 
from A to the opposite side, meeting iti at D between B 
and C: shew that if -^Z> is a mean proportional between 
BD and CD the angle BACis a right angle. 

390. ABC is a triangle, and a perpendicular is drawn 
from A on the opposite side, meeting it at D between 
B and C: shew that if BA is a mean proportional between 
BD and BC, the angle BACis a right angle. 

391. (7 is the centre of a circle, and A any point within 
it ; CA is produced through ^ to a point B such that the 
mdius is a mean pro^rtional between CA and CB : shew 
that if P be any pomt on the circumference, the angles 
CPA and CBP are equal. 

392. O is a fixed point in a given straight line OA, 
and a circle of given radius moves so as always to be 
touched by OA ; a tangent OP is drawn from O to the 
circle, and in OP produced PQ is taken a third propor- 
tional to OP and the radius: shew that as the circle 
moves along OA, the point Q will move in a straight 
line. 

393. Two given parallel straight lines touch a circle, 
and SPT is another tangent cutting the two former tan- 
gents at S and T, and meeting the circle at P: shew 
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that the rectangle SP^ PT is constant for all positions 
of P. 

394. Find a point in a side of a triangle, from which 
two straight lines drawn, one to the opposite angle, and the 
other parallel to the base, shall cut ott' towards the yertex 
and towards the base, equal triangles. 

395. ACB is a triangle having a right angle at C-, from 
A a straight line is drawn at right angles to AB, cutting 
BC produced at E ; from B a straight line is drawn at 
right angles to ^^, cutting AG produced at D : shew that 
the triangle ECD is equal to the triangle ACB, 

396. The straight line bisecting the angle ABC of 
the triangle ABC meets the straight lines drawn through 
A and C7, parallel to BC and AB respectively, at E and F\ 
shew that the triangles CBE, ABFsire equal. 

397. Shew that the diagonals of any quadrilateral 
figure inscribed in a circle divide the quadrilateral into 
four triangles which are similar two and two ; and deduce 
the theorem of III. 35. "^ 

398. ABy CD are any two chords of a circle passing 
through a point O ; EF is any chord parallel to OB ; join 
CEy DF meeting AB at the points G and H, and DE, CF 
meeting AB at the points K and L : shew that the rect- 
angle OG, OH is equal to the rectangle OK^ OL. 

399. ABCD is a quadrilateral in a circle; the straight 
Xme&CE, i>-^which bisect the angles ACB, ADB cut BD 
and AC 2X jPand G respectively : shew that EF is to EG 
as JLZ> is to EC. 

400. From an angle of a triangle two straight lines are 
drawn, one to any pomt in the side opposite to the angle, 
and the other to the circumference of the circumscribing 
circle, so as to cut from it a segment containing an angle 
equal to the angle contained by the first drawn line and 
the side which it meets: shew that the rectangle con- 
tained by the sides of the triangle is equal to the rectangle 
contained by the straight lines thus drawn. 

401. The vertical angle C oi2k triangle is bisected by a 
straight line which meets the base at D, and is produced 
to a point E, such that the rectangle contained by CD and 
CE 18 equal to the rectangle contained hj AC and CB\ 
shew that if the base and vertical angle be given, tiie posi- 
tion oiE\& invariable. 
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402. A square is inscribed in a right-angled triangle 
ABCy one side DE of the square coinciding with the hypo- 
tenuse AB of the triangle: shew that the area of the 
square is equal to the rectangle ADy BE, 

403. ABCD is a parallelogram; from B a straight 
line is drawn cutting the diagonal AC 2ki F, the side DC 
at Gy and the side AD produced at E: shew that the 
rectangle EF, FG is equal to the square on BF, 

404. If a straight line drawn from the vertex of an 
isosceles triangle to the base, be produced to meet the 
circumference of a circle described about the triangle, 
the rectangle contained by the whole line so produced, 
and the part of it between the vertex and the base shall 
be equal to the square on either of the equal sides of the 
triangle. 

405. Two straight lines are drawn from a point A to 
touch a circle of which the centre is E\ the points of con- 
tact are joined by a straight line which cxit%EA at H) and 
on HA as diameter a circle is described : shew that the 
straight lines drawn through E to touch this circle will 
meet it on the circumference of the given circle. 



VI. 19 to D. 

406. An isosceles triangle is described having each 
of the angles at the base double of the third angle: if the 
angles at the base be bisected, and the points where the 
hues bisecting them meet the opposite sides be joined, 
the triangle will be divided into two parts in the proportion 
of the base to the side of the triangle. 

407. Any regular' polygon inscribed in a circle is a 
mean proportional between the inscribed and circumscribed 
regular polygons of half the number of sides. 

408. In the figure of VI. 24 shew that EG and KH 
are parallel. 

409. Divide a triangle into two equal parts by a 
straight line at right angles to one of the sides. 

410. Through any point P in the diagonal -4(7 of a 
parallelogram ABCD a straight line is drawn meeting BC 
at E, and -4/> at JP ; and through P another straight lino 
is drawn meeting AB 2Li G, and CD at H : shew that GF 
is parallel to EH, 
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411. Through a given point draw a chord in a given 
circle so that it shall be divided at the piiint in a given 
ratio. 

412. From a point without a circle draw a straight 
line cutting the circle, so that the two segments shall be 
equal to each other. 

413. In the figure of II. 11 shew that four other 
straight lines, besides the given straight line are divided 
in the required manner. 

414. Construct a triangle, having given the base, the 
vertical angle, and the rectangle contained by tlie sides. 

415. A circle is described round an equilateral triangle, 
and from any point in the circumference straight imes 
are drawn to the angular points of the triangle : shew 
that one of these straight lines is equal to the other two 
together. 

416. From the extremities B, C of the base of an 
isosceles triangle ABG^ straight lines are drawn at right 
angles to AB, AC respectively, and intersecting at />: 
shew that the rectangle J9(7, AD\& double of the rectangle 
AB, DB. 

417. ABC is an isosceles triangle, the side AB being 
equal to -46' ; -F is the middle point oiBC; on any straight 
line through A perpendiculars FG and CE are drawn: 
shew that the rectangle AC, EF is equal to the sum of the 
rectangles FC, EG aud FA, FG. 



XI. 1 to 12. 

418. Shew that equal straight lines drawn from a given 
point to a given plane are equally inclined to the plane. 

419. If two straight lines in one plane be equally in- 
clined to another plane, they will be equally inclined to the 
common section of these planes. 

420. From a point A a perpendicular is drawn to a 
plane meeting it at ^ ; from B a perpendicular is drawn 
on a straight line in the plane meeting it at (7: shew that 
ACvA perpendicular to the straight line in the plane. 

421. ABC is a triangle ; the perpendiculars from A 
and^ on the opposite sides meet at D\ through D a 
straight line is drawn perpendicular to the plane of the 
triangle, and E is any point in this straight Ime : shew that 
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the straight line joining E to any angular point of the tri- 
angle is at right angles to the straight line drawn through 
that angular point parallel to the opposite side of the tri- 
angle. 

422. Straight lines are drawn from two given points 
without a given plane meeting each other in that plane : 
find when their sum is the least possible. 

423. Three straight lines not in the same plane meet 
at a point, and a plane cuts these straight lines at equal 
di^iances from the point of intersection : shew that the 
perpendicular from that point on the plane will meet it at 
the centre of the circle described about the triangle formed 
by the portion of the plane intercepted by the planes pass- 
ing through the straight lines. 

424. Give a geometrical construction for drawing a 
straight line which shall be equally inclined to three 
straight lines meeting at a point. 

426. From a point E draw EC, ED perpendicular to 
two planes CAB, DAB which intersect in AB^ and from 
D draw DF perpendicular to the plane CAB meeting it at 
F: shew that the straight line CF, produced if necessary, 
is perpendicular to AB. 

426. Perpendiculars are drawn from a point to a plane, 
and to a straight line in that plane : shew that the straight 
line joining the feet of the perpendiculars is perpendicular 
to the former straight line. 



XL 13 to 21. 

427. BCD is the common base of two pyramids, whose 
vertices A and J^ lie in a plane passing through BC\ and 
AB, ACsxe respectively perpendicular to the faces BED, 
CED : shew that one of the angles at A together with the 
angles at E make up four right angles. 

428. Within the area of a given triangle is inscribed 
another triangle: shew that the sum of the angles sub- 
tended by the sides of the interior triangle at any point 
not in the plane of the triangles is less than the sum of the 
angles subtended at the same point by the sides of the ex- 
tenor angle. 

429. From the extremities of the two parallel straight 
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lines AB, CD parallel straight lines Aa, Bh, Cc, Dd are 
drawn meeting a plane at a, b, c, d: shew that AB is to 
CD as ab to cd. 

430. Shew that the perpendicular drawn from the ver- 
tex of a regular tetrahedron on the opposite face is three 
times that drawn from its own foot on any of the other faces. 

431. A triangular pyramid stands on an equilateral 
base and the angles at tlie vertex are right angles : shew 
that the sum of the perpendiculars on the faces from any 
point of the base is constant. 

432. Three straight lines not in the same ])lane inter- 
sect at a point, and through tbeir point of intersection 
another straight line is drawn within the solid angle formed 
by them: shew that the angles which this straight line 
makes with the first three are together less than the sum, 
but greater than half the sum, of the angles which the first 
three make with each other. 

433. Three straight lines which do not all lie in one 
plane, are cut in the same ratio by three planes, two of which 
are [Kirallel: shew that the third will be parallel to the 
other two, if its intersections with the three straight lines 
are not all in the same straight line. 

434. Draw two parallel planes, one through one straight 
line, and the other through another straight fine which does 
not meet the former. 

435. If two planes which are not parallel be cut by two 
mraJlel planes, the lines of section of the first two by the 
Last two vnll contain equal angles. 

436. From a point A in one of two planes are drawn 
AB Sit right angles to the first plane, and ^(7 perpendicular 
to the second plane, and meeting the second plane Skt B,0: 
shew that BC is perpendicular to the line of intersection of 
the two planes. 

437. Polygons formed by cutting a prism by parallel 
planes are equal. 

438. Polygons formed by cutting a pyramid by parallel 
planes are similar. 

439. The straight line PBbp cuts two parallel planes 
at B, b, and the points P, p are equidistant from the planes ; 
JPAay pcC are other straight lines drawn from P, p to cut 
the planes : shew that the triangles ABC, dbc are equal. 

440. Perpendiculars AE, BF are drawn to a plane 
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from two points A, B above it ; a plane is drawn through 
A perpndicidar io AB-. shew that its line of intersection 
with the given plane is perpendicular to EF. 



I. 1 to 48. 

441. ABC is a triangle, and P is any point within it: 
shew that the sum of PA^ PB, PC is less than the sum of 
the sides of the triangle. 

442. From the centres A and B of two circles parallel 
radii AP, BQ are drawn ; the straight line PQ meets the 
circumferences again at It and S: shew that AB is parallel 
to BS. 

443. If any point be taken within a parallelogram the 
sum of the triangles formed by joining the point with the 
extremities of a pair of opposite sides is half the parallelo- 
gram. 

444. If a quadrilateral figure be bisected by one dia- 
gonal the second diagonal is bisected by the first. 

445. Any' quadrilateral figure which is bisected bv 
both of its diagonals is a parallelogram. 

446. In the figure of I. 6 if the equal sides of the tri- 
angle be produced upwards through the vertex, instead of 
downwards through the base, a demonstration of I. 15 may 
be obtained without assuming any proposition beyond I. 5. 

447. -4 is a given point, and ^5 is a given point' in a 
given straight line: it is required to draw from A to the 
given straight linc^ a straight line APj such that the sum 
ofAP and PB may be equal to a given length. 
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448. Shew that by superpositiun the first case of I. 26 
may be immediately demonstrated, and also the second 
case with the aid of 1. 16. 

449. A straight line is drawn terminated by one of the 
sides of an isosceles triangle, and by the other side pro- 
duced, and bisected by the base : shew that the straight 
lines thus intercepted between the vertex of the isosceles 
triangle and this straight line, are together equal to the 
two equal sides of the triangle. 

450. Through the middle point M of the base BC of a 
triangle a straight line DME is drawn, so as to cut o£r 
equal parts from tiie sides AB^ AC, produced if necessary: 
shew that BD is equal to CE, 

451. Of all parallelograms which can be formed with 
diameters of given lengths the rhombus is the greatest 

452. Shew from I. 18 and I. 32 that if the hypote- 
nuse JSG of a right-angled triangle ABC be bisected at 2>, 
then ADy BD, CD are all equal. 

453. If two equal. straight lines intersect each other 
any where at right angles, the quadrilateral formed by 
joining their extremities is equal to half the square ou 
either straight line. 

454. Inscribe a parallelogram in a given triangle, in 
such a manner that its diagonals shall intersect at a given 
point within the triangle. 

455. Construct a triangle of given area, and having two 
of its sides of given lengths. 

456. Construct a triangle, having given the base, the 
difference of the sides, and the difference of the angles at 
the base. 

457. AB, AC are two givdb straight lines: it is re- 
quired to find ilk AB ?k point P, such that if PQ be drawn 
perpendicular U> AC, the sum of AP and AQ may be equal 
to a given straij^ht line. 

458. The distance of the vertex of a triangle from the 
bisection of its base, is equal to, greater than, or less tlian 
half of the base, according as the vertical angle is a right, 
an acute, or an obtuse angle. 

459. If in the sides of a given square, at equal distances 
from the four angular points, four other points be taken, 
one on each side, the figure contained by the straight lines 
which join them, shall also be a square. 
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460. On a given straight line as base, construct a tri- 
angle, having given the difference of the sides and a point 
through which one of the sides is to pass. 

461. ABC is a triangle in which BA is greater than 
CA ; the angle A is bisected by a straight line which meets 
BC at D\ shew that BD is greater than CD. 

462. If one angle of a triangle be triple another the 
triangle may be divided into two isosceles triangles. 

463. If one angle of a triangle be double another, an 
isosceles triangle ma^ be added to it so as to form toge- 
ther with it a single isosceles triangia 

464. Let one of the equal sides of an isosceles triangle 
be bisected at D, and let it also be doubled by being pro- 
duced through the extremity of the base to E, then the 
distance of the other extremity of the base from E is double 
its distance from D. 

465. Determine the locus of a point whose distance 
from one given point is double its distance from another 
given point. 

466. A straight line ^^ is bisected at (7, and on AC 
and CB as diagonals any two parallelograms ADCE and 
CFBG are described; let the parallelogram whose adja- 
cent sides are CD and CF be completed, and also that 
whose adjacent sides are CE and CG : shew that the diago- 
nals of these latter parallelograms are in the same straight 
line. 

467. ABCD is a rectangle of which A, C are opposite 
angles ; E is any point in BC and F is any point in CD : 
shew that twice the area of the triangle AEF, together 
with the rectangle BE, DF is equal to the rectangle 
ABCD. 

468. ABC, DBCare two tiiangles on the same base, 
and ABC has the side AB equal to the side AC; & circle 
passing through C and D has its centre E on CA, produced 
if necessary; a circle passing through B and D has its 
centre F on BA, produced if necessary : shew that the 
quadrilateral AEDF has the sum of two of its sides equal 
to the sum of the other two. 

469. Two straight lines AB^ AC axe given in position : 
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it is required to find in AB a point P, such that a perpen- 
dicular being drawn from it \jo AC, the straight line AP 
may exceed this perpendicular by a proposed length. 

470. Shew that the opposite sides of any equiangular 
hexagon are parallel,and that any two sides which are adjacent 
are together equal to the two to which they are parallel. 

471. From D and E, the comers of the square EDEC 
described on the hyiwtenuse BC of a right-angled triangle 
ABC, perpendiculars DM, EN are let fall on AC^ AB 
respectively; shew that AM is equal to AB, and AN 
equal io AC 

472. AB and AC are two given straight lines, and 
P is a given point : it is required to draw through P a 
straight line which shall form with AB and AC the least 
possible triangle. 

473. ABC is a triangle in which C is a right angle : 
shew how to draw a straight line parallel to a given straight 
line, so as to be terminated by CA and CB, and bisected 
by ^2?. 

474. ABC is an isosceles triangle having the an^le at 
B four times either of the other angles ; AB is produced 
to /> so that BD is equal to twice AB, and CD is joined : 
shew that the triangles ACD and ABC are equiangular to 
one another. 

475. Through a point ^within a parallelogram ABCD 
straight lines are drawn parallel to the sides : shew that 
the difiference of the parallelograms of which KA and KC 
are diagonals is equal to twice the triangle BKD, 

476. Construct a right-angled triangle, having given 
one side and the difference between the other side and the 
hypotenuse. 

477. The straight lines AD, BE bisecting the sides 
BC, AC of 2k triangle intersect at G: shew that AG \& 
double of GD. 

478. BACiB a right-angled triangle; one straight line 
is drawn bisecting the right angle A, and another bisecting 
the base BC at right angles ; these straight lines intersect 
at E: \i D be the middle point of BC, shew that DE is 
equal to DA. 

479. On AC the diagonal of a square ABCD, a rhom- 
bus AEFC is described of the same area as the square, 

Digitized by LjOOQIC 



EXERCISES IN EUCLID. 385 

ftnd having its acute angle at ^ : if AF be joined, shew 
that the angle BACis divided into three equal angles. 

480. ABf AC are two fixed straight lines at right 
angles ; £> is any point in AB, and ^is any point in AC; 
on DE as diagonal a half square is described with its 
vertex at G : shew that the locus of G is the straight line , 
which bisects the angle BAC. 

481. Shew that a square is greater than any other par* 
allelogram of the same perimeter. 

482. Inscribe a square of given magnitude in a given 
square. 

483. ABC is a triangle ; ^2> is a third of AB^ and 
AE is a third o{ AC; CD and BE intersect at F: shew 
that the triangle BFC is half the triangle BAC, and that 
the quadrilateral ADFE is equal to either of the triangles 
CFE or BDF. 

484. ABC is a triangle, having the angle C a right 
angle; the angle A is bisected by a straight line which 
meets BC at D, and the angle B is bisected by a straight 
line which meets AC at ^; AD and BE intersect at O : 
shew that the triangle AOB is half the quadrilateral 
ABDE. 

485. Shew that a scalene triangle cannot be divided 
by a straight line into two parts which will coincide. 

486. ABCDy ACED are parallelograms on equal bases 
BCj CE, and between the same parallels AD, BE ; the 
straight lines BD and AE intersect at F\ shew that BF 
is equal to twice DF, 

487. Parallelograms AFGC, CBKH are described on 
AC, BC outside the triangle ABC ; FG and KH meet at 
Z\ ZC is joined, and through A and B straight lines AD 
and BE £ii*e drawn, both parallel to ZC, and meeting FG 
and KH at D and E respectively : shew that the figure 
ADEB is a parallelogram, and that it is equal to the sum 
of the parallelograms FC, CK, 

488. If a quadrilateral have two of its sides parallel 
shew that the straight line drawn parallel to these sides 
through the intersection of the diagonals is bisected at that 
point. 

489. Two triangles are on equal bases and between 
tho same parallels : shew that the sides of the triangles in- 
tercei)t equal lengths of any straight line which is parallel 
to their bases. 
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490. In a right-angled triangle, right-angled at ^, if 
the side ulC be double of the side Aby the angle B is more 
than double of the angle C, 

491. Trisect a parallelogram by straight lines drawn 
through one of its angular points. 

492. AHK is an e(][uilateral triangle ; ABCD is a 
rhcHnbus, a side of which is equal to a side of the triangle, 
and the sides BC and CD of which pass through H and 
f^respectiyely : shew that the angle A of the rhombus is 
ten-ninths of a right angle. 

493. Trisect a given triangle by straight lines drawn 
from a given point in one of its sides. 

494. In the figure of I. 35 if two diagonals be drawn 
to the two paraUelograms respectively, one from each ex- 
tremity of the base, and the mtersection of the diagonals be 
Joined with the intersection of the sides (or sides produced) 
in the figure, shew that the joining straight line will bisect 
the base. 

II. ltol4. 

495. Produce one side of a given triangle so that the 
rectangle contained by this side and the produced part 
may be equal to the difference of the squares on the other 
two sides. 

496. Produce a given straight line so that the sum of 
the squares on the given straight line and on the part 
produced may be equal to twice the rectangle contained by 
the whole straight line thus produced and the part pro- 
duced. 

497. Produce a given straight line so that the sum of 
the squares on the given straight line and on the whole 
straight line thus produced may be equal to twice tiie 
rectangle contained by the whole straight line thus pro- 
duced and the part i>roduoed. 

498. Produce a given straight line so that tiie rectangle 
contained by the whole straight line thus produced and the 
part produced may be equid to the square on the given 
straight line. 

499. Describe an isosceles obtuse-angled triangle such 
that the square on the largest side may oe equal to tibree 
times the square on either of the equal sides. 

50a Find the obtuse angle of a triangle when the 
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square on. the side opposite to the obtuse angle is greater 
than the sum of the squares on the sides containing it, by 
the rectangle of the sides. 

501. Construct a rectangle eaual to a given square 
vhen the sum of two adjacent siaes of the rectangle is 
equal to a given quantity. 

502. (>)U8tmct a rectangle equal to a given square 
when the difference of two adjacent sides of the rectangle 
is equal to a given quantity. 

503. The least square which can be inscribed in a 
given square is that which is half of the given square. 

504. Divide a given straight line into two parts so that 
the squares on the whole Ime and on one of the parts 
may be together double of the square on the other part 

505. Two rectangles have equal areas and equal peri- 
meters: shew that they are equal in all respects. 

506. ABCD is a rectangle ; P is a point such that 
the sum of PA and PC is equal to the sum of PB and 
PD : shew that the locus of P consists of the two straight 
lines through the centre of the rectangle parallel to its 
sides. 



IIL lto37. 

507. Describe a circle which shall pass through a given 
point and touch a given straight line at a given point 

508. Describe a circle wmch shall pass through a given . 
point and touch a given circle at a given point 

509. Describe a circle which shall touch a given circle ' 
at a given point and touch a given straight line. 

510. AD, BE are perpendiculars from the angles 
A and i? of a triangle on the opposite sides ; BF is per- 
pendicular to ED or ED produced : shew that the angle 
jFBD is equal to the angle EBA. 

511. If ABC be a triangle, and BE, CF the pmwn- 
diculars from the amgles on the opposite sides, and a the 
middle point of the third side, shew tiiat the angles FEK, 
EFK are each equal to A. 

512. AB is a diameter of a circle ; AC and AD are 
two chords meeting the tangent 2A, B sX E and F re- 
spectively: shew that the angles FCE and FDE are 

**!"*'• 25-2 
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613. Shew that the four straight lines bisecting the 
angles of an^ quadrilateral form a quadrilateral which can 
be inscribed in a circle. 

514. Find the shortest distance between two circles 
which do not meet 

615. Two circles cut one another at a point ^ : it is 
required to draw through A a straight line so that the 
extreme length of it intercepted by the two circles may be 
equal to that of a giren straight line. 

516. If a polygon of an even number of sides be in- 
scribed in a circle, the sum of the alternate angles together 
with two right angles is equal to as many right angles 
as the figure has sides. 

517. Draw from a given point in the circumference of a 
circle, a chord which shall be bisected by its point of inter- 
section with a given chord of the circle. 

618. When an equilateral polygon is described about 
a circle it must necessarily be equiangular if the number 
of sides be odd, but not otherwise. 

519. ^^ is the diameter of a circle whose centre is C, 
and DCE is a sector having the arc DE constant ; join 
AE, BD intersecting at P \ shew that the angle AP£ is 
constant. 

520. If any number of triangles on the same base BCy 
and on the same side of it have their vertical angles equal, 
and perpendiculars^ intersecting at jD, be drawn from S 
and V on the opposite sides, find the locus of jD ; and shew 
that all the straight lines which bisect the angle BDC 
pass through the same point. 

521. Let O and C be any fixed points on the circum- 
ference of a circle, and OA any chord; then if ^<7 be 
joined and produced to B^ so that OB is equal to OA^ 
the locus of ^ is an equal circle. 

522. From any point P in the diagonal BD of a 
parallelogram ABGD, straight lines PE, PF, PG, PH 
are drawn perpendicidar to the sides AB^ BCy CDy DA : 
shew that EFv& parallel to GH. 

523. Through any fixed point of a chord of a circle 
other chords are drawn ; shew that the straight lines from 
the middle point of the first chord to the middle points of 
the o^ers will meet them all at the same angle. 

524. ABC is a straight line, divided at any point S 
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into two parts; ADB and CDB are similar segments of 
circles, having the common chord BD ; CD and AD are 
produced to meet the circumferences at M^ and E respec- 
tively, and AF, CE, BF, BE are joined: shew that ABF 
and QBE are isosceles triangles, equiangular to ono an- 
other. 

525. If the centres of two circles which touch each 
other externally be fixed, the common tangent of those 
circles will touch another circle of which the straight line 
joining the fixed centres is the diameter. 

526. ^ is a giyen i>oint : it is rec^uired to draw from 
A two straight lines which shall contam a given angle and 
intercept on a given straight line a part of given length. 

527. A straight line and two circles are given: find 
the point in the straight line from which the tangents 
drawn to the circles are of equal length. 

528. In a circle two chords of given length are drawn 
80 as not to intersect, and one of them is fixed in position ; 
the opposite extremities of the chords are joined by 
straight lines intersecting within the circle : shew that the 
locus of the point of intersection will be a portion of the 
circumference of a circle, passing through the extremities 
of the fixed chord. 

529. A and B are the centres of two circles which 
tottch internally at (7, and also touch a third circle, whose 
centre is D, externally and internally respectively at 
E and F\ shew that the angle ADB is double of the 
angle ECF, 

530. C is the centre of a circle, and CP is a perpen- 
dicular on a chord APB \ shew that the sum of CP and 
AP is greatest when CP is equal to AP, 

531. AB, BC, CD are three adjacent sides of any 

Eolygon inscribed in a circle; the arcs AB, BC, CD are 
isected at L,M,N\ and LM cuts BA, BC respectively 
at P and Q : shew that BPQ is an isosceles triangle ; and 
that the angles ABC, BCD are together double of the 
angle LMN. 

532. In the circumference of a given circle determine 
a point so situated that if chords be drawn to it from 
the extremities of a given chord of the circle their diflfer- 
cnce shall be equal to a given straight line less than the 
given chord. 

533. Construct a triangle, having given the sum of the 
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sides, the difference of the segments of the base made by 
the perpendicular from the vertex, and the difftraienoe of 
the base angles.. 

534. On a straight line AB as base, and on the 
same side of it are described two segments of drcles; 
P is any point in the circumference of one of the seg- 
ments, and the straight line BP cuts the circumference of 
the other segment at Q : shew that the angle PAQ is 
equal to the angle between the tangents at A. 

535. AKL is a fixed straight line cutting a giren 
drcle at K and L ; APQ, ARS are two other straight 
lines making equal angles with AKL, and cutting the 
circle at P, Q and R, S: shew that whatever be the posi- 
tion of APQ and ARS, the straight line joining the mid- 
dle points of PQ and RS always remains parallef to itself 

536. If about a quadrilateral another quadrilateral 
can be described such that every two of its a<\jacent sides 
are equally inclined to that side of the former quadrilateral 
which meets them both, then a circle may be described 
about the former quadrilateral. 

537. Two circles touch one another internally at the 
point A : it is required to draw from A a straight line 
such that the part of it between the circles may be equal 
to a given straight line^ which is not greater than the 
difference between the diameters of the circles. 

' 538. ABGD is a parallelogram ; AE is at right angles 
to AB, and CE is at right angles to CB : shew that ED, if 
produced, will cut AC2A, right anglesw 

539. From each angular point of a triangle a perpen- 
dicular is let fall on the opposite side: shew that the rect- 
angles contained by the segments into which each perpen- 
dicular is divided by the point of intersection of the three 
are equal to each other. 

540. The two angles at the base of a triansle are 
bisected by two straight lines on which perpendicukrs are 
drawn from the vertex : shew that the straight line which 
passes through the feet of these peri)endicular8 will be 
parallel to the base and will bisect the sides. 

541. In a ^ven circle inscribe a rectangle equal to a 
given rectilineal figure. 

542. In an acute-angled triangle ABC perpendiculars 
AD, BE are let fall on BC, CA respective^jr ; drdee 
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described on AC, BG as diameters meet BE, AD respec- 
tively at F, O and H, K: shew that F, G, U, K lie on the 
circumference of a circle. 

643. Two diameters in a circle are at right angles; 
from tiieir extremities four parallel straight lines are 
drawn; shew that they divide the circumference into four 
equal parts. 

544. J? is the middle point of a semicircular bto AEB, 
and CDE is any chord cutting the diameter at D, and the 
circle at C: shew that the square on CE is twice the quad- 
rilateral AEBC 

645. AB is a fixed chord of a circle, ^C7 is a move- 
able chord of the same circle; a parallelogram is described 
of which AB and AC are adjacent sides: find the locus of 
the middle points of the diagonals of the parallelograuL 

646. AB is a fixed chord of a circle, ACia& moveable 
chord of the same circle ; a parallelogram is described of 
which AB and ^C7 are adjacent sides: determine the 
greatest possible length of the diagonal drawn through A, 

647. If two equal circles be placed at such a distance 
apart Uiat the tangent drawn to either of them from the 
centre of the other is equal to a diameter, shew that they 
will have a common tangent equal to the radius. 

548. Find a point in a given circle from which if two 
tangents be drawn to an equal circle, given in position, the 
chord joining the points of contact is equal to the chord 
of the first circle formed by joining the points of inter- 
section of the two tangents produced; and determine the 
limit to the possibility of the problem. 

649. ^^ is a diameter of a circle, and AF is any 
chord; C is any point in AB, and through C a straight 
line is drawn at right angles to AB, meeting AF, pro- 
duced if necessary at G, and meeting the circumference at 
D: shew that the rectangle FA, AG, and the rectangle 
BA, AC, and the square on AD are all equal 

650. Construct a triangle, having given the base, the 
vertical angle, and the length of the straight line drawn 
from the vertex to the base bisecting the vertical angle. 

661. A, B, C are three given points in the circumfer- 
ence of a given circle : find a point P such that if AP, 
JSP, CP meet the circumference at D, E, F respectively, 
the arcs DE, EF may be equal to given arcs. 
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552. Find the point in the circumferenoe of a giTen 
circle, the sum of whose distances from two given btraigfat 
lines at right angles to each other, which do not cut tho 
circle, is the greatest or least possible. 

553. On the sides of a triangle segments of a circle are 
described internally, each containing an angle equal to the 
excess of two right angles aboye the opposite angle of the 
triangle : shew diat the radii of the circles are equal, that 
the circles all pass through one point, and that their chords 
of intersection are respectiyely perpendicular to the oppo- 
site sides of the triangle. 



IV. 1 to 16. 

554. From the angles of a triangle ABC perpendi- 
culars are drawn to the opposite sides meeting them at 
/>, E, F respectively : shew that DE and DF are equaUy 
inclined \^ AD, 

555. The points of contact of the inscribed drde 
of a triangle are joined ; and from the angular points of 
the triangle so formed perpendiculars are drawn to the 
opposite sides : shew that the triangle of which the feet of 
these perpendiculars are the angular points has its sides 
parallel to the sides of the origin^ triangle. 

556. Construct a triangle having given an angle and 
the radii of the inscribed and circumscribed circles. 

557. Triangles are constructed on the same base with 
equal vertical angles ; shew that the locus of the centres of 
the escribed circles, each of which touches one of the sides 
externally and the other side and base produced, is an 
arc of a circle, the centre of which is on the circumference 
of the circle circumscribing the triangles. 

558. From the angular points A^ B, C oi o. triangle 
perpendiculars are drawn on the opposite sides, and ter- 
minated at the points D, E, F on the circumference of the 
circumscribing circle : if Z be the point of intersection of 
the perpendiculars, shew that LD^ LE, LF are bisected 
by the sides of the triangle. 
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VI. ItoD. 

579. AB is a diameter, and P aaj point in the circum- 
ference of a circle; AP and BP are jomed and produced 
if necessary ; from any point C in AB a straight line is 
drawn at right angles to AB meeting AP at B and BP 
at Ef and the drcumferenoe of the circle at F: shew that 
CD is a third proportional to CE and CF, 

580. A, Sj Cstre three points in a straie^ht line, and D 
a pomt at which AB and BC subtend equal andes : shew 
that the locus of 2> is the circumference of a circle. 

581. If a straight line be drawn from one comer of a 
square cuttine off one-fourth from the diagonal it will cut 
on one-third m)m a side. Also if straight lines be drawn 
similarly from the other comers so as to lorm a square, this 
square will be two-fifths of the original square. 

682. The sides AB^AG of a given triangle ABC are 

§ reduced to any points x), E^ so that DE is parallel to BC, 
'he straight line DE is divided at jP so that DF is to FE 
as BD is to CE\ shew that the locus of ^ is a straight 
line. 

583. A^ B^ (7 are three points in order in a straight 
line : find a point P in the straight line so that PB may be 
a mean proportional between PA and PC, 

584. A^ B are two fixed points on the circumference 
of a given circle, and P is a moveable point on the circum- 
ference; on PB is taken a point D such that PD is to 
PA in a constant ratio, and on PA is taken a point E 
such that PE is to PB in the same ratio : shew tnat DE 
always touches a fixed circle. 

585. ABC is an isosceles triangle, the angle at A being 
four times either of the others : shew that if BC be bisected 
at D and E^ the triangle ADE is equilateral. 

586. Perpendiculars are let fall from two opposite 
angles of a rectangle on a diagonal: shew that they will 
divide the diagonal into equal parts, if the square on one 
side of the rectande be double that on the other. 

587. A straight line AB is divided into any two parts ' 
at (7, and on the whole straight line and on the two parts 
of it equilateral triangles ADB^ ACEy BCF are de- 
scribed, tiie two latter being on the same side of tibe straight 
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line, and the former on the opposite side ; O, Hy K^re the 
centres of the circles inscribed in these triangles : shew 
that the angles AGH, BGKbxq respectively equal to the 
angles ADCy BDG, and that 6^^ is equal to GK, 

588. On the two sides of a right-angled triangle squares 
are described : shew that the straight lines joining the 
acute angles of the triangle and the opposite aisles oS the 
squares cut off equal segments from the sides, and that 
each of these equal segments is a mean proportional be- 
tween the remaining segments. 

589. Two straight lines and a point between them are 
given in position : draw two straight lines from tiie given 
point to terminate in the given straight lines, so that they 
shall contain a given angle and have a given ratio. 

590. With a point A in the circumference of a circle 
ABC as centre, a circle PBC is described cutting the 
former circle at the points B and C ; any chord AD of tlie 
former meets the common chord BC at E, and the circum- 
ference of the other circle at 0: shew that the angles 
EPO and DPO are equal for all positions of P. 

591. ABGy ABF are triangles on the same base in the 
ratio of two to one ; AF and BF produced meet the sides 
at D and E ; in FB a part FG is cut off equal to FE, and 
BG is bisected at : shew that BO ia to BE 3b DFia to 
DA, 

592. A is the centre of a circle, and another circle 
passes throug^h A and cuts the former at B and C; ADis 
a chord of the latter circle meeting BG at E, and from D 
are drawn DF and DG tangents to the former cuxle : shew 
that Gy E, F lie on one straight line. 

593. In AB, AC, two sides of a triangle, are taken 
pints />, E; AB, AG are produced to F, G such that BF 
IS equal to AD, and GG equal to AE; BG, GFare joined 
meeting at H: shew that tlie triangle FHG is equal to the 
triangles BHG, ADE together. 

694. In any triangle ABC if BD be taken equal to 
one-fourth of BG, and GE one-fourth of AG, the straight 
line drawn from G through the intersection of BE void 
AD will divide AB into two parts, which are in the ratio of 
nine to ona 

595. Any rectilineal figure is inscribed in a circle: 
shew that by bisecting the arcs and drawing tangents to 
the points of bisection parallel to the sides of the recti- 
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lineal figure, we can form a similar rectilineal figure dr- 
emnscnbing the circle. 

696. Find a mean proportional between two similar 
right-angled triangles which have one of the sides contain- 
ing the right angle common. 

697. In the sides AC, EC of a triangle ABC points 
D and E are taken, such that CD and CE are respectively 
the third parts oi AC and BC\ BD and AE are drawn 
intersecting at : shew that EG and DO are respectiyely 
the-fourth parts of AE and BD. 

698. uk, CB are diameters of two circles which touch 
each other externally at O; a chord AD of the former 
circle, when produced, touches the latter at E, while a 
chord BF of the latter, when produced, touches the former 
at G\ shew that the rectangle contained by ^2> and BF 
is four times that contained by DE and FG, 

699. Two circles intersect at A, and BAG is drawn 
meeting them at B and G\ with B, C 2& centres are de- 
scribed two circles each of which intersects one of the 
former at right angles: shew that these circles and the 
circle whose diameter is BC meet at a point. 

600. ABCDEF is a regular hexagon : shew that BF 
divides -4Z> in the ratio of one to three. 

601. ABC, DEF are triangles, having the angle A equal 
to the angle 2); and AB is equal to DF\ shew that the 
areas of the triangles are as u4(? to DE, 

602. If Jf, N be the points at which the inscribed and 
an escribed circle touch the side ^(7 of a triangle ABC; 
shew that if BM be produced to cut the escribed circle 
again at P, then NP is a diameter. 

603. The angle u4 of a triangle ABC is a right angle, 
and D is the foot of the perpendicular from A on BC; 
DM, DN are perpendiculars on AB^ AC: shew that the 
angles BMC, BNG are equal. 

604. If from the point of bisection of any given arc of 
a circle two straight lines be drawn, cutting the chord of 
the arc and the circumference, the four points of intersec- 
tion shall also lie in the circuniference of a circle. 

606. The side AB ofsk triangle ABC is touched by the 
inscribed circle at 2). and by the escribed circle at E: 
shew that the rectangle contained by the radii is equal to 
the rectangle AD, DB and to the rectangle AE^ ES, 
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606. Shew that the locus of the middle points of 
straight lines parallel to the base of a triangle and termi- 
nated by its Bides is a straight line. 

607. A parallelogram is inscribed in a triangle, having 
one side on the base of the triangle, and the adjacent sides 
parallel to a fixed direction : shew that the locus of the 
mtersection of the diagonals of the parallelogram is a 
straight line bisecting the base of the triangle. 

608. On a given straight line AB as hypotenuse a 
right-angled triangle is described; and from A and B 
straight lines are drawn to bisect the opposite sides: shew 
that the locus of their intersection is a cmde. 

609. From a given point outride two given Gircles 
which do not meet, draw a straight line sudi that the por- 
tions of it intercepted bj each circle shall be respectivdy 
proportional to their radiL 

610. In a given triangle inscribe a rhombus which 
shall have one of its angular points coincident with a point 
in the base, and a side on that base. 

611. ABC is a triang:le having a right angle at C7; 
ABDE is the square described on the hypotenuse \FyGyH 
are the points of intersection of the diagonals of the squares 
on the hypotenuse and sides : shew that the angles DCEy 
OFH are together equal to a right angle. 



MISCELLANEOUa 

612. O is a fixed point from which any straight line is 
drawn meeting a fixed straight line at i'; in OP a point 
Q is taken such that the rectangle OP, OQ is constant: 
i^ew that the locus of Q is the circumference of a circle. 

613. is a fixed point on the circumference of a dnje, 
from which any straight line is drawn meeting the circum- 
ference at P ; in OP a point Q is taken such that the 
rectangle OP, OQ is constant : shew that the locus of Q is 
a straight line. 

614. The opposite sides of a quadrilateral inscribed in 
a circle when produced meet at P and Q : shew that the 
square on PQ is equal to the sum of the squares on the 
tangents from P ana Q to the circle. 
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615. ABCB is a quadrilateral inscribed in a circle ; 
the opposite sides AB and DC are produced to meet at F\ 
and tne opposite sides BC and AD at E\ shew that the 
circle described on EF as diameter cuts the circle A BCD 
at right angles. 

616. Fro^pi the vertex of a right-angled triangle a 
perpendicular is drawn on the hypotenuse, and from the 
root of this perpendicular another is drawn on each side of 
the triangle : shew that the area of the triangle of which 
these two latter perpendiculars are two of the sides cannot 
be greater than one-fourth of the area of the original 
triangle. 

617. If the extremities of two intersecting straight 
lines be joined so as to form two vertically opposite tri- 
angles, the figure made by connecting the points of bisec- 
tion of the given straight lines, will be a parallelogram 
equal in area to half the difference of the triangles. 

618. ABy AC hXQ two tangents to a circle, touching it 
at B and C; R v& any point in the straight line which 
joins the middle points oi AB and AC\ shew that AR is 
equal to the tangent drawn from R to the circle. 

619. AB, AC B.re two tangents to a circle ; PQ is 
a chord of the circle which, produced if necessary, meets 
the straight line joining the middle points otAB, AC 2A, 
R ; shew that the angles RAP^ AQR are equal to one 
another. 

620. Shew that the four circles each of which passes 
through the middle points of the sides of one of the four 
triangles formed bv two adjacent sides and a diagonal of 
any quadrilateral aU intersect at a point 

621. Perpendiculars are drawn from any point on the 
three straight lines which bisect the angles of an equi- 
lateral triangle : shew that one of them is equal to the sum 
of the other two. 

622. Two circles intersect at A and B, and CBD is 
drawn through B perpendicular to ^i? to meet the circles ; 
through A a straight line is drawn bisecting either the 
interior or exterior angle between -4(7 and AD, and meet- 
ing the circumferences at E and F: shew that the tangents 
to the circumferences at E and F will intersect inAB pro- 
duced. 

623. Divide a triangle by two straight lines into three 
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parte, which, when properly arranged, shall f<»in:a par: 
logram whose angles are of given magnitude. »' 

624. ABCD is a parallelogram, and P is !|tny po: 
shew that the triangle PAC is equal tcr ^ne differc 
of the triangles PAB and PAD, HP is >i •within tho ai 
BAD or that which is vertically opposite -^--i and \ 
the trian^e PAG is equal to the sum of the v^iangles l'^ 
and PAD, iUT P has any other position. 

626. Two cirdes cut each other, and a straight 1 
ABCDE is drawn, which meete one circle at A and 
the other at B and E, and their common chord at 
shew that the square on BD is to the square on AE as i 
rectangle BC,(jD\a\jo the rectangle AC, CE. 
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